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Jacobian-Based Inverse Kinematics )
Analysis of a Pneumatic Actuated oo
Continuum Manipulator

Mrunal Kanti Mishra®, Sambaran Ghosal, Arun Kumar Samantaray ©,
and Goutam Chakraborty

1 Introduction

Continuum manipulators are biologically inspired manipulators. These draw inspi-
ration from a variety of biological species such as snakes [1], octopus arms [2], or
elephant trunks [3]. They have gathered huge research interests in the past decades
owing to the inherent flexibility of their designs. These manipulators are day by day
finding new application areas especially in the fields where rigid link manipulators
are not feasible, i.e., in workspaces with a large number of barriers or obstacles. The
development of closed-form models for these kinds of manipulators is a challenge.

Over the past decades, numerous planar and spatial kinematics models are devel-
oped for continuum manipulators. Some of these include the Cosserat Rod model
[4], Elastic Beam theory [5], or even a lumped model [6]. For instance, as a planar
forward kinematics model, a serpentine curve is designed which closely matches the
kinematics of a snake’s body in two dimensions as it crawls across the ground [1].
On the other hand, Chirikjian [4] fitted a mathematical curve to a high degree of
freedom hyper-redundant manipulator. However, due to computational complexity,
a few continuum robots match the proposed curve. Jones and Walker [5] used an
Elastic Beam theory to develop an FK model and validated it on a multi-section
continuum manipulator. Giri and Walker [6] discretized a continuum arm to a three-
module lumped element model and studied FK. Escande et al. [7] studied the FK of
a multi-section bionic manipulator with the help of the triangulation method. They
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have validated the developed method by coupling the continuum manipulator along
with six degrees of freedom conventional rigid manipulator. Mishra et al. [8] devel-
oped a closed-form solution for a single segment continuum manipulator using an
elliptical integral approach. The model approximates an Euler—Bernoulli beam as a
continuum manipulator in planar space. A geometrical approach-based FK is also
developed which relates between actuator zone-based parameters and the pose of the
manipulator, which assumes the section to be a constant cross-section. As a result,
the deflected manipulator takes a circular shape with a constant radius of curvature,
and so the model is named as constant curvature model [9]. This model is proved a
remarkable approach across a wide variety of continuum manipulator designs due to
its analytical attractiveness.

Continuum manipulators are those having infinite degrees of freedom, involving
more flexibility and reachability of targets. This redundancy can be exploited for
the avoidance of obstacles, elimination of singularities, and as well as for smooth
motion tasks realizing. Inverse kinematics modelling of continuum manipulators
remains difficult to obtain because they are under-determined systems with a high
number of unknown parameters. Moreover, most of the governing IK equations
are highly nonlinear in nature, which does not even have closed-form solutions.
The inability to solve these high nonlinear equations leads most of the researchers
towards numerical methods or model-free methods. Neppalli et al. [10] developed the
IK for a continuum manipulator using the geometrical approach. They tried to find
the solutions by inverting the continuum curvature model for a single section only.
However, this method fails to determine the solutions for multi-section manipulator.
Chirikjian [11] proposed an IK model using a backbone curve. The same authors also
developed a modal approach to calculate actuator zone parameters [12]. This method
gives a very accurate result, but because of its complicacy, it is very difficult to use.
Braganza et al. [13] used a feed-forward neural network to control nine degrees of
freedom OctArm -V. Similarly, Li et al. [14] used a model-free method based on the
Kalman filter to control a continuum manipulator.

Most of the aforementioned IK models either fail to describe the pose in closed
form or computationally complex to solve. This in turn implies an inability to develop
an effective model-based controller in real time. Therefore, in this paper, we use the
constant curvature model to arrive at the FK equations. After the FK model, we
develop the IK solutions for the manipulator by using the pseudo-Jacobian method.
The developed method is validated on Robotino-XT (see Fig. 1), which consists of
a two-segment continuum manipulator named as CBHA.

