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Preface

The work, organized in 15 chapters and 3 Appendices, presents the basics of random
variables/processes and decision theory, all these massively illustrated with examples,
mainly from telecommunications and image processing.

The addressability of the book is principally to students in electronics, commu-
nications and computer sciences branches, but we think it is very useful to Ph.D.
students dealing with applications requiring randomness in many other areas.

The whole material has an educational presentation, starting with theoretical back-
grounds, followed by simple examples and MATLAB implementation and ending
with tasks given to the reader as homework. A short bibliography is available for
each chapter.

The difficulty of the material is put in a progressive way, starting with simple
examples, and continuing with applications taken from signal and image processing.

Chapter 1, Random variables, introduces random variables and the study of their
characteristic functions and values, from both theoretical and practical (MATLAB
simulations) points of view.

Chapter 2, Probability distributions, aims to study the probability distributions
and the central limit theorem, both theoretically and practically using MATLAB.

Chapter 3, Joint random variables, describes joint random variables and their
characteristic functions and values. These elements are theoretically introduced and
a MATLAB implementation is available.

Chapter 4, Random processes, describes the random processes theoretically but
also practically using MATLAB.

Chapter 5, Pseudo-noise sequences. The purpose of this work is the study of
the properties and applications of the Pseudo-Noise Sequences (PNS). MATLAB
implementation of a PNS generator is also proposed in the chapter.

Chapter 6, Markov systems, shows several problems and exercises to illustrate
the theory of memory sources and Markov chains theory.

Chapter 7, Noise in telecommunication systems. The purpose of this chapter is
the study of the noise that appears in communication systems.
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Chapter 8, Decision systems in noisy transmission channels, aims the study of
decision systems in noisy transmissions and the implementation of an application
with a graphical user interface in the LabVIEW environment.

Chapter 9, Comparison of ICA algorithms for oligonucleotide microarray data,
presents a study and comparison of Independent Component Analysis algorithms on
oligonucleotide microarray data, with application in MATLAB.

Chapter 10, Image classification based on statistical modeling of textural infor-
mation, introduces an application of statistics, for image processing. More precisely,
a classification algorithm based on the statistical modeling of textural information is
presented.

Chapter 11, Histogram equalization, aims to study the histogram of an image and
the process of histogram equalization of an image.

Chapter 12, PCM and DPCM—applications in image processing, describes pulse
code modulation (PCM) and differential pulse code modulation (differential PCM
or DPCM) with applications in image processing.

Chapter 13, Nearest neighbor (NN) and k-nearest neighbor (kNN) supervised
classification algorithms, presents the theoretical foundations associated with the
supervised classification algorithms of NN (Nearest Neighbor) and kNN (k-Nearest
Neighbors) type and exemplifies their use in data classification applications using
MATLAB, operating on simplified representations of forms and patterns in terms of
feature vectors having the most representative characteristics (descriptors).

Chapter 14, Texture feature extraction and classification using the Local Binary
Patterns operator, shows the theoretical fundamentals regarding texture feature
extraction using the Local Binary Patterns operator as well as its use in a MATLAB
application that performs image classification.

Chapter 15, Supervised deep learning classification algorithms, aims to present the
theoretical foundations associated with supervised classification networks of deep
learning (CNNGs), as well as to exemplify their use in data classification applications
in MATLAB.

The examples were selected to be as simple as possible, but pointing out the
essential aspects of the processing. Some of them are classical, others are taken from
the literature, but the majority are original.

The understanding of the phenomenon, of the aim of processing, in its generality,
not necessarily linked to a specific application, the development of the “technical
good sense” is the logic thread guiding the whole work.

Cluj-Napoca, Romania Monica Borda
Romulus Terebes

Raul Malutan

Ioana Ilea

Mihaela Cislariu

Andreia Miclea

Stefania Barburiceanu
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Chapter 1 ®)
Random Variables Geda

1.1 Definitions

Definition: A signal, a phenomenon, or an experiment is random if its development
is, at least partially, ruled by probabilistic laws, meaning that the result (also called
outcome, sample, or event) of such experiment is confirmed only by accomplishment.

Definition: A random variable (r.v.) X is a function defined on the sample space S
(the set of all possible distinct outcomes, samples, or events s; € S) and taking real
values:

X:S—=R
X(s;) =x;

where: x; € R is the value of the random variable X (s;).

