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Foreword

Functional data analysis (FDA) is a branch of statistics that analyses data providing
information about curves, surfaces, or anything else varying over a continuum.
In its most general form, under an FDA framework each sample element is a func-
tion. The continuum over which these functions are defined is often time, but may
also be spatial location, wavelength, probability, etc. In the 20 years since the first
books and papers on this topic, this field of statistics has received the attention and
encouragement of researchers in statistics and many applied disciplines and has
become an important and dynamic area of modern statistics. Topics that have been
covered include descriptive techniques, statistical inference, multivariate and non-
parametric methods, regression, generalized linear models, time series, and spatial
statistics.

Modern technology has made it possible to obtain large spatial and spatiotem-
poral data sets, and poses the challenge of statistical modeling of such data. The
combination of spatial statistics with FDA has emerged as a key approach. This
book presents new theories and methods to define, describe, characterize, and
model functional data indexed in spatial or spatio-temporal domains. The main
focus is on functional data obtained under a geostatistical framework, where the
domain is fixed and continuous. Specific topics considered include kriging, clus-
tering, regression, and optimal sampling, moving on in the last part of the book to
spatiotemporal data. Some chapters also consider the treatment of functional data
on lattices.

When we wrote our original book on the subject in the 1990s, James Ramsay and
I hoped that we would encourage FDA as a way of thinking, not simply a collection
of techniques. It has therefore been very pleasing to see the development of the
field since then, and the abundance of research activity in the area has confirmed
our hopes. I would urge readers and researchers to raise their sights above any
specific methods, obviously important that they are, to ask how considering data
as functions changes and broadens our statistical horizons. Particularly in the new
era of data science, this concerns both what data can be collected and how they
can be analyzed. I am sure this book will make a valuable contribution in helping
them to do so.

Sir Bernard SilvermanNovember 2020
University of Oxford
University of Nottingham
Oxford and Nottingham
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1

Introduction to Geostatistical Functional Data Analysis
Jorge Mateu1 and Ramón Giraldo2

1Department of Mathematics, University Jaume I of Castellon, Spain
2Department of Statistics, National University of Colombia, Bogota, Colombia

1.1 Spatial Statistics

Spatial statistics has developed rapidly during the last 30 years. We have seen
an interesting progress both in theoretical developments and in practical stud-
ies. Some early applications were in mining, forestry, and hydrology. It seems to
be honest to remark that the increasing availability of computer power and skill-
ful computer software has stimulated the ability to solve increasingly complex
problems. Clearly, these problems have some common elements: they were all
of a spatial nature. Some theory was available, for example the random function
theory as developed by Yaglom and others in the 1960s. But that was largely insuf-
ficient to find generic solutions for the whole class of problems, and hence, the
applications required a new theory. Thereupon some far-reaching theories have
been developed: image reconstruction, Markov random fields, point process statis-
tics, geostatistics, and random sets, to mention just a few. As a next stage, these
theories were applied successfully to new disciplinary problems leading to mod-
ifications and extensions of mathematical and statistical procedures. We there-
fore notice a general scientific process that has occurred in the field of spatial
statistics: well-defined problems with a common character were suddenly on the
agenda, and data availability and intensive discussion with practical and disci-
plinary researchers resulted in new theoretical developments. Often, it is difficult
to say which was first, and what followed, but we see different theoretical models
developed for different applications.

Spatial statistics has hence emerged as an important new field of science. One
of the peculiarities is its power for visualization. A common cold-water fear of
many statisticians and mathematicians to analyze images, to communicate their

Geostatistical Functional Data Analysis, First Edition. Edited by Jorge Mateu and Ramón Giraldo.
© 2022 John Wiley & Sons Ltd. Published 2022 by John Wiley & Sons Ltd.
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2 1 Introduction to Geostatistical Functional Data Analysis

results by maps, and to have to trust information in pictures was overcome. It has
led to interesting theories and better and more objective procedures for dealing
with spatial variation. Following Wittgenstein, we could state that we needed some
geniuses to tackle the obvious. Now, many results of a spatial statistical analysis
could be communicated smoothly toward the nonstatistical audience, like a disci-
plinary scientist, a policy-maker, or an interested student. They, in turn, were able
to judge whether a problem was solved, whether a policy measure was relevant or
was inspired by the beautiful pictures expressing deep thoughts on relevant issues.

