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Chapter 1 )
Upper-Lower Bounds for the Profit Gzt
of an Inventory System Under

Price-Stock Life Time Dependent

Demand

Nita H. Shah®, Ekta Patel ©®, and Kavita Rabari

Abstract Price is the most important factor influencing demand rate based on
marketing and economic theory. Along with price, stock display is also a major
factor, as displayed stocks may induce customers to purchase more due to its visibility.
Moreover, the demand for perishable products depends on its freshness. However,
relatively little devotion has been paid to the influence of expiration dates despite the
fact that they are an important factor in consumers’ purchase decisions. As a result,
we develop an inventory model for perishable products in which demand explicitly
in a multivariate function of price, displayed stocks, and expiration dates. We then
formulate the model by determining the optimal selling price to maximize the total
profit by using classical optimization method with the necessary condition given by
Kuhn-Tucker. Furthermore, we discuss the optimal decisions under two scenarios:
upper bound of profit and lower bound of profit by taking holding cost as a function
of upper and lower bound respectively. Finally, a numerical example is demonstrated
along with sensitivity analysis to describe the impact of inventory parameters on the
optimal decisions.

Keywords Perishable products - Price * Stock and life time dependent demand *
Expiration date - Lot-sizing and classical optimization method

MSC 90B05

1.1 Introduction

Inventory management for enterprises is continuously facing challenges associated
with the development, quality, design, and manufacturing of new products.

Thus the demand for new products comes and goes at a faster pace. Recently,
it is observed that customers are becoming more alert and cognizant about their
health as their standard of living gets better than earlier, so the demand for products
with a long life cycle has drastically increased in recent years. Only an increasing
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number of products are becoming subject to loss of utility, evaporation, degradation,
and devaluation because of the launch of new technology or the substitutions like
fashion and seasonal goods, electronic equipment, and so on. Even products like
durable furniture, high technology goods, medicines, vitamins, and cosmetics are
becoming victims of perishability, so managing such perishable inventory can be
very challenging. To be competitive in today’s grocery industry, there is a big task
for getting the right product to the right place at the right time in the right condition.
Determining price and order quantity jointly is recognized for perishable products
as an essential way to intensify profitability and maintain competition in the market.

It is observed that the age of perishable products has a negative impact on the
demand because of the loss of consumer’s confidence in the product quality. Hence,
in today’s market, the freshness of the product has a major effect on demand. More-
over, the expiration date is one of the major concerns to assess the freshness of a
product and could significantly affect its demand. Consequently, perishable products
have become more and more significant fonts of revenue in the grocery industry. Fuji-
wara and Perera (1993) proposed an EOQ model for perishable products in which
product devalues over time by considering exponential distribution. Sarker et al.
(1997) developed an inventory model for perishable products by taking the negative
effect of age of the on-hand socks into consideration. Later, Hsu et al. (2006) estab-
lished an inventory model by considering expiration dates for deteriorating items. Bai
and Kendall (2008) studied optimal shelf space allocation for perishable products in
which demand is considered to be a function of displayed stock level and freshness
condition. Then, Avinadav et al. (2014) explored an inventory model for perishable
products by measuring product freshness until the expiration date. Dobson et al.
(2017) studied an EOQ model for perishable products with age-dependent demand
in which the lower and upper bound of the cycle length and profit are analyzed. After
that Chen et al. (2016) studied an inventory model for perishable products in which
demand is close to zero when it approaches its expiration date. Further, Feng et al.
(2017) extended Chen et al. (2016) model by adding a pricing strategy.

In practice, the demand for fresh products is influenced by the stock level, as
an increase in the displayed stock level attracts more customers to purchase more.
Various types of inventory models have been derived to quantify this phenomenon
in studying the optimal inventory policies. Baker and Urban (1988) proposed an
inventory model in which the demand rate is a polynomial function form depending
on the displayed stock level. Thereafter, the first EOQ model was proposed by Urban
(1992) with non-zero ending inventory with displayed stock-dependent demand.
Then Urban and Baker (1997) derived an EOQ model in which demand is a deter-
ministic and multivariate function of price, time, and level of inventory. Teng and
Chang (2005) extended Urban and Baker (1997) model by scrutinizing the effect
of trade credit financing along with stock level. Dye and Ouyang (2005) investi-
gated an inventory model for perishable products under stock and price-dependent
demand by considering partial backlogging. Soni and Shah (2008) formulated an
inventory model in which demand is partially constant and partially dependent on
stock. One step ahead, Chang et al. (2010) scrutinized an optimal replenishment
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Table 1.1 Literature survey is exhibited in Table 1.1

