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Preface

Mathematical Analysis in Interdisciplinary Research provides an extensive account
of research as well as research-expository articles in a broad domain of analysis and
its various applications in a plethora of fields.

The book focuses to the study of several essential subjects, including opti-
mal control problems, optimal maintenance of communication networks, opti-
mal emergency evacuation with uncertainty, cooperative and noncooperative par-
tial differential systems, variational inequalities and general equilibrium models,
anisotropic elasticity and harmonic functions, nonlinear stochastic differential equa-
tions, operator equations, max-product operators of Kantorovich type, perturbations
of operators, integral operators, dynamical systems involving maximal mono-
tone operators, the three-body problem, deceptive systems, hyperbolic equations,
strongly generalized preinvex functions, Dirichlet characters, probability distribu-
tion functions, applied statistics, integral inequalities, generalized convexity, global
hyperbolicity of spacetimes, Douglas-Rachford methods, fixed point problems, the
general Rodrigues problem, Banach algebras, affine group, Gibbs semigroup, relator
spaces, sparse data representation, Meier-Keeler sequential contractions, hybrid
contractions, and polynomial equations.

This collective effort, which ranges over the abovementioned broad spectrum of
topics, is hoped to be useful to both graduate students and researchers who wish to
be informed about the latest developments in the corresponding problems treated.
The works published within this book will be of particular value for both theoretical
and applicable interdisciplinary research.



vi Preface

We would like to express our gratitude to the authors who contributed their valu-
able papers in this volume. Last but not least, we wish to extend our sincere thanks
to the staff of Springer for their valuable assistance throughout the preparation of
this book.

Larissa, Greece Ioannis N. Parasidis
Larissa, Greece Efthimios Providas

Athens, Greece Themistocles M. Rassias



Contents

Quasilinear Operator Equation at Resonance .............................. 1
A. R. Abdullaev and E. A. Skachkova

A Control Problem for a System of ODE with Nonseparated
Multipoint and Integral Conditions.......................................... 11
V. M. Abdullayev

On Generalized Convexity and Superquadracity .......................... 33
Shoshana Abramovich

Well-Posedness of Nonsmooth Lurie Dynamical Systems
Involving Maximal Monotone Operators...................ccoviiiiine.. 47
S. Adly, D. Goeleven, and R. Oujja

Numerical Method for Calculation of Unsteady Fluid Flow
Regimes in Hydraulic Networks of Complex Structure ................... 69
K. R. Aida-zade and Y. R. Ashrafova

Numerical Solution to Inverse Problems of Recovering
Special-Type Source of a Parabolic Equation............................... 85
K. R. Aida-zade and A. B. Rahimov

Using an Integrating Factor to Transform a Second Order BVP
to a Fixed Point Problem .......... ... 101
Richard I. Avery, Douglas R. Anderson, and Johnny Henderson

Volterra Relatively Compact Perturbations of the Laplace Operator ... 109
Bazarkan Biyarov

Computational Aspects of the General Rodrigues Problem............... 119
Oana-Liliana Chender

Approximation by Max-Product Operators of Kantorovich Type ....... 135
Lucian Coroianu and Sorin G. Gal

vii



viii Contents

Variational Inequalities and General Equilibrium Models................ 169
Maria Bernadette Donato, Antonino Maugeri, Monica Milasi,
and Antonio Villanacci

The Strong Convergence of Douglas-Rachford Methods for the
Split Feasibility Problem ............... ... . 213
Qiao-Li Dong, Lulu Liu, and Themistocles M. Rassias

Some Triple Integral Inequalities for Functions Defined on
Three-Dimensional Bodies Via Gauss-Ostrogradsky Identity ............ 235
Silvestru Sever Dragomir

Optimal Emergency Evacuation with Uncertainty ......................... 261
Georgia Fargetta and Laura Scrimali

On Global Hyperbolicity of Spacetimes: Some Recent Advances
and Open Problems ............ ...ttt 281
Felix Finster, Albert Much, and Kyriakos Papadopoulos

Spectrum Perturbations of Linear Operators in a Banach Space ........ 297
Michael Gil’
Perturbations of Operator Functions: A Survey ........................... 335
Michael Gil’
Representation Variety for the Rank One Affine Group .................. 381

Angel Gonzélez-Prieto, Marina Logares, and Vicente Mufioz

A Regularized Stochastic Subgradient Projection Method for an

Optimal Control Problem in a Stochastic Partial Differential
Equation................ 417
Baasansuren Jadamba, Akhtar A. Khan, and Miguel Sama

A Survey on Interpolative and Hybrid Contractions ...................... 431
Erdal Karapinar

Identifying the Computational Problem in Applied Statistics ............ 477
Christos P. Kitsos and C. S. A. Nisiotis

Fractional Integral Operators in Linear Spaces............................ 499
Jichang Kuang

Anisotropic Elasticity and Harmonic Functions in Cartesian
GOIMEETY . . . . et 523
D. Labropoulou, P. Vafeas, and G. Dassios