The role in policy-making may be once more stressed. It is known that many
policy-makers are inclined to make a decision on the basis of a well developed,
well organized, and well understandable figure. They find it (rightly so!) rather
boring to use long lists of statistical data. But as political decisions affect us all, it
puts another responsibility on the back of statisticians: to make statistically sound
maps. It is often hard to say what that should be, but at the very least, we should be
able to generate pictures, maps, and graphs that rely on good data and that show
important aspects for decision-making.

In this way, spatial statistics has become a refreshing wind in statistics. We do
not need to do well much longer on difficult equations, long lists of data, and tables
with simulated controlled scenarios. But, to be clear on the back of all these nice
pictures a sound science with sometimes difficult and tedious derivations and deep
thoughts are still required to make serious progress.

Spatial statistics recognizes and exploits the spatial locations of data when
designing for, collecting, managing, analyzing, and displaying such data. Spatial
data are typically dependent, for which there are classes of spatial models
available that allow process prediction and parameter estimation. Spatially
arranged measurements and spatial patterns occur in a surprisingly wide variety
of scientific disciplines. The origins of human life link studies of the evolution of
galaxies, the structure of biological cells, and settlement patterns in archaeology.
Ecologists study the interactions among plants and animals. Foresters and agri-
culturalists need to investigate plant competition and account for soil variations
in their experiments. The estimation of rainfall and of ore and petroleum reserves
is of prime economic importance. Rocks, metals, and tissue and blood cells
are all studied at a microscopic level. Geology, soil science, image processing,
epidemiology, crop science, ecology, forestry, astronomy, atmospheric science, or
simply any discipline that works with data collected from different spatial loca-
tions, need to develop models that indicate when there is dependence between
measurements at different locations. Spatiotemporal variability is a relatively new
area within Spatial Statistics, which explains the scarcity of space-time statistical
tools 20 years ago. There has been a growing realization in the last decade that
knowing where data were observed could help enormously in answering the
substantive questions that precipitated their collection. One of the most powerful
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tools for spatial data analysis is the map. For example, in military applications,
the battlespace is mapped for command and control. The sensors are both in situ
and remote, and they generate spatially distributed data of many different kinds.
Producing a statistically optimal map, together with measures of map uncertainty,
which is always up to date, is a complicated task. Once these types of statistical
problems are solved, a geographic information system, or GIS, is well suited to
forming the decision-making maps.

Spatial statistics can be considered a natural generalization of signal processing
to higher dimensions. In traditional signal processing, one has a signal dependent
on a scalar variable t, which may belong to a discrete set or which may be contin-
uous. Spatial statistics is concerned with cases in which t is a multidimensional
index of dimension d > 1. In most practical examples d = 2, though much of the
basic theory and methodology is the same whatever the dimension. Although the
models and methods of spatial statistics have not developed as rapidly as those for
one-dimensional signal processing, there have nevertheless been substantial new
developments in recent years. Standard and modern references on spatial statistics
include the books of [1–4] among others.

Following Cressie [5], spatial data can be thought of as resulting from observa-
tions on the stochastic process {Z(s) ∶ s ∈ D}, where D is possibly a random set in
ℝd. If we believe that the roots of statistical science are in data, we can classify spa-
tial areas according to the type of observations encountered. Thus, (i) if D is a fixed
subset of ℝd and Z(s) is a random vector at location s ∈ D, we are dealing with geo-
statistical data; (ii) if D is a fixed (regular or irregular) collection of countably many
points of ℝd and Z(s) is a random vector at location s ∈ D, we are dealing with lat-
tice data; (iii) if D is a point process in ℝd and Z(s) is a random vector at location
s ∈ D, we are dealing with point patterns; (iv) if D is a point process in ℝd and
Z(s) is itself a random set, we are dealing with spatial objects. Geostatistical-type
problems are distinguished most clearly from lattice-and point-pattern-type prob-
lems by the ability of the spatial index s to vary continuously over a subset of ℝd.
A space-time process can be denoted by {Z(s, t) ∶ s ∈ D(t), t ∈ T}, where each of
Z, D, and T is possibly random.