Authors Demand pattern Deterioration Expiration Variable
Price Stock date holding
sensitive dependent cost

Agiand Soni |V v Instantaneous b 4 b 4

(2020)

Avinadav et al. | v/ X X X X

(2014)

Bai and b 4 v Instantaneous b 4 b 4

Kendall (2008)

Baker and 4 v X b 4 b 4

Urban (1988)

Chang et al. X v Non-instantaneous X X

(2010)

Chen et al. X v Instantaneous v X

(2016)

Cohen (1977) |V X Instantaneous v X

Dobsonetal. |X X Instantaneous and X v

(2017) non-instantaneous

Dye (2007) v X Instantaneous X X

Dye and v v Instantaneous b 4 X

Ouyang (2005)

Feng et al. v v Instantaneous 4 b 4

(2017)

Fujiwaraand | X X Instantaneous b 4 b 4

Perera (1993)

Hsu et al. v X Instantaneous v b 4

(2006)

Maihami and | v/ X Non-instantaneous X X

Abadi (2012)

Mishra and X X Instantaneous X X

Tripathy

(2012)

Mishra (2013) | X X Instantaneous X v

Papachristos v X Instantaneous b 4 b 4

and Skouri

(2003)

Sarker et al. X v Instantaneous X X

(1997)

Soni and Shah | X v X X X

(2008)

Teng and v v Instantaneous b 4 b 4

Chang (2005)

(continued)
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Table 1.1 (continued)

Authors Demand pattern Deterioration Expiration Variable
Price Stock date hOldll’lg
sensitive dependent cost

Urban (1992) | X v X X X

Urban and v v X b 4 b 4

Baker (1997)

Wee (1999) v X Instantaneous X X

Wu et al. X v Instantaneous v X

(2016)

Chen et al. X X Instantaneous b 4 X

(2020)

Amiri et al. X X Instantaneous b 4 X

(2020)

Proposed v v Instantaneous 4 4

model

policy by taking stock-dependent demand for non-instantaneous perishable products.
Mishra and Tripathy (2012) exploring inventory policy for time-dependent Weibull
deterioration, in this study shortages are allowed and partially backlogged. After
that Mishra (2013) proposed optimal inventory policies for instantaneous perishable
items with the controllable deterioration rate in which demand and holding cost are
time-dependent. Wu et al. (2016) established an inventory model for fresh produce
in which demand is a time-varying function of its freshness, displayed volume, and
expiration date.

Selling price is also a major concern to create a repeated purchasing environ-
ment in today’s competitive market scenario. In this context, Cohen (1977) proposed
an inventory model for ordering and pricing decisions by considering deterministic
price-dependent demand. After that Wee (1999) established an inventory model for
joint pricing and order quantity decision with selling price dependent demand and
partial backlogging of unsatisfied demand. Papachristos and Skouri (2003) extended
the work of Wee (1999) by taking demand as continuous, convex, and decreasing
in selling price. Dye (2007) addressed an inventory problem with decreasing price
demand in which marginal revenue is increased. In this study, demand is not affected
by product age or its freshness. More recently, Maihami and Abadi (2012) investi-
gated an inventory model in which demand is to be a function of age and price. More
recently, Agi and Soni (2020) present a deterministic model for perishable items with
age, stock and price-dependent demand rate. Feng et al. (2017) scrutinized pricing
and lot sizing policy for perishable items in which demand is a multivariate function
of price, freshness, and displayed stocks. Chen et al. (2020) proposed an inven-
tory model for perishable products with two self-life. Amiri et al. (2020) studied an
inventory model for perishable products in a two-echelon supply chain.
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The Remainder of the article is structured as follows: Sect. 1.2 defines nota-
tions and assumptions. Section 1.3 formulates the mathematical model. Section 1.4

provides numerical results. Sensitivity analysis is carried out in Sect. 1.5. Section 1.6
concludes the proposed model with future research directions.