Hyers—Ulam Stability of Symmetric Biderivations on Banach
AlEDras ........oooii 555
Jung Rye Lee, Choonkil Park, and Themistocles M. Rassias



Contents ix

Some New Classes of Higher Order Strongly Generalized
Preinvex Functions............. ... i 573
Muhammad Aslam Noor and Khalida Inayat Noor

Existence of Global Solutions and Stability Results for a
Nonlinear Wave Problem in Unbounded Domains ......................... 589
P. Papadopoulos, N. L. Matiadou, S. Fatouros, and G. Xerogiannakis

Congestion Control and Optimal Maintenance of Communication

Networks with Stochastic Cost Functions: A Variational
Formulation..............oooo i e 599
Mauro Passacantando and Fabio Raciti

Nonlocal Problems for Hyperbolic Equations .............................. 619
L. S. Pulkina

On the Solution of Boundary Value Problems for Loaded
Ordinary Differential Equations ..................................ol. 641
E. Providas and I. N. Parasidis

Set-Theoretic Properties of Generalized Topologically Open Sets
in Relator Spaces .............oooiiiiiiiii 661
Themistocles M. Rassias, Muwafaq M. Salih, and Arpad Sziz

On Degenerate Boundary Conditions and Finiteness of the
Spectrum of Boundary Value Problems ..................................... 731
Victor A. Sadovnichii, Yaudat T. Sultanaev, and Azamat M. Akhtyamov

Deceptive Systems of Differential Equations................................ 781
Martin Schechter

Some Certain Classes of Combinatorial Numbers and

Polynomials Attached to Dirichlet Characters: Their

Construction by p-Adic Integration and Applications to

Probability Distribution Functions.................................... 795
Yilmaz Simsek and Irem Kucukoglu

Pathwise Stability and Positivity of Semi-Discrete

Approximations of the Solution of Nonlinear Stochastic

Differential Equations ........................ 859
Toannis S. Stamatiou

Solution of Polynomial Equations.........................cooiiiiiiiiii, 875
N. Tsirivas
Meir-Keeler Sequential Contractions and Pata Fixed Point Results..... 935

Mihai Turinici



X Contents

Existence and Stability of Equilibrium Points Under the

Influence of Poynting—Robertson and Stokes Drags in the

Restricted Three-Body Problem......................oooiiiiiiiiiiiiiiin, 987
Aguda Ekele Vincent and Angela E. Perdiou

Nearest Neighbor Forecasting Using Sparse Data Representation ....... 1003
Dimitrios Vlachos and Dimitrios Thomakos

On Two Kinds of the Hardy-Type Integral Inequalities in the
Whole Plane with the Equivalent Forms .................................... 1025
Bicheng Yang, Dorin Andrica, Ovidiu Bagdasar, and Michael Th. Rassias

Product Formulae for Non-Autonomous Gibbs Semigroups.............. 1049
Valentin A. Zagrebnov



Quasilinear Operator Equation at )
Resonance Qe

A. R. Abdullaev and E. A. Skachkova

Abstract This work considers a quasilinear operator equation at resonance. We
obtained solvability theorems and formulated corollaries. The current approach is
based on a special generalization of the classical Schauder Fixed Point Theorem.

1 Introduction

Let us consider the following equation:
Lx = Fx, (1)

with a linear bounded operator L : X — Y and a continuous (generally speaking, a
nonlinear) operator F : X — Y, where X and Y are Banach spaces. If the operator L
is non-invertible, Eq. (1) is called a resonance case. In particular, periodic problems
for systems of ordinary differential equations can be considered as forms of Eq. (1)
with non-invertible operator.

In 1970s, an approach, aimed at studying the Eq. (1) at resonance, was intro-
duced. The approach is based on the Lyapunov-Schmidt method, and it reduces the
problem of solvability of Eq. (1) to the problem of the existence of a fixed point of
some auxiliary operator. In the literature, statements obtained in a similar manner
are called “results of the Landesman-Laser theorem type.” However, when applying
this methodology to specific classes of resonant boundary value problems, certain
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complications arise. Therefore, the question of the effective solvability conditions
for Eq. (1) remains relevant.

By now a large number of papers studying Eq. (1) with a non-invertible operator
has been accumulated in the scientific literature. Some intuition about the problems
and development trends in this area of research can be obtained from the following
sources [1-5].

In this paper we propose an approach to study Eq. (1) at resonance based on a
special generalization of the classical Schauder Fixed Point Theorem (Theorem 1).
Further, the current paper is structured as follows. In Sect. 2, we explain the notation
that we use in our paper. Further in the same section, we provide information related
to operators L and F'. In Sect. 3, we formulate existence theorems for solutions of
Eq. (1). In Sect. 4, we consider applying our approach to the periodic problem for
an ordinary second-order differential equation.