Spatial statistics is one of the major methodologies of environmental statistics.
Its applications include producing spatially smoothed or interpolated representa-
tions of air pollution fields, calculating regional average means or regional average
trends based on data at a finite number of monitoring stations, and performing
regression analyses with spatially correlated errors to assess the agreement
between observed data and the predictions of some numerical model. The notion
of proximity in space is implicitly or explicitly present in the environmental
sciences. Proximity is a relative notion, relative to the spatial scale of the scientific
investigation. When a spatial dimension is present in an environmental study, the
statistician’s job is to create a statistical framework within which one carries out
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defensible inferences on processes and parameters of interest. These modeling
and inference strategies are not always easy to do, but are never impossible. If
statistics is to continue to be the broker of variability, it must address difficult
questions such as those found in the environmental sciences, otherwise, it will
become marginalized as a discipline. Problems in the environmental sciences are
inherently spatial (and temporal), observational in nature, and have experimental
units that are highly variable.

In the last decade, spatial statistics has undergone enormous development in
the area of statistical modeling. It started slowly, building from models that were
purely descriptive of spatial dependence. Then, it became apparent that the pro-
cess of interest was usually hidden by measurement error and that the principal
goal should be inference on the hidden process from the noisy data. It has only
been in the last few years that the full potential for hierarchical spatial statistical
modeling has been glimpsed. There is an enormous amount of flexibility in hier-
archical statistical models, such as the opportunity to account for nonlinearities.
Their attractive feature is that at each level of the hierarchy, the model specifica-
tion is simple, yet globally, the model can be quite complex. This approach could
be summarized as a model locally, analyze globally.

Applications of spatial statistics cover many areas. Much of the original impetus
for the subject was driven by geostatistics. It was in this context that the tech-
nique of kriging, optimal least squares interpolation over a random spatial field,
was originally developed. In recent years, the applications of spatial statistics have
increased enormously, with particularly fruitful applications in the environmen-
tal and ecological sciences. A typical problem is the sampling of a pollution field,
such as ozone in the atmosphere or toxic chemicals in rivers and lakes. Another
example is the use of meteorological measurements in studies of global climate
change. In these fields, as in geostatistics, the objective may be to interpolate spa-
tially between measurements, but there are also other objectives which may be
quite different. Spatial statistics has also found applications in such diverse fields
as sociology, for example social networks theory and financial economics.

The usual approach in geostatistics is based on an assumption that the spatial
random field is stationary and isotropic. In the original geophysical applications
which motivated the development of the field, this assumption was often justified
by the fact that with sparse data, there was no reasonable alternative. A further
point is that many geostatistical applications involved only one measurement at
each site (or equivalently, only one replication of the random field) so there was no
way of determining the complete spatial covariance function without some kind
of stationarity assumption. In modern environmental applications, however, there
are very often enough monitoring stations to go beyond such assumptions, and
with multiple observations per site, it is also possible to estimate the covariance
between any pair of sites without assuming stationarity across the field. Another
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consideration is that very often, simple topography makes a stationary assumption
implausible. Therefore, there are by now many reasons to go beyond a stationary
model. In spite of this obvious need for nonstationary models; however, there is
not, as yet, a wide variety of approaches to the problem.

Environmental issues have brought atmospheric science to the center of
science and technology, where it now plays a key role in shaping national and
international policy. Weather prediction plays a significant role in the planning of
human affairs. Further, a broader appreciation of the role of weather and climate
impacts on the environment of the planet has now led to nearly universal concern
regarding potential climate change, its causes, impacts, and possible remedying.
A large variety of statistical methods are used routinely in the atmospheric
sciences. For example, techniques of multivariate time series are especially
common. These include multivariate autoregressive, moving average models and
Kalman filtering. Statistical methods for spatial data are also standard. A major
tool in the analysis of space-time data is empirical orthogonal functions (EOF).
Virtually, all atmospheric and oceanographic processes (e.g. wind, temperature,
sea surface temperature, moisture) involve variability over space and time.
One only needs examine the governing partial differential equations for wind
processes, or their selected spatial-temporal averages, to see that mathematical
and statistical descriptions of these dynamical processes depend on complicated
temporal and spatial relationships. Furthermore, observations of geophysical
processes typically include measurement errors and are often temporally and
spatially incomplete, which may obscure the signal of interest.