The outline of the paper is organized as follows. A brief introduction on the
kinematics of different kinds of continuum robots is provided in Sect. 1. In Sect. 2,
the forward kinematics using Continuum Curvature Model along with the proposed
Jacobian-based inverse kinematics model is presented. The proposed model is applied
on a serially connected two-stage bionic continuum manipulator and the results for
the same are given in Sect. 3. Finally, in Sect. 4, some concluding comments are
specified.
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Fig. 1 Robotino-XT: CBHA
with a mobile base Mobile Base

- .
Wire Routing

2 Kinematic Modelling

2.1 Forward Kinematics

Forward Kinematics of bending sections of continuum manipulators is widely devel-
oped under the constant curvature assumption [9]. This model is particularly based on
two different assumptions. Firstly, the entire manipulator is separated into multiple
numbers of segments. This approximation allows converting the infinite degrees of
freedom system to a finite one. Secondly, the shape of a bending section is to be
a perfect arc of a circle or the curvature radius is constant throughout the length.
This approximation has the advantage to simplify the model formulations for some
continuum manipulators and allow easy formulations of matrix transformation.
Continuum Curvature model is obtained by using two independent mappings as
shown in Fig. 2. The explicit mapping is varied from manipulator to manipulator and
mostly depends on the number of actuators per segment. This mapping maps actuator
zone parameters (length of the actuators) to configuration zone parameters (segment
arc parameters). On the other hand, the typical mapping is applied to all types of

Forward Kinematics
| -
Homogeneous
Actuator Transformation Action
States Configuration States Matrix Variables
ki(s,B,x) Xi
.fexplicit ﬁypival
Actuator Zone Configuration Zone Action Zone Pose

P
«

Inverse Kinematics

Fig. 2 Systematic model procedure for forward and inverse kinematics
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Fixed end

Segment-1
Tube — 1 &2 Tube— 1,4

Tube — 5 ol Tube — 2,5
Tube - 6

Segment-2

Fig. 3 Two-segment manipulator with cross-section

continuum manipulators, regardless of lengths and orientation. This mapping maps
configuration zone parameters to action zone parameters, i.e., manipulator pose.

A continuum manipulator segment can be actuated by j—number of actuators.
However, for several reasons, three actuators per segment with 120° actuator spacing
type continuum manipulator is best suitable to move a manipulator spatially [9].
These kinds of manipulators are energy efficient and have great manoeuverability
than other choices of actuator numbers and actuator spacing. So, in this paper, a two-
segment continuum manipulator along with three actuators per segment having 120°
actuator spacing is considered. The manipulator along with its cross-sectional area is
shown in Fig. 3. The mapping between the actuator lengths (l ; j) and the segment arc
parameters (k; (s;, B;, k;)) for three actuators per segment with 120° actuator spacing
is determined as [5]

s; (lij) — liHrlngrli}

Bi(lij) = atan2(\/§(l,~3 — 1), lip + iz — 21i1) (1)
20/ A+ 1l —lnls—li3ln
Ki (lij) = I ilil;li2+li3)rri

and the mapping between the arc parameters and the manipulator pose of a segment
is determined by a transformation matrix as [9]

. . s B: (1—Ccos k;S;
COS k;S; cos B; — sin B sink;s; cos B; pfll=cosis)

Ki
sin i (1—cos isi)
in (2)
— sin KiS; 0 COS K;S; sink; s;

0 0 0 1

HP — cosk;s; sinB; cosB; sink;s; sin B;
ih =
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where s is the segment length, 8 is the segment angle, « is the segment radius of
curvature, [ is the length of the actuator for i th segment and j th actuator, r; is the
radius of each segment, and Hfg is the homogeneous matrix for ith segment. Note
that, under the same actuation to the actuators of a section, the lengths of the actuators
are the same, resulting in the orientation of the segment to a null matrix and the head