2 Preliminaries

The following notations and terminology will be used in the rest of the paper. Let
X and Y be Banach spaces. The equality X = X; € X, denotes that X is a direct
sum of bounded subspaces X| and X,. We denote the kernel and the image of the
linear operator L : X — Y as ker L and R(L), respectively. Let P : X — X
be a linear bounded projection on ker L, P = I — P be an additional projection
operator, Q : Y — Y be a projection on R(L), and Q¢ be an additional projection
operator. Let L : X — Y be a Fredholm operator. Then X = Xo & ker L, and
Y =Yo@P R(L).

A restriction of operator L is regarded as operator Lo : X — R(L), such that
Lox = Lx,forall x € X.

By U (r) we denote a closed ball of radius » > 0, centered at the zero element of
X orY.For R(L) # Y, we assume

Ury{y 1y € R(L), llyll <r}.

The surjectivity coefficient [6, 7] of an operator L : X — Y is a non-negative
number, defined by

L*
g(L) = inf IL7oll
w#0 ||

’

where L* : Y* — X* is the adjoint operator of L.

If g(L) > 0, then the operator L : X — Y is surjective, thatis R(L) = Y. If
at the same time dim ker L < oo, then it holds that U (¢(L)r) C L(U(r)), for all
r > 0.

If R(L) # Y, then the following characteristic of the linear operator turns out to
be beneficial for studying Eq. (1).
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Assume Ly : X — R(L) is a contraction of L : X — Y. The relative coefficient
of surjectivity of the operator L is the number go(L) determined by the equality [8],
forall z € (R(L))*:

N P%5d
L) = inf ———.
qoth) = I8 ]

For the Fredholm operator L : X — Y, it holds that Ug(r)(qo(L)r) C L(U(r)),
for all r > 0.

If the calculation of the precise meaning of the relative surjectivity coefficient is
difficult, then its lower estimation is applied. To do this we consider the following
approach.

Operator K, : R(L) — X is called generalized inverse [9] to the operator
L : X — Y, associated with the projection P, if K,L = P¢ and LK, = I hold,
where Iy : R(L) — Y is an embedding operator.

The following estimation [8] holds:

1Ko < oL,

For a continuous (generally speaking, a nonlinear) operator, we consider the
following functional characteristic:

br(r) = sup [[Fx|,

llxll=r
forallr > 0.
If br(r) < oo, then F(U(r)) C U(br(r)). For the linear operator L : X — Y,
it holds that by (r) = ||[L||r. If | Fx|| < a + b ||x]| holds for some non-negative

constants a and b, then the estimation bg(r) < a + br holds as well.

3 Existence Theorem

The existence theorems obtained in this section are based on a special modification
of the Schauder Fixed Point Theorem [10] for the Eq. (1). It is formulated as follows.

Theorem 1 Assume the following conditions hold:

1. L : X — Y is a Fredholm operator;
2. the operator F : X — Y is completely continuous;
3. there exists a nonempty closed bounded set M C X, such thatcoF (M) C L(M).

Then there exists at least one solution of the Eq. (1).

Further in the paper, it is assumed that the following conditions hold:
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(A) L: X — Y is a Fredholm an operator with the index indL > 0;
(B) an operator F : X — Y is completely continuous.

Theorem 2 Assume the following conditions hold:

1. inequality br (r) < qo(L)r has a positive solution ro,
2. for all z € X there exists u € ker L such that F(X) € R(L), x = z + u, and
lxll < ro.

Then Eq. (1) has at least one solution.

Proof Let ro > 0 be the number, the existence of which is assumed in condition 1
of Theorem 2. Let M be a set of elements of the form x = z + u, ||x| < rg, where
z € X, and u is an element of ker L, which corresponds to the given z. Since for all
x € M it holds that
F(x) € R(L) and ||Fx| < b(ro),
then
F(M) C Ug(ry(b(ro)).
Moreover, it holds that
b(ro) < qo(L)ro and Ug(r)(qo(L)ro) S L(U (ro)).
Hence,
F(M) C L(U(rp)).
For a closed set C = M we have that

F(C) C F(M) C L(U(ro)).

To this embedding, we apply the convex closure operation, taking into account the
following equality

LU (ro)) = L(C),
we obtain
coF(C) C L(C).

Now we apply Theorem 1, which guarantees the existence of at least one solution
of the Eq. (1) under the conditions of Theorem 2. |

Now we provide a statement that in some situations is more efficient in practice.
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Theorem 3 Assume the following conditions hold:

1. Forall x € X, there exists u € ker L and u = u(x), such that F(x +u) € R(L),
and [|ull < n(llxIl);
2. bp(r + n(r)) < qo(L)r has a positive solution.

Then, Eq. (1) has at least one solution.

Proof Let x € X, and u € ker L, such that condition 1 of the theorem holds. Then
llx +ull < llxll + ndlxlD.
If x € U(r), then
[FC+u)ll < b(r),

where r; = r + n(r). Let ro be a positive solution of inequality from condition 2 of
the theorem. Assume

M={x+u| F(x+u) e R(L), x| <ro}.
The following embedding holds
FM) C U(r1), r1 =ro +n(ro).