1.2 Notations and Assumptions

1.2.1 Notations

These are the notations that are used throughout the article (Table 1.2).

1.2.2 Assumptions

Proposed inventory model is constructed on the following assumptions.

e Fresh produce has been affected by many factors such as temperature, humidity,
refrigeration, time in stock among others. It seems impossible to obtain an explicit
freshness of the product. However, it is well-known that fresh produce has its

Table 1.2 Notations o Scale demand, o > 0

B Mark up, 8 > 0

P Selling price per unit (dollars/unit)

c Purchase cost per unit per dollar, p > ¢

(0] The order quantity

n Price elasticity, n > 1

A Ordering cost per order (dollars/order)

h Holding cost per unit per unit time in dollars

hy Holding cost for lower bound per unit per unit time in
dollars

hy, Holding cost for upper bound per unit per unit time in
dollars

m Expiration date (in months)

T Cycle time (in months)

I(t) | The inventory level at time ¢ € [0, T]

TP Total profit in dollars

TP; | Total profit for lower bound in dollars

TP, | Total profit for upper bound in dollars
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expiration date. To make the problem easy and tractable, we may assume the
maximum lifetime f (1) = “~,0 <t < m.

e The demand rate R(p, I(t)) is assumed to be a function of price, stock, and life
time which is given by R(p, I(t)) = (¢ + ﬂl(t))p"’%—‘”, where « is scale
demand (@ > 0), 8 > 0 is mark-up, p is a selling price per unit, n > 1 denotes
price elasticity mark-up and m is a life time of the product.

e The inventory cycle is lower than the maximum life time of the product.

e Holding cost for lower bound is defined as h; = % + % and for upper bound

holding cost is 1, = £ + ’% where p is a selling price per unit m is a maximum
life time of the product and 4 is a constant holding cost.

e Shortages are not allowed.

e The time horizon is infinite.

1.3 Mathematical Model

In Sect. 1.3, an inventory model is developed where the product loses its freshness
with time. Initially, at time ¢ = 0, the order quantity is Q, that reduced due to the
effect of demand which depends upon price, stock, and life time of the product and
reaches zero at time t = 7.

The differential equation governing the inventory level at time ¢ during the interval
[0, T'] is given by

i@

o (m—t
o = (et pI@)p "(

>, O0<r=T (1.1)

With the boundary condition /(7') = 0. Solving the differential equation in (1.1),
we express the inventory level as follows

—1 gp~"t@m—1)
oe’? m
0<t<T (1.2)

I o
(t) =—2+ —1 ppNTCm-T) ’

:3 IBe 2 m
Thus the order quantity could be expressed as follows:

1 Ta(p’2”T3[3 —4p™1T2Bm + 4p~>1TBm? 4+ 2p~"'mT — 4p”7m2)
2 m?

(1.3)

Based on the above, the profit function through the cycle consists of the following
terms:
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Ordering cost per cycle

oC=A (1.4)
Purchase cost is given by
PC =cQ
1 cTa(p’2”T3,3 —4p T2 Bm +4p~ 1 TBm> +2p"mT — 4p"7m2)
) m?
(1.5)

Holding cost during the time interval [0, T'] is given by

T
HC = h/I(T)dt

0
2

Lap(r )T 1ap(p )T
40 m? 8 m
11 1ap~"  182(p") (~2m =TT +m?)
*53(“(5 m T2 " !
=h _ ﬁz(p’”)z(Zm—T)T 2
+1a<"3’“+ P ) ot
2 B B
_ 2( —n)2 22
B m 2 m?

(1.6)

Sales Revenue

pTa (p_2’7T3ﬂ —4p~2T28m 4+ 4p~ 2N TBm? + 2p~"'mT — 4p_'7m2>
2

SR=pQ =

2m

(1.7)

So, from Egs. (1.4)—(1.7) the total profit can be calculated by following equation

1
TP = F(SRfPCfHCfoA)
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11
E—z(pTa(p_znT3ﬂ —4p™2 T2 Bm + 4p~ 2 TBm* +2p "1 Tm — 417_]7’"2))
™
~3-7 (cra(p‘2"T3ﬂ —4p™ T2 Bm 4 2p " Tm — 4p‘”m2)) -A
m
1 ap(pT)' T 1ep(pT) T
40 m2 8 m )
2( = 2
1 N ]ﬂp_,,Jrl,g(p ) (—(2m—T)T+m> -
TP = = 3\ 2 m 2 m?
—h 2(.—n\2
—p, BT @m=DT \. 2
— n gAF O J = 7
+1 < IBP + m2 )T oT
Za _of
2
—n p 2 —r]ég 272
1 Bp~"Cem —TYT 1 B*(p~™ ") @m — T)°T
+—|all—- + = T
B m 2 m?2