- T
frame position of the segment to [0 0s; ] .
Using the relations from (1) and (2), the tip rotation matrix and position vector of
a two-segment continuum manipulator with respect to the world frame is given as

2

byysh

HY, = HJ, 1(thﬂfﬁl)b), R € [4 x 4] 3)
=

where [](-) calculates product summation of the transformation matrices. Note that,

in the end section of the manipulator, HS! b is an [4 x 4] identity matrix. From (3),

(c+1)
the pose of the tip of a segment in the Cartesian frame is portrayed by

x=[60,6.xyz] )

where 6, = atanZ(—th(Z, 3), HY, (2, 3)), 0, = atan22(—H§Vh(1, 3), H}, (3, 3)),
0, =0,x = H} (1,4), y = H}, (2, 4), z = H},(3,4). Note that p, g of H(p, q)
are matrix row and column, respectively. The rotation of the manipulator along the
central axis (6,) is equal to zero, because the manipulator is only allowed to a two-
way bending, and no torsional moment is allowed. Therefore, we will omit 6, from
our further derivation and consider the pose of the manipulator tip to be five degrees
of freedom.

2.2 Differential Kinematics

Differential kinematics of a continuum manipulator can be determined by applying
the first derivative with respect to time to forward kinematics relation. Therefore,
applying first time derivative to (4) results,

X=JOIn), Re[5x 1] 5)
where J(1) is the Jacobian matrix and can be determined by applying chain rule as

9 dx oH ok
J) =% = LMK R ¢ [5x 3n]. (©6)

From (6), it can be checked that X € R®*!9 is independent of a number of
segments of the manipulator. However, for instance, for a two-segment manipulator,
M ¢ RU6%® and 2k ¢ RE¥0) depend on the number of segments of the manipulator.
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W - T ]

Fig. 4 Block diagram for inverse kinematics using Jacobian

%
X
Ok O

2.3 Inverse Kinematics

In order to move the manipulator pose in a certain trajectory, it is essential to find
actuator zone parameters from the action zone parameters. Thus, it is crucial to
develop inverse kinematics solutions correctly. To develop a model-based controller
for a class of continuum manipulator, in this paper, a Jacobian matrix is developed
using the differential kinematics equation as of (6). However, no direct procedure
is available to invert the rectangular Jacobian matrix. So, a weighted matrix is used
for pseudo-Jacobian inverse (J7), where J© = JT(JJT)A. So, using resolved rate
algorithm, a weighting matrix [15], and a gain matrix, the actuator state velocities
i (1) can be determined as

: _ _ 1.
L) =W TAW ) (ks +K(xa — x)) (7
where the weighting matrix is a diagonal matrix and is defined as
W:diag(w1 wz...wn),Rean}’n] ®)

where the weight values are chosen in such a way to avoid joint limits. In addition,
the gain matrix is defined by

K =diag(ky ks ... ks), Re[5x5] 9)

where the gain values are chosen as positive values. This matrix is usually a diagonal
matrix, which reduces the tracking errors between actual x and desired x,. Addi-
tionally, integration of the actuator zone velocities ; j(t) is performed to find actuator
zone parameters/trajectory /;;(t). The block diagram for IK is given in Fig. 4.

3 Results and Discussion

The developed kinematics formulations can be verified on a n—segment continuum
manipulator. However, for simplicity, the effectiveness of the developed model is
validated on Robotino-XT, which contains a CBHA attached to a mobile base with
48° angle as shown in Fig. 1. The mobile base of Robotino-XT can move and rotate
individually on a horizontal surface and the CBHA is a two-stage pneumatic actuated
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continuum manipulator. Each manipulator segment consists of three flexible tubes
with 120° spacing and each tube is attached with a flexible string. The strings help
to measure the length of the tubes at any stage. The flexible tubes are actuated by an
external compressor with a maximum allowable pressure of 2 bar. The differential
pressures of the tubes of each segment ultimately help the manipulator to bend
about a certain axis. The tubes are made of flexible material, namely polyamide. The
geometric parameters of the manipulator are provided in Table 1.