Further we follow the lines of the proof of Theorem 2. O
Corollary 1 Assume the following conditions hold:

1. there exista, b > 0, such that |Fx|| < a + b |x]||;

2. there exist c,d > 0, such that for all x € X there exists u € ker L, such that
u=ux), Fx +u) € R(L), and |lu]| <c+d|x|;

3. it holds that b(1 + d) < qo(L).

Then Eq. (1) has at least one solution.

Proof We have
brp(r+n(r)) <a+b(r + (c+dr)).
If b(1 4+ d) < go(L), then
a+b(r+ (c+dr)) < qo(L)r

has a positive solution. Thus, all conditions of 3 hold. O

Remark 1 Under the conditions of Corollary 1, the constant b can be replaced by
the following (provided that it exists):
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F
b(F) = limsup % where || x| — oo.
X

Indeed, for a sufficiently small ¢ > 0, there exists a = a(e) > 0, such that:
IFxll <a+ (b(F)+eé)|lx]l.

It is easier to check the conditions of Theorem 3 if F has sublinear growth. We
consider it in more details below.

Corollary 2 Assume the following conditions hold:

1. there exist a,b > 0, and 0 < § < 1, such that for all x € X it holds that
IFx| <a+blx]’

2. there exist c,d > 0, such that for all x € X there exists u € ker L, such that
u=u(x), Fx +u) € R(L), and |lull <c+d|x]|.

Then Eq. (1) has at least one solution.

Proof 1t is enough to observe that for 0 < § < 1 inequality
a+b(r+ (c+dr)° < qoL)r

has rg as a positive solution. O

Certain difficulties may arise when one applies the above-mentioned statements
to specific boundary value problems, which can be expressed in the form of Eq. (1)
with a non-invertible operator L. To be more specific, in the said cases it might be
problematic to verify the condition 2 of Theorem 2 (or similar conditions of other
statements).

For the sake of simplicity, let us consider the case when ind L = 0. Let n =
dimker L and J; : R" — kerL, and J; : Yo — R" be fixed isomorphisms. For
an arbitrary fixed z € Xo we define the mapping ®, : R” — R”" by the following
equality:

(o) = LQF(z+ Nia),

where Q¢ = I — Q is an additional projection operator.

Let B(r) = {a | @« € R", |a| < r} be an open ball of radius » > 0 in R". We use
deg(®,, B(r)) to denote the Brouwer degree [11] of &, : R” — R" relative to a
ball of radius » > 0 centered at zero. To verify the mentioned above condition, one
may require, for example, that for all x € X, there exists r = r(z) > 0, such that
deg(®,, B(r)) #0andr <d | z].

Taking into account the number of the existing approaches to verify the condition
deg(d,, B(r)) # 0, we can talk about efficient sufficient conditions that ensure the
existence of a solution to the Eq. (1).
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4 Application

As an example of the application of the statements, obtained in Sect. 3, we consider a
periodic boundary value problem for an ordinary second-order differential equation:

x"(t) = f(t, x(h(1))), 1 € [0, w], 2

x(0) = x(), x'(0) = x' (), 3)

where f : [0, w] x R' — R! satisfies Carathéodory’s criterion, & : [0, w] — R is
measurable, and 2([0, w]) C [0, w].

We consider (2)—(3) on the space W, = W>[0, w] of the functions x : [0, w] —

R', which have an absolutely continuous derivative and such that x” € L,[0, ].
We define the norm in W5 by

lxlly =[x + 'O + |x"] -

Consider the space X = {x | x € W3, x(0) = x(w), x’'(0) = x'(w)} and define the
operators L, F : X — Y,Y = L, by

(Lx)(t) = x" (1), (Fx)(t) = f(t, x(h(1))).

Now we consider (2)—(3) as an operator Eq. (1). Obviously:

ker L = {x | x € X, x(¢t) = const},

w
R(L) = {y |y e Y,/ y(s)ds :0}.
0
We define the projection operators P : X — X, 0 : Y — Y by
(Px)(t) = x(0),

] w
(0)(1) = y(1) — ;/O V(s ds.

Further we will be using the following inequalities. For an arbitrary x € W, the
following estimation holds:

x@] <y lxllw, t €0, ],

where y = max{l,a),w ”33}

Lemma 1 The relative surjectivity coefficient of L : X — Y, Lx = x” has the

-1
estimation (1 + \@ ) < qo(L).
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Proof A direct verification shows that the generalized inverse operator K,
R(L) — X, associated with the projector Px = x(0) has the following form:

t w
(K py)(1) = / (t —s)y(s)ds + - / sy(s) ds.
0 w Jo

Hence,

1l (w 2 w
“pr“WSHy”Lz‘i‘; 3 Iyl, = {1+ 3 Iyliz, -

Thus, H K, || <1+ \/g Since || K, || - < qo(L), the statement of the lemma holds.
O

Theorem 4 Let the following conditions hold:

1. there exist non-negative constants a, b, such that |f(t,u)| < a + blu|, and
(t,u) € [0, w] x RL;

2. there exists u > 0, such that for all u € R, lu| > u*,t € [0, w] it holds that
sign(u) f(t, u) > 0 (sign(u) f(t,u) < 0);

-1
3. by Ja(l+y) < (1 n @) .
Then, there exists at least one solution for (2)—(3).