In studies involving spatial data, it is seldom the case that data for only a single
process are collected. Typically, there is a great expense associated with establish-
ing spatial monitoring networks or other mechanisms of spatial data collection
(e.g. satellites) and so measurements are usually made on two or more variables.
Thus, statistical techniques for multivariate spatial data are critical for effective
modeling of spatial processes.

Lately, there has been a rich and growing literature on space–time model-
ing. Fundamentally, it is clear that in the absence of a temporal component,
second-order geostatistical models can be used to represent spatial variability.
These are descriptive in the sense that, although they model spatial correlation,
there is no causative interpretation associated with them. Thus, for space-time
modeling, the geostatistical paradigm assumes a descriptive structure for both
space and time (i.e. covariance structures are directly specified). For example,
one can extend the geostatistical kriging methodology for spatial processes by
assuming that time is just another spatial dimension. Alternatively, one can treat
time slices of a spatial field as variables and apply a multivariate or cokriging
approach. Although these approaches have been successful in many applications,
there are fundamental differences between space and time, and it is not likely
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that realistic covariance structures can be specified that accurately capture the
complicated dynamical processes as found in geophysical applications.

In the absence of a spatial component, there is a large class of time series models
that could be used to represent the temporal variability. These are dynamic in the
sense that they exploit the fact that time flows in only one direction, and so the
state of the process at the current time is related to what happened at previous
times. Thus, one might consider the space–time process as a collection of spa-
tially correlated time series in continuous space, or on a spatial lattice. Although
these approaches include dynamical structures, without a descriptive spatial com-
ponent one lacks the ability to perform spatial prediction at locations without
observations. If both temporal and spatial components are present, it is natural to
combine the temporally dynamic state-space approach and the spatially descrip-
tive approach. These models are referred to as space–time dynamic models.

Spatial interpolation is an essential feature of many GIS. It is a procedure
for estimating values of a variable at unsampled locations. A map with iso-
lines is usually the visual output of such a process and plays a crucial role in
decision-making. Based on Tobler’s law of geography, which stipulates that
observations close together in space are more likely to be similar than those
farther apart, the development of models attempting to represent the way close
observations are related can sometimes be very problematic. The approaches can
be divergent and may therefore lead to very different results. As a consequence,
an understanding of the initial assumptions and methods used is the key to the
spatial interpolation process.

Surprisingly, when spatial interpolation tools are integrated within GIS, they are
often implemented in such a way that users have no real choice in selecting the
best possible methods, and if they do have a choice, required input parameters
are sometimes fixed, without any possible way of modifying them. One reason
for the frequent blind use of spatial interpolation methods, and spatial statistics
in general, probably has its origins in teaching. Despite the large variety of its
applications, the discipline has been confined to those fields where it has seen its
major developments. The progress made in spatial statistics is therefore usually
presented only in journals dedicated to statistics, mining, and petroleum engi-
neering. As a consequence, GIS users who have a different technical background
often do not have an in-depth knowledge of such spatial interpolation techniques.
Furthermore, since the conventional tests used in basic statistics usually gener-
ate some kind of categorical answer, the prerequisite experience and statistical
knowledge necessary for the proper use of spatial interpolation techniques are
often discouraging to this type of users. Nevertheless, during the last few years,
the diversity of the applications of these methods has encouraged the publication
of new books and new case studies and has stimulated a number of conferences
on the subject.
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1.2 Spatial Geostatistics

This section has been partially taken and summarized in parts from [6], intending
to provide a brief overview to spatial geostatistics. The reader is referred to [6] for
further and more complete details.

1.2.1 Regionalized Variables

Geostatistics can be defined as the study of regionalized phenomena, that is, phe-
nomena that stretch across space and which have a certain spatial organization or
structure. However, geostatistics is not applied to the regionalized phenomenon as
such, which is a physical reality, but to a mathematical description of that reality,
that is, a numerical function called regionalized variable or regionalization, defined
in a geographical space, which is supposed to correctly represent and measure that
phenomenon.