The random variables are denoted by upper case letters (e.g. X), while
their values are denoted by the corresponding lower-case letters (e.g. x).

Remark

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 1
M. Borda et al., Randomness and Elements of Decision Theory Applied to Signals,
https://doi.org/10.1007/978-3-030-90314-5_1


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-90314-5_1&domain=pdf
https://doi.org/10.1007/978-3-030-90314-5_1

2 1 Random Variables

1.2 Classification

1.2.1 Discrete Random Variables

Definition: A random variable X is discrete if the number of possible values is finite
(for instance x; € {0, 1}), or countably infinite (such as x; € {0, 1,2,---}, x; € Z)

[1].

Tossing a die, flipping a coin, or symbol generation by a binary source

I q are some examples of events that can be modeled by discrete random
§ . variables [2].
X

Example

1.2.2 Continuous Random Variables

Definition: A random variable X is continuous if it can take an infinite number of
values from an interval of real numbers [1].

The noise voltage in a resistor or the lifetime of electronic devices are
some examples of phenomena modeled by continuous random variables.

Example

1.3 Characteristic Functions

1.3.1 Probability Distribution Function

Abbreviation: PDF, Or cdf (Cumulative Distribution Function)

Definition: Let X be a random variable. The probability distribution function of X
is denoted by Fx (x) and it represents the function Fy : R — [0, 1], defined as:
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Fy(x) = P{X <x},Vx e R

Properties:

Fy(x) >0,Vx e R;

Fx(—00) =0;

Fx(o0) =1,

Fx(x)is not a decreasing function : x; < x; = Fx(x1) < Fx(x2).

If X is a discrete random variable, then a probability p; is associated to
each sample s;: p; = p(s;) = P{X(s;) = x;} = p(x;). In this case, the

Xi

pi

probability mass function (PMF) is defined as: X : ( ) Yipi=1

Remark

1.3.2 Probability Density Function

Abbreviation: pdf.

Definition: Let X be a random variable. The probability density function of X is
denoted by fx(x) and it represents the derivative of the probability distribution
function:

dFx(x)

fx(x) = I

Properties:
* fx(x) =0,Vx eR;
o Fx(x)= [ fx(ndt

—00

o [ fx(x)dx = Fx(c0) — Fx(—00) = 1;

. /fx(x)dx = / fx(x)dx — / fx(x)dx = Fx(xp) — Fx(x1) =

=P <X =<x)
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The probability density function can be defined only if the probability
distribution function is continuous, and it has a derivative

"

Remark

1.4 Characteristic Values

1.4.1 nth Order Average Operator

Definition: Let X be a random variable. The nth order average operator is denoted
by E{X"} and its formula depends on the variable’s type:

e if X is a discrete random variable:
E{x"} = innp(xi)

e if X is a continuous random variable:

oo

E{X"} = /x”fx(x)dx

—00

The most used average operators:

e Ifn = 1, the expected value, or the expectation, or the mean of the random variable
is obtained, and it is denoted by ux = E{X}.

Definition: The expected value represents the mean of all possible values taken by
the random variable, weighted by their probabilities.
Properties:

E{a} = a,if a € Ris a constant;

El{ax} = aE{X}, if a € Ris a constant;

El{ax + b} = aE{X}+ b, if a, b € R are constants;

The operator can be applied also to functions depending on X. Let consider the
function g(X). In this case, the expectation is given by:
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S gx)px), X discrete r.v.

E{(g(X)) =1 .
[ g(x) fx(x)dx, X continuous r.v.

—00

The mean can be interpreted as the DC component of a signal.

Remark

e If n = 2, the second order average operator is obtained, denoted by E{X?}.

The significance of this operator is that of the power of a signal.

Remark

1.4.2 nth Order Centered Moment

Definition: Let X be a random variable. The nth order centered moment of the
random variable is denoted by E {(X — E{X })"} and its formula depends on the
variable’s type:

e if X is a discrete random variable:
E{(X —E(X})'} = ) (x — E{X})"p(x);

e if X is a continuous random variable:

o0

E{(X — E{X})"} = / (x — E{XD)" fx(x)dx,

—00
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where E{X} is the expectation.

e X — E{X} represents the amplitude of the random variable’s
oscillation around the mean.

P « E{X - E{X}} =0.