Proof To prove the theorem, we use Corollary 1. Note that due to condition 1 of
Theorem 4, and since W> C L5 is completely continuous, we have that the operator
F : W, — Lj defined by the equality F(x)(t) = f(t,x(h(t))) is completely
continuous.

It is not hard to verify that |x (A (¢))| < y ||x||w. Due to condition 1 of Theorem 4,
we have

[f@&, x(h@))] <a+Dbyllxllw, x € X, 1 €[0, w].

Hence, |Fx|, < (a + by lx |l w)~/@. Thus, condition 1 of Corollary 1 holds.
For certainty we will check condition 2 of Corollary 1 assuming that:

sign(u) f(t,u) > 0,

forallu € R, lu| > u*,t € [0, w]. We fix x € X and define ®, : R! —! by

P, (C) = /Ow f(s,x(h(s)) 4+ C)ds.

Let C; = u* + y ||lx|lw. Then for all C > Cj it holds that x(h(t)) + C > u*,
hence @, (C) > 0. Similarly, &, (C) < 0 for alLC <Cp=—-u*—y IIxIIW.NDue
to the continuity of @, there exists a constant C = C(x), which satisfies |C| <
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max {|C1[, |C2|} < y |lx|lw + u*, and such that <I>x(5) = 0. Thus, condition 2 of
Corollary 1 holds.

For the case sign(u) f (¢, u) < 0, the proof follows the same lines. m]
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A Control Problem for a System of ODE m)
with Nonseparated Multipoint e
and Integral Conditions

V. M. Abdullayev

Abstract Using gradient-type methods is proposed to solve a control problem
with nonseparated multipoint and integral conditions. Therefore, formulas for the
gradient of the objective functional are obtained in this study. For the numerical
solution of nonlocal direct and conjugate boundary value problems, an approach
is proposed that allows folding the integral terms into local ones and then using
an analog of the transfer of conditions. As a result, the solving of nonlocal
boundary value problems is reduced to the solving of specially constructed Cauchy
problems and one system of linear equations. An analysis of the obtained results of
computational experiments is carried out.

1 Introduction

Recently, there has been an increase in research on boundary value problems with
nonlocal conditions and corresponding control problems.

Note that boundary value problems with nonlocal conditions were started in
[1-3] and then continued in the studies of many authors both for equations with
ordinary and partial derivatives [4—10]. Control in boundary value problems with
nonlocal multipoint integral conditions also aroused great interest [11-17]. Various
studies have been carried out in this area, including the necessary conditions for
optimality.

For linear nonlocal boundary value problems, numerical methods based on the
sweep method are proposed in [18-22]. To take into account the integral conditions,
many authors propose to reduce them to problems with multipoint conditions. For
this, it was required to introduce new variables and, accordingly, to increase the
dimension of the system of differential equations.
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We have studied an approach to the numerical solution of boundary value
problems with integral conditions, which does not require an increase in the
dimension of the system, and its application to solving the considered control
problems. Analytical formulas for the gradient of the objective functional are
obtained to use gradient methods for solving optimal control problems. The results
of computational experiments and their analysis are given.

2 An Analysis of the Problem under Investigation
and Obtaining Basic Formulas

Let the controlled process be described by the following ODE system:
X)) =A@, u)x@)+B({t,u), 1€l T]. 6]

Here x(r) € E" is a phase variable; piecewise continuous function u(f) € U C E”
is a control vector function, compact set U is admissible values of control, and n-
dimensional square matrix A(t,u) # const and the n-dimensional vector function
B(t, u) are continuous with respect to ¢ and continuously differentiable with respect
to u.

The following conditions are given:

A ;Zi 12

Z / D; (r)x(r)dr—i—ZDjx (i;) = Co. )

1 i1
! 12— 7

Here D; (t), D ; are (n x n)-dimensional given matrices and D; (1) is continuous;

Co is the n-dimensional given vector; ;, f j are given time instances from [f, T];

E,'_H >f,’,t~j+1 > fj,i= 1, ....,2I1—1, j=1, ..., — 1;and [, [, are given.
‘We assume that, first,

min (f;, #) =19, max(fy, i,)=T 3)
and, second, condition
i€ [fai1. 7] @)
is satisfied foralli=1, ...,2L1, j=1, ..., L.
It is required to determine the admissible control u(f) € U and the corresponding

solution x(7) to the nonlocal boundary value problem (1), (2), such that the pair (x(7),
u(t)) minimizes the following objective functional:
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u(t)eU