(1.8)

Instead of dealing with constant holding cost, the model defines the holding
in terms of expiration date and selling price, based on the holding cost, proposed
inventory system can be classified into the following two categories:

e Lower bound

Holding cost for lower bound during the interval [0, T'] is given by Chen et al. (2016)

()]
HCl= =+ - [ I1(t)ds
m 4
0
1 aﬂ(p7")2T5 105,3(17777)2T4
40 m2 8 m
2(, —n)\2 2
11 1gp~" 18 (p7") (—(2m—T)T+m ) 3
+-—|a| = - T
A 38 2 m 2 m?2
HCI = (5 + 7) 2
m 4 o, BT @n=T)T\ 2
+1a< po P ) _ar
2 B B
_ _ 2(,.—n)\2 _ T\272
+1<a<1_’3p n2m T)T+1/3 (p™")*@m — T)*T )T>
B m 2 m?
(1.9)

The model is analyzed the lower bound for holding cost that defines the lower
range of profit function which can be calculated from Egs. (1.4), (1.5), (1.7) and

(1.9), is given by the following equation

1
TPl = ?(SR —PC — HCl - OA)
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11
33 (pTa(p_2'7T3/3 —4p™2T2 Bm + 4p~ 2T pm* +2p 1 Tm — 4l’_nm2))
1
-3 (cTa(p_2'7T3/3 —4p T2 Bm +2p ™" Tm — 4p‘”m2)) —A
m
2

1 ap(p~")*T5  1ap(p~7)’T4
40 m? T8 m
- 2(p~M*(=@m = T)T + m?
1 +ll o lﬂp”+lﬁ (p )< (o ) m) 73
TP = — ok 38 2 m 2 m?
_<* + *) _ 212 @m—T)T
m 4 +1 (—ﬂp ny b (p )m(z ) )Tz o
L _er
2 ﬁ 2 g 272
- _ -n _
L a<1_ﬁp "em—DT 14(p7") @m - 1T )T)
B m 2 m?

(1.10)
e Upper bound

Holding cost for upper bound during the interval [0, T'] is given by is Chen et al.
(2016)

(5+5)]
HCu= (= += /I(t)dt
m 2
0
1 aﬂ(p_”)zTS laﬂ(p_")2T4
40 m2 8 m
11 1p~ 1 ﬂz(l’_n)2<—(2m -TT +m2> 3
+-—ef 5 + - T
i 38 2 m 2 m?2
HCu = (3 + 7> 2
m 2 a—p, BApT) Cm=T)T\, »
“a _ol
2 B B
- _ 2(p=1\2 (2 — T)2T2
+1<a<1_,3p 1(2m T)T+l,3(p )~ @2m T)T>T>
m 2 m?

(1.11)

One can replace the holding cost taken in traditional model by the holding cost
given in Eq. (1.11). To achieve upper bound of the total profit which is calculated
from Egs. (1.4), (1.5), (1.7) and (1.11):
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1
TPu= (SR — PC — HCu — OA)
11
33 (pTa<p72”T3,B —4p™ T2 + 4p~ N TBm® + 2p " Tm — 4p7"m2>)
"
~5= (cToz( 72”T3,B 4p~2NT2Bm +2p "Tm — 4p7"m2)) —A

(p'7 )*TS 1a,3( 274

m

1 1ﬁpﬂ 2(p )( @m— T)T+m) X
TPu= SE 3 ) T

<p+h>
R " )(2m T\,
—-Bp~ + — T oT

m

1
m2

E g
- _ 272
+1<“(1—ﬁp mm_T)T L 1F o) O - T >T>
B m 2 m?2

(1.12)

1.3.1 Optimal Solution

The model uses classical optimization method to maximize the total profit

Step 1: Differentiate all the three profit functions derived in Egs. (1.8), (1.10) and
(1.12) with respect to inventory parameters 7 and p partially.