Remark

The most used centered moment: If n = 2, the second order centered moment,
also called variance, or dispersion is obtained, and it is denoted by 0)2( =
E{(X - E{x}?}.

» The significance of this operator is that of the variable’s power of the
oscillation around the mean.

* A small value of the dispersion implies that all the variable’s values
are close to their mean E{X}.

» The dispersion is not a linear operator.

Remark e The standard deviation is defined as: o = /0)2(

Properties:

e o2{a} =0,if a € Ris a constant;
[ a)%{ax} = azo)z( (x),if a € Ris a constant;
° a)z({ax + b} = azaf((x), if a, b € Rare constants.

1.5 Other Statistical Means

When studying samples, some other statistical means can be used, including the
arithmetic mean, the geometric mean, the harmonic mean, the median, the trimmed
average, or the Fréchet mean.

Let X be a random variable and x = {x;, x2, ..., xy} a sample of size N. In this
case, the following measures can be defined:

(a) Arithmetic mean:

YMA = NZ)C,‘.
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* The arithmetic mean can be viewed as the sample’s center of mass (or
centroid), and it is obtained by minimizing the Euclidean distance
n between the elements x, x2, ..., Xn.

Remark

(b) Geometric mean:

— N, N
XMG = l_L_ Xi.

Let consider x = {1, 9,7, 3, 5}. Knowing that N = 5, the geometric

\ meanis: Xy = V1 x9x 7 x3 x5=23.93.
e

Example

N

(c) Harmonic mean:

Nl_l

Tup =N Z;
1

i=1

Let consider x = {1, 9,7, 3, 5}. Knowing that N = 5, the harmonic
mean is:

7

Q%

Example

* Between the previously defined means (arithmetic, geometric and
harmonic) the following relation can be established:
¢l XMA ZXMG = XMH-

Remark

(d) Median: This value is obtained by sorting the elements xj, x2,...,xy in
ascending order and by taking the central value that divides the initial set into two
subsets. Both the median and the arithmetic mean are centroid computation methods.
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Compared to the arithmetic mean, the median is less influenced by the outlier
values (values strongly different from the majority), giving a much better estimate
of the central value.

._|
%Q;

Example

Let consider x = {1, 9, 7, 3, 5}. To compute the median, the vector is first

sorted in ascending order, giving the set {1, 3, 5, 7, 9}. Next, the median
\ is obtained by choosing the central value, which for this example is 5.

¢

&k

» If the sample x contains an even number of elements, then the median
is computed as the arithmetic mean of the two central values.

Remark

(e) Trimmed average: This method is used when the data set {xi, x2, ..., xy}
contains outlier values. In order to reduce their impact on the centroid estimation, the
trimmed average can be employed. This approach deals with outliers by eliminating
them from the dataset. Next, it computes the arithmetic mean or the median of the
remaining elements.

(f) Fréchet mean (or Karcher mean): Represents a method to compute the center
of mass, when the samples are defined on a surface.

The covariance matrices can be modeled as realizations of a random
variable defined on a surface. In this case, the center of mass can be

-7 \ computed by using the Fréchet mean.

Example

* The arithmetic mean, the geometric mean and the harmonic mean can
be viewed as Fréchet means for real-valued data.

Remark
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1.6 Applications and Matlab Examples

1.6.1 Computation of Characteristic Functions and Values

Exercise: Let consider the experiment consisting in tossing a fair die. The result
is observed, and the number of obtained dots is reported. Compute the probability
mass function and the probability distribution function characterizing the random
variable that models the experiment. What is the expectation of this variable? What
is its dispersion?

Solution:

Let X be the discrete random variable modeling the experiment. The sample space S
contains the six dice faces S = {fi, ..., fs}. The values taken by the variable X are
given by the number of dots on each face: x = {1, ..., 6}. Supposing that a fair die
is used, all the possible outcomes have the same probability: p; = é, Vi =1,6[3].
Therefore, the probability mass function describing the random variable X is:

The probability distribution function must be computed for each interval:

Vx € (—o0, 1) : Fx(x) = P{X <x}=0;

1
Vxe[l,z):FX(x)zp{ng}zz_< pi=g

1
Vxe23): Fx(=PXsx}=)  pi=c

11
vxe[3,4):Fx(x)zp{xgx}:Zpri:ng6 c=

11 1 1
Vxe[4,5):Fx(x)=P{X§x}=ZX><xp,-=6+8+6+8=