T
Jw) =& (% (f))+/f° (x,u,t)dt — min , (5)
fo

where the given function & is continuously differentiable and fo(x, u,t) is con-
tinuously differentiable with respect to (x,u) and continuous with respect to f;
i = (f1,%, ..., f241,) is the ordered union of the sets 7 = (f1,72,...,7,) and
= (;1,52,...3211), i.e., fj < fj.;.], j=1,...,2l1 +1; — 1 and f(f) =
(v (1) 5 () - 1)

The fundamental difference of problem statement (1)—(5) from the optimal con-
trol problems considered, for example, in [12—14] lies in nonseparated nonlocal inte-
gral and multipoint conditions (2). By introducing some new phase variables, prob-
lem (1)—(5) can be reduced to a problem involving multipoint conditions. To demon-
strate this, introduce new phase vector X (1) = (x'(t),....x'*1@)), x'(1) =
x(t), which is the solution to the following differential equations system:

=A@, u)x' @)+ B¢, u),

, A Z _ 6
HH ) =Dix' 1), te(faor,ta], i=1,...20, ©

involving the following initial conditions:
X (fis) =0, i=1,...,20. (7

Then conditions (2) takes the following form:

I

[5)
D x (o) + Y Dy (7j) = Co. )
j=1

i=1

Systems (6)—(8) are obviously equivalent to (1) and (2). In systems (6) and (7),
there are (/1 + 1)n differential equations with respect to the phase vector X(¢), and
there is the same number of conditions in (7) and (8). Obviously, the drawback
of boundary problem (6), (7) is its high dimension. This is an essential point
for numerical methods of solution to boundary problems based, as a rule, on the
methods of sweep or shift of boundary conditions [18-22]. Also, the increase of
the dimension of the phase variable complicates the solution to the optimal control
problem itself due to the increase of the dimension of the adjoint problem.

Note that if we use the approach proposed in [22], then at the expense of
the additional increase of the dimension of the phase variable vector up to
2(ly + b + 1)(l; + 1)n, problem (6)—(8) can be reduced to a two-point problem
involving nonseparated boundary conditions.

Using the technique of the works [23-26], we can obtain existence and unique-
ness conditions for the solution to problem (1), (2) under every admissible control
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u € U, without reducing it to a problem involving multipoint conditions (8). But this
kind of investigation is not the objective of the present work.

In the present work, we propose an approach to the numerical solution to both
boundary problem (1), (2) and to the corresponding optimal control problem. This
approach does not require increase of the order of the differential equations system
and of the phase vector.

Assume that under every admissible control u(f) € U, there is a unique solution to
problem (1), (2). For this purpose, we assume that the parameters of problem (1), (2),
after reducing it to (6)—(8), satisfy the conditions proposed in [2, 23-26] dedicated
to differential equations systems involving multipoint and two-point conditions.

To apply gradient methods to solving optimal control problem (1)—(5), we obtain
the formulas for the gradient of the functional.

Suppose that (u(?), x(t; u)) is an arbitrary admissible process and the control u(f)
has received an increment Au(f): # = u + Au. Then the phase variable x(f) =
x(t) + Ax(¢) will also receive increments, and the following takes place:

Ax(t) = A(t,u) Ax(t) + ALA(t,u) x(t) + AyB (t,u), telty,T], )

Z / D; (r)Ax(r)dr—i—ZD Ax (7)) (10)

i=1-
1

Here we use the following designations:

Ax(t)=x (t,u) —x (t,u), AA(t,u)=A¢,u)—A{t,u), A,B(t,u)=B(t,u)—B(t,u).

Consider the as-yet arbitrary almost everywhere continuously differentiable
vector function () € R" and vector A € R". To calculate the increment of the
functional, taking into account (9)—(10) and (1)—(2), we have

T T
Jw=® (3 () +] G0 dr[ 970 [t0=A(rw0x)-B(r,u) | dr+
fo

T I
[21 j D; (t)x (t)dt + 22 Djx (fj)—co],

j=1

T
T+ Au) =@ (2(0)+ A% (7)) + [fO (x + Ax, u+ Au, 1) di+
T o
+ [Y*0) [(x+Ax) —A(t,u+Au)(x+Ax) _ B(t,u+Au)]dt+
10

11 ;Zi
A* |:Z [ Di(x) (x (v) + Ax (v))dt + Z D; (x (7;) + Ax (i) — Co} ,

=17 j=1
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where * is the transposition operation. Using the formula for integration by parts,
we obtain

T . Iy _
AJw) = [ [—1//*0) —YFOA W + 2 3 [x (72i) = x (F2i1)] Di0) + £ (x, 1)} Ax(t)dr+

to i=1

+Z {fl? (x,u, 1) + ¥ () [—A?; (t,u) x(t) — By ([, u)]} Au(t)dr+

201+ —1 R R (7 R
= [W*f(%)"w*+(%)4'Bi&g?)]Ax(%)
lk=2 k
2 ~ ~
+ Y MDjAx (i) + ¥ (T)Ax(T) — ¥* (19) Ax (19) +
j=1

T T
+ for (1Ax () dt + foa (I Au(®)])) dt + o3 (| A% (i) ]) .
) )

1)

where Y+ (k) = ¥ (k +0), v (&) = ¥ (& —0), k=1,....,2L +h),
x (1)— is the Heaviside function.

o1(J|Ax(®)])), o2(| Au(t)|)), 03 (|| AX (fk) H) are the quantities of less than the first
order of smallness.