In order to delve deeper into the concept of regionalized variable, let us imagine
we are interested in a feature of a given phenomenon that spans across space and
that several measurements are taken in a domain D at a given moment in time.
If the measurements are taken on objects or similar, the objects sampled can be
considered a subset of a larger collection of objects, as many more measurements
could have been taken, but were not for many possible reasons. If the observations
were made at certain points in the domain, infinite measurements could be taken.

When s spans across the domain under study, D, the set {z(s), s ∈ D}, is called
a regionalized variable or regionalization, the set {z(si), i = 1, 2, 3,…} being a
collection of values of the regionalized variable, and each value of that collection
being a regionalized value.

It is true that a deterministic approach can be employed to describe or model
a regionalized phenomenon and obtain an accurate assessment of the values of
the regionalization on the basis of a limited number of observations. However,
this requires in-depth knowledge of the origin of the phenomenon and the phys-
ical or mathematical laws that govern the evolution of the regionalized variable.
Furthermore, many of the regionalized phenomena that are usually studied are
so complex that a deterministic approach can only partially portray them. That is
why the deterministic approach is discarded and the probabilistic approach, which
permits modeling both the knowledge of and also the uncertainty surrounding the
regionalized random phenomenon, is adopted.

1.2.2 Random Functions

From a probabilistic perspective, the regionalized value can be seen as the result
of a random mechanism, resulting in a random variable (r.v.). If the regionalized
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values at all the points in the domain D are considered, it can be seen as a reality
of an infinitely large set of r.v.s, one at each point in the domain, which is known
as spatial random function (synonyms: stochastic process, random field).

When s spans across the domain under study, D, we have a family of r.v.s,
{Z(s), s ∈ D}, which constitutes a spatial random field (r.f.).

This methodological decision is one of the cornerstones of geostatistics: the
regionalized variable is interpreted as a realization of a spatial r.f. At this point,
we must state that the regionalized variable is often highly locally irregular
(which makes it impossible to represent using a deterministic mathematical
function) and has a certain spatial organization or structure. The probabilistic
approach, or probabilistic geostatistics, which interprets the regionalized variable
as a realization of a r.f., can take into account all the aspects of regionalization
mentioned above, because, as stated in page 55 of [7]:

i) At each location s, Z(s) is a r.v. (hence, the erratic aspect).
ii) For any given set of points s1, s2,… , sk, the r.v.s Z(s1),Z(s2),… ,Z(sk) are linked

by a network of spatial correlations responsible for the similarity of the values
they take (hence the structured aspect).

Let Z(s) be a r.f. and let us consider the set of points (s1,… , sk). Then, the
r.f. Z(s) is characterized by its k-dimensional distribution function. The set of
k-dimensional distribution functions for all values of k and all possible choices of
(s1,… , sk) in the domain is called the spatial law of probability.

For a given r.f., Z(s), the k-dimensional distribution function F(z(s1)),… , (z(sk))∶
ℝd → [0, 1] is defined as

FZ1 ,…,Zk
(z(s1)),… , (z(sk)) = P[Z(s1) ≤ z(s1),… ,Z(sk) ≤ z(sk)]. (1.1)

In linear geostatistics, it is enough to know the first two moments of the distribu-
tion of Z(s). What is more, in most practical applications, the available information
does not allow to infer higher-order moments.

The expectation, expected value or first-order moment of a r.f. is defined as a
nonrandom function of s that coincides at each point with the expectation of the
r.v. at that point 𝜇(s) = E(Z(s)), where 𝜇(si) = E(Z(si)), ∀i ∈ ℕ. It is also called the
drift of the r.f., especially when it varies with location.

The variance of a r.f. is defined as a nonrandom function of s that coincides at
each point with the variance of the r.v. at that point, i.e. V(s) = V(Z(s)), where
V(si) = V(Z(si)), ∀i ∈ ℕ.

The covariance function of a r.f. is defined as a nonrandom function of si and sj,
such that for any pair of values (si, sj) coincides with the covariance between the
r.v. at those two points

C(si, sj) = C(Z(si),Z(sj)) = E
(
(Z(si) − 𝜇(si))(Z(sj) − 𝜇(sj))

)
, ∀si, sj ∈ D.

(1.2)
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