Step 2: Solve the equations for 7" and p.
Step 3: Allocate the values to all the inventory parameters except decision variables.

Step 4: Substitute in all the profit functions.

1.4 Numerical Validation

This section validates the proposed model with a numerical example and managerial
insights are also given.

A =$140, ¢ = 650, 8 = 3.5, n = 1.002,
m = 8months, A = $5/unit, ¢ = $20/unit

In such condition the solution: cycle time 7 = 6.85 months, selling price p =
$27.65 / unit and total profitis T P = $290.59.

Graphical representation in all the three cases: lower bound of total profit, total
profit, and upper bound of total profit are validated in maple 18 as shown below:
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(b) Concavity of lower bound of total profit (c) Concavity of upper bound of total profit

w.r.to cycle time and selling price w.r.to cycle time and selling price

Fig. 1.1 Concavity of total profit

Figure 1.1 show the concavity of total profit with respect to cycle time and selling
price. Figure 1.1a is of total profit with constant holding cost. Lower bound of total
profit is presented in Fig. 1.1b. Upper bound of profit is displayed in Fig. 1.1c.

1.5 Sensitivity Analysis

Based on the result, we performed the sensitivity analysis by changing the value of
one parameter at a time by a factor of negative and positive of 10 and 20%. Effects
of such changes in each parameter on the optimal solutions are studied. Based on the
holding cost this analysis is categorized into two different cases:
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Case: 1 Lower bound

The variation in cycle time, selling price, and total profit are presented in Fig. 1.2a—
¢ respectively. It is observed from Fig. 1.2a that cycle time is more sensitive to
purchase cost ¢, expiration date m, price elasticity n and mark-up . As purchase
cost ¢, expiration date m and price elasticity n increases, cycle time will increase.
Inventory parameters scale demand o, ordering cost A and holding cost & have
reasonable effects on cycle time.

Figure 1.2b, ¢ show that with a rise in scale demand, mark-up and purchase cost,
selling price as well as total profit will increase. So it is advisable for a profitable
business. Expiration dates have a huge impact on the model. If the duration of the
expiration date is short, a business faces financial loss in terms of the reduced profit
function. Inventory parameters ordering cost A and price elasticity n plays a negative
impact on profitability. An increase in ordering cost and price elasticity reduces the
total profit. Hence, an increase is not preferable.

Case: 2 Upper bound

Figure 1.3a— shows the change in cycle time, selling price, and total profit with
respect to other inventory parameters. Figure 1.3a shows inventory parameters scale
demand «, ordering cost A, and holding cost & have a significant effect on cycle time.
An increase in purchase cost ¢, price elasticity n and expiration date m increases cycle
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g7 22550 1 - =ep =
2480 = 2500 +
:.4.60 | ?21..‘0 L . =%=m —8=h
2400
4401 2350 c
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Percentage change in different mventory parameters Percentage change in different inventory parameters
(a) Cycle time T (b) Selling price p
32000 ¢ ==\ =B
300.00 +—
== =
=%=m =8=h
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Percentage change in different mventory parameters

(c) Total profit

Fig. 1.2 Sensitivity analysis of lower bound
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Fig. 1.3 Sensitivity analysis of upper bound

time. On the other hand, cycle time decreases with an increase of mark up 8. From
Fig. 1.3b, it can be shown that purchase cost ¢, expiration date m and mark-up 8 have
a positive impact on selling price whereas price elasticity 1 has a reversible effect on
selling price. The total profit gets increased with the rise of scale demand ¢, ordering
cost A, holding cost &, purchase cost ¢ and price elasticity 5. Profit will decrease for
expiration date m and mark up S. The rest of the parameters have a reasonable effect
on total profit depicted in Fig. 1.3c.

Sensitivity analysis of cycle time, selling price, and total profit with lower and
upper bound is exposed in the following figures.

From Fig. 1.4a, itis observed that total profit is not affected by increasing ordering
cost in both the cases: lower bound and upper bound. In Fig. 1.4b, there is no signif-
icant change in lower bound of profit due to a change in holding cost. Figure 1.4c, d
represent the effect of change in scale demand and mark-up on total profit. In both
scenarios, the total profit increase with an increase in scale demand while total profit
gets decreases with increases in inventory parameter mark-up.