Henceforth, the norms of the vector functions ||x(¢)|| and |[u(?)|| are understood
(see [27]) as ||x(t)||Lg[,0,T] and ””(t)”LQ[to,T]’ respectively.

Ay (t,u) = ((W)) and B, (t,u) = ((—BBBS’ u)>>

are considered as matrices of the dimensions (n x n x r) and (n X r), respectively.
Applying the transposition operation to these matrices, we obtain the matrices
A} (t,u) and B} (¢, u) of the dimensions (n x r x n) and (r x n).

We require that 1(#) be a solution to the following nonlocal boundary value
problem:

I
V() =—A" )y + Y [x () = x (f2i-1) | D Ox + £ (x.u 1)
i=1
(12)

(Big)(?f(lf)))) +Dik)», for ty=1,

1# (to) = (8@()?({)) (13)
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3x(’~’2)

_(_3@(}(5))) - D;;)L, for u,=T,

v(T) = I\ (14)
9P (x -
- ( ax((tz(lz)))> » for 1y =T,
~ ) 00 (2 ()\ -

yt @) -y (7)) = (Tf;))) i=1,2,...20. (16)

Instead of (12) and (15)-(16), we can use a differential equations system involving
impulse actions:

. l — — —_k
F(6) = —A* (t.u) ¥ (1) + ; [x (F2i) — % (F2i-1)] D" (2

) Nk ~ )
o [(02(0(3)) +Dﬂ5 (r=1)+ (17)
Ik
+ Zl (d—ﬁf)(cf(,»t)))> S(t—1)+ fO (x,u ).

i=1

Here 5(-) is the delta function. Problems (12)—(16) and (17), (13), and (14) are
equivalent. Numerical schemes of their approximation and the solution algorithms
used are identical.

To obtain estimates of o (|| Ax(?)||) and o3 (HA)? (f) ||) by known methods by
increasing the dimension of the system, we can reduce the considered boundary
value problem (1), (2) to the Cauchy problem and obtain the estimate of the form:

[Ax@I < cllAu@®)], (18)
where ¢ = const > 0 does not depend on u(t) [15-17].

From formula (11), taking into account that the gradient of the objective
functional is determined by the linear part of the functional increment, we have

(VI)* = fO(x,u. 1)+ ¥ (1) [—A; (t,u) x(1) — B, (z, u)] : (19)

The functions x(¢) and v/ (¢) here are, for this control, the solutions to nonlocal
boundary value problem (1), (2) and the conjugate boundary value problem (12)—
(16).
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For the numerical solution of the problem, we use methods of minimization of
the gradient type, in particular the well-known method of gradient projection [27]:

ukt @)y = Py (uk@) —ax V T (uF®)). k=0,1,...,
o = arg minJ (PU (uk(t) —a VJ (uk(t)))) , (20)

a>0

where Py (v) is the operator of projection of the element v € E” on the set U.

There are two computational difficulties in calculating the gradient of the
functional. They are related to the problem of solving direct nonlocal boundary
value problem (1), (2) and the conjugate boundary value problem (12)—(16) with an
unknown vector A. It is clear that in system of relations (1), (2), and (12)—(1.16), for
a given control u(t), we need to determine 2n unknown components of the vector
functions x(¢), ¥(¢), 2n their initial values, and n component of the vector A. For
this, there are 2n differential Eqs. (1) and (12), n condition (2), and 2n conditions
(13) and (14).

Proposed below is an algorithm based on the use of the one developed in [13, 18,
21], an operation of shifting conditions for solving systems of ODE with boundary
conditions that also include unknown parameters [28, 29]. The proposed operation
of shifting intermediate conditions generalizes the well-known operation of transfer
of boundary conditions and extends the results of [13, 18, 21] to this class of
problems.

3 Numerical Scheme of Solution to the Problem

One of the approaches to the numerical solution to problem (1), (2) could be the
reduction of (1) and (2) to a problem involving nonseparated point conditions (6)—
(8) by means of introduction of some new variables.

As stated in the first paragraph, the obvious drawback of such an approach is
the need for increasing the order of the system, which complicates carrying out the
operations of sweep and of shift of the functional matrix of the respective order (see
[13, 18, 21]).

Below, we propose and investigate the scheme of the method of reduction of
conditions (2) to initial conditions, which do not require increasing the dimension
of the differential equations system. For this purpose, we transform first (2) to an
integral form.