The workspace of the Robotino-XT depends on the individual actuation of the
mobile base and CBHA. The mobile base can move horizontally to any position in
any direction, whereas the CBHA can move spatially depending upon the actuation
pressure. Therefore, the workspace of the Robotino-XT is assumed as a rectanguloid
of a certain height. In this paper, only pneumatic actuation is supplied to the CBHA
and the actuation of the mobile base is given zero. The lengths of each tube of
the actuated CBHA is measured by the attached strings and by using the Continuum
Curvature model, the workspace of the manipulator is determined in local coordinate
as shown in Fig. 5 [8].

The desired trajectory is required to validate the derived formulations from the
workspace of the continuum manipulator. Therefore, within the workspace of the
CBHA, the reference trajectory for a circle is chosen as

Table 1 Geometric

Symbol Unit Range
parameters of a two-segment
continuum manipulator Tube length (actuator length) (mm) 90-125
Tube volume (100 mm?) | 1.52-2.046
Average segment diameter (mm) 107.8

230
'E180 E)
= g
E130 )
N N
80
-150 -50 50 150 -150 -50 50 150
x [in mm)] y [in mm]
150
= =230
£ £ 180
g 0 £130
>~ N 8
150 N 150 5150
150 -50 50 150  Ply, -1507150 . o)
x [in mm)] 1771))/ x e

Fig. 5 Workspace of CBHA
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x(t) = 90 cos 0.52¢ (mm)
y(t) = =5 4+ 90 sin 0.52¢ (mm) (10)
z(t) = 180(mm)

where x(t), y(t), z(t) are the required trajectory for the pose of the manipulator
end effector. The tip orientation is omitted from the current analysis. The accuracy
of the actual trajectory mentioned in (10) is verified by comparing the output of
the inverse kinematics solution (obtained using (7)) by inseting it into the forward
kinematics model and observing the differences in the trajectories. In Fig. 6, the
weight matrix values are kept constant for all manipulator trajectories, whereas the
gain values are varied suitably to improve the accuracy. It is found that an increase in
the gain values increases the accuracy significantly. A detailed inspection shows that
only by changing the third and the fourth gain values, the accuracy changes. This is
because we have considered x(¢), y(¢) as variables and z(¢) as constant. Moreover,
any changes in the first and second gain values do not affect the trajectory, because
the tip orientations have no specific significance for the trajectory pose.

We defined the period to complete the desired circle to be 12 s and set
the weighting matrix W = diag(l,1,1,0.5,1,1), and gain matrix K =
diag(0.005, 0.005, 10, 10, 0.05). During this time, the manipulator end-effector pose
is varied sinusoidally as shown in Fig. 7. From the figure, it is seen that the x, y
tip coordinates approximately achieved the desired trajectory. However, a significant
error occured in z coordinate as the trajectory tracking progresses. This can be further
improved by improving the gain values.

Fig. 6 A circular Desired — Desired Trajectory

tra]:ectory versus Actual | K=diag (0.005,0.005,1,1,0.05)
trajectory - - K=diag (0.005,0.005,6,6,0.05)
— K=diag (0.005,0.005,10,10,0.05)
120
60
g
= 0
g
~
-60
-120

2120 -60 0 60 120
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Fig. 7 Manipulator tip
position over the period of

time

Coordinates in [mm]

11

300 - -
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z X_,_,.;——

100

0 X
-100 * *
0 2 4 6 10 12

Time in [s]

The average positional error of the manipulator tip for optimized weight and
gain values is compared with previously developed inverse kinematics methods as
shown in Table 2. Previously developed methods are based on model-free techniques
whereas the current method is based on model-based techniques. For the desired
trajectory, the lengths of all the six actuators are determined from the proposed
model in Fig. 4. The length variation of the actuators is displayed in Fig. 8.