Introduce the following (n x n) matrix function:

I [5)

D) =[x (fa) = x (=) ] D)+ >_ Dy (1 — ) . @1

i=1 j=1

Function 3,- () is as follows:
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Di(1), t€[f_1.12],

D;(t) = {0, [¢[;2,'_1,;2i]'

From (21), it follows that

! b
D(it)=0 for t¢ 'Ol [;21'71,;21'] U (Gltj) :
i= J=

In view of (3) and (4), conditions (2) can be written in the equivalent matrix form:

T

/D () x (v)dt = Co, (22)

fo
or each of n conditions in (22) can be written separately:

T
/D”(r)x(r)dr:Cov, v=1,...,n, (23)

fo

where D"(7) is the v " n-dimensional row of the matrix function D(7).

Now, in order to replace integral conditions (22) with local (point) initial
conditions, we use an operation that is similar to the transfer operation (sweep)
of conditions, which we call a convolution operation.

Introduce n— dimensional vector functions:

t T

C(t) = /D () x () dr, Cc@) = fD (r)x (r)dr, 24)

1o t

for which, the following relations obviously take place:
C () =C(T) =0, C(T)=C (1) = Co. (25)

Definition Matrix functions @(t), «(¢) of the dimension n x n and n-dimensional
vector functions B(t), B(t) convolve integral conditions (22) into point conditions
at the right and left ends, respectively, if for any solution x(f) to system (1), there
holds the following conditions:

t

/D (D) x (r)dt =a(t)x(t) + B(t), telt, T], (26)

fo
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T

/D (M x (1) dt = a(®)x(O) + B(t), 1€, T]. Q27)

t

From (26) and (27) in view of (24) and (25), it follows that

@(T)x(T) + B(T) = C(T) = Cy, (28)

a (o) x (10) + B (to) = C (10) = Co. (29)

Each of conditions (28) and (29) represents a local boundary condition. Pairs
a(t), B(t) and a(t), B(t) are called functions convolving integral conditions (22)
into point conditions from left to right and from right to left, respectively.

Denote by O,, x , a matrix of the dimension (n x n) with null elements, I, x ,, is
the identity matrix of order n, and by O,, an n-dimensional vector with null elements.
The following theorem takes place.

Theorem 1 If functions @(t), B(t) are the solution to the following Cauchy
problems:

a(t) = —a()A(t) + D(t), @ (to) = Onxn, (30)

Bty =—-a®)B1), B to) = On. (31)

then these functions convolve integral conditions (22) from left to right into point
condition (28).

Proof Assume that there exists the dependence:
Ct) =a()x(t)+ ),  teln.T]. (32)

Here @ (1), B(¢) are as-yet arbitrary matrix and vector functions of the dimensions
n x n and n, respectively, which satisfy conditions (31). Then obviously

a(1‘0) = Ouxan, E(IO) = O,.
Differentiating (32) and taking (1) and (23) into account, we have
[@(t) + a(H)A®) — DO x(t) + [B() +a()B1)] = 0. (33)

Taking the arbitrariness of the functions a(z), B(t) into account, as well as the
fact that (33) must be satisfied for all the solutions x(¢) to system (1), then it is
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necessary to set each of the expressions in two brackets (33) equal to O, i.e., to
satisfy conditions (30) and (31) of the lemmal.
The following theorem is proven similarly.

Theorem 2 If functions o(t), B(t) are the solution to the following Cauchy
problems:

a(r) = —a(@)A@) — D(1), a(T) = Onxn, (34)

B(6) = —a(®)B(), B(T)= 0, (35)

then these functions convolve integral conditions (22) from right to left into point
conditions (29).

Thus, to solve problem (1), (2), it is necessary to solve Cauchy problems (30)
and (31) or (34) and (35), to obtain the n th order of linear algebraic system (28) or
(29), respectively, then x(T) or x(tp) is determined from (28) or (29). They can be
used as initial conditions for solving the Cauchy problem with respect to the main
system (1).

The choice of the convolution scheme applied to conditions (2) from right to left
or vice versa depends on the properties of the matrix A(¢), namely, on its eigenvalues.
If they are all positive, then systems (30) and (31) are steady; if they are all negative,
then systems (34) and (35) are steady. If some eigenvalues of the matrix A(?) are
positive, and the other are negative, and their absolute values are large, then both
systems have fast-increasing solutions, and therefore their numerical solution is
unsteady, and it can result in low accuracy. In this case, it is recommended to use the
convolving functions which are proposed in the following theorem and which have
linear growth in time.

Theorem 3 If n-dimensional vector function g{(t) and scalar functions g (t) and
mV(t) are the solution to the following nonlinear Cauchy problems:

@) =SW)gl(t) — A*1)gl (1) + m" D" (1), g (to) = Oy, (36)

& (1) = S(t)gy (1) — B*(1)g] (1), g (to) =0, (37)

m’(t) = SOm" (1), m" (1) =1, (38)