Table 2 Error comparison of different methods

Authors

Manipulator

Method

Error (mm)

Braganza et al. [13]

OctArm-V

Feed-forward neural network | 30

Lietal. [14]

Pneumatic actuator muscle

Adaptive Kalman filter

231

Present method

Two-stage Elephant trunk

like manipulator

Resolved rate algorithm

3.51

Fig. 8 Actuator length
variation according to
differential kinematics

actuator lengths in [mm]

130

120

110

100

90

Time in [s]

10 12
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4 Conclusion

In this paper, a closed-form inverse kinematics model is developed using the pseudo-
Jacobian inverse method and applied on CBHA of Robotino-XT, which is a two-
segment continuum manipulator. A circular trajectory is chosen from the workspace
of the manipulator to validate the proposed model. The method discussed above
assumes a suitable weighting matrix and a gain matrix. The weighting matrix helps
in weight distribution to the actuators, so that inverse of the diagonal Jacobian matrix
can be performed. However, changing the values does not help to increase accuracy.
The gain matrix tracks the error in the desired and current pose of the manipu-
lator and helps to increase the tip positional accuracy. It is observed that, with an
increase in certain gain values, the manipulator pose accuracy increases. In future, the
proposed model-based method can help to develop an effective real-time controller
to manoeuvre the manipulator smoothly.
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Path Curvature Theory: A Classic m
and Effective Design Tool L

Mattia Cera, Marco Cirelli, Ettore Pennestri, Pier Paolo Valentini,
and V. R. Shanmukhasundaram

1 Introduction

The planar path curvature analysis is a well-known classic topic in kinematics. Two
centuries of scientific investigations created a formidable cultural heritage, as well as
a great source of knowledge and inspiration for mechanical engineers. This paper has
the purpose to discuss applications of this theory to three industrial cases: the stability
of lifting rigs, the design of centrifugal dampers, and the analysis of compliant
linkages. These topics seem more related to dynamics and elasticity than to curvature
kinematics.

The first part is dedicated to the modeling of a body resting on two curves [1].
When the curves are circles, this model reproduces the dynamics of a four-bar cou-
pler subjected to the weight force. A geometric criterion for the stability analysis
of lifting rigs will be established. The second part is dedicated to the computation
of tautochrone oscillation period 7 of a particle moving along an epicycloid and
subjected to a centrifugal force field. The derivation of an analytical expression of
T is based on a novel application of the fundamental formulas of Cesaro’s intrinsic
geometry. The obtained result is meaningful for the tuning of centrifugal dampers
[2, 3]. The last application regards an application of Euler—Savary equation to com-
pliant linkages.
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2 Oscillations of a Body Resting on Two Curves

As depicted in Fig. 1, a body with two points A and B is sliding without friction
along the curves C4 and Cp, respectively. The body is initially in equilibrium under
the gravity force. Our purpose is to obtain the period 7" of small oscillations. In this
section, it will be demonstrated how such period is related to the system geometric
parameters. It will be also discussed how the theory of planar curvature offers a
concise solution to the final result.

The following nomenclature is adopted:

— Ay, B positions of points A and B after a body rotation;

— g acceleration of gravity;

— G and G initial and final positions of the center of mass, respectively;

— k¢ radius of gyration;

— L., length of equivalent simple pendulum;

— M and N orthogonal projections of P and Py along directions §2pPy and £24P — 0,
respectively;

— m mass of the moving cylinder;

— I body moment of inertia about center of mass G;

— Py and P initial and final positions of the velocity pole, respectively;

— x, y coordinates of P in a Cartesian system of coordinates with origin in Py and
axes along horizontal and vertical directions;

— ¢ infinitesimal rotation angle of bar AB;

— $24, §2p centers of curvature of trajectories of A and B, respectively;

Fig. 1 Oscillations of a LeosEB e
- 90° —¢B
anfB o -It Y

body resting on two curves
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— 04, 0 infinitesimal angles of rotations of segments 244 and §2gB, respectively;
— &4, £p angles formed by segments §24A and §23B with vertical direction, respec-
tively.

From the system geometry, the following equalities can be deduced:

AAL = 24A - 04 = PoA - ¢ (1a)
BB, = $23B -0 = PoB - ¢ (1b)
GoG = PyGy - ¢ (1c)

Moreover, the lengths of infinitesimal arcs MP and NP are
MP = Q3P -0y, NP = Q,P -0, 2)

For the equilibrium, the distance x is required. This distance will be computed
solving the system

xcosép +ysinég = 2P - Op 3)
xcoséy —ysinéy = 24P - 0,4
or
QBP-GB sin{A +QAPOA sinEB (4)
x = -
sin (€4 + &p)
The Aronhold-Kennedy theorem yields
PyB PyA
O = , O4= 5
8= 0 B¢ Y A¢> (5)
The substitution of (5) into (4) gives
2Py - PyB 24P - PoA
—B.(; 3 0 sin&y + —A.{; ) 0 sinép
x= £ A ¢ (6)

sin (§4 + &)

Taking the moments about P, we have the governing differential equations of

motion )

d
(k& + PoG?) ﬁf +9(GoG+x)9p=0 (7

Since GoG = PyG ¢, the length of an equivalent pendulum can be expressed as
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Fig. 2 Equivalent el
symmetric four-bar linkage

Inflection
circle

Ca

k% + PoG? PG+ QpPy-PoB  sinéy Q4Py-PpA  sinép
Ly 2B sin (4 +&p) £24A  sin (4 + &)

®)

To gain insights, it is useful to particularize the previous equation for the case of a
point mass (kg = 0) on the coupler of a symmetric four-bar linkage (see Fig.2) such
that SA = 53, $24A = 2B, PpA = PyB.

Under these conditions, Eq. (8) simplifies into

P0G2 QBPQ'P()B Sil’l{A

=PyG +2 9
Ley oG + 2B sin 2&4 ©)

One can verify that!

, $2pPy
G'Py =P B———— (10)
2B cos &4

Therefore, from Eq. (9), we can conclude that

_ PG* PyG?
“7 PG+ GPy GG

= 266G (11)

The result confirms that in some cases, the theory of curvature offers a concise
solution for preliminary stability and natural frequency analysis of one degree of
freedom mechanical systems. An application is the test of the stability of suspension

IConsidered that PgG’ cos €4 = PgB’, the proportion (10) gives
(28Po — 25B) : 2B = (PoB' — PyB) : PoB

This leads to the second form of the Euler—Savary equation PoB? = £2gB - B'B specialized for point
B.
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) B) Equivalent
I double pendulum

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Qq

© 0 000 0

W Qp

A

Fig. 3 Stability of lifting rigs

rigs [4, 5]. With reference to Fig.3, the stability for small oscillations about the
equilibrium position of the suspended load requires the position of center of curvature
£2¢ to lie between suspension point O and center of mass G:

P()O < P().QG < P()G (12)

In particular, the beam mass is assumed negligible and the system motion can be
considered as that of a double pendulum suspended at O, with O 2 the first massless
bar and £2;G the second bar. In terms of readily measured segment lengths, after
Euler-Savary equation:

1 | 1 1
S Y (L 13
Ps0 PG <P0A PO.QA) cos (13)

3 Curvature Theory and Design of Centrifugal Dampers

Centrifugal dampers are key components of modern internal combustion engines
with a reduced number of cylinders and increased energy output at lower engine
speeds [2]. In Ref. [6], a kinematic equivalence between a four-bar linkage and the
new generation of centrifugal dampers has been established. The main components
are counterweights where their centers of mass are constrained to move along given
tautochrone? trajectories (e.g., cycloids or epicycloids) [3, 7]. In this section, we will

2Given a field of forces F, a curve C is said to be tautochrone with respect to a point O if a particle
starting from rest, moving along C under the action of F, arrives at point O after an interval of time
T which is independent from the point starting position.



