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Preface

An almost Hermitian manifold is an almost complex manifold (M, J) equipped with
a Riemannian metric g which satisfies g(J X, JY) = g(X, Y) for vector fields X, Y
tangent to M. By a submanifold of an almost Hermitian manifold (M, gy, J), we
mean the image of an isometric immersion

¢:(N,gn) = (M, gm. J)

from a Riemannian manifold (N, gy) into (M, gy, J).

Dual to the notion of isometric immersions, there exists the notion of Rieman-
nian submersions introduced by B. O’Neill in [11]. By definition, a Riemannian
submersion is a surjective map

w:(M,gu) — (B, gp)

from a Riemannian manifold (M, g,,) onto another Riemannian manifold (B, gp)
which preserves the scalar products of vectors normal to fibers.

Based on the action of the almost complex structure J on the tangent bundle
of a submanifold, there are three important classes of submanifolds of an almost
Hermitian manifold (M, gu, J), namely the classes of complex, totally real and
slant submanifolds.

In terms of the almost complex structure J, a submanifold N of an almost
complex manifold (M, g, J) is called a complex submanifold (respectively, totally
real submanifold) if

J(T,N) € T,N (respectively, J(T,N) € T, N) (1)

for any point p € N, where TplN denotes the normal space of N in M at p.
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For a unit tangent vector X € T, N of a submanifold N in an almost Hermitian
manifold (M, gy, J) at a point p € N, the angle 6(X) between JX and T,N is
called the Wirtinger angle of X.

In 1990, a more general class of submanifolds than complex and totally real
submanifolds was introduced in [5] as follows.

Definition 1 A submanifold N of an almost Hermitian manifold (M, g, J) is called
a slant submanifold if the Wirtinger angle 6 (X) is independent of the choice of the
unit vector X € T,N and of p € N. In this case, the constant 6 is called the slant
angle. A slant submanifold with slant angle 6 is said to be 0-slant.

It follows from the definitions that complex submanifolds and totally real subman-
ifolds are nothing but 6-slant submanifolds with slant angle ¢ = 0 and 6 = 7,
respectively. From J-action points of view, slant submanifolds are the simplest and
the most natural submanifolds of an almost Hermitian manifold. In [7, 10], the notion
of pointwise slant submanifolds of an almost Hermitian manifold was defined as a
generalization of slant submanifolds.

The first results on slant submanifolds were collected in the book [6]. Since then
the study of slant submanifolds and of slant submersions has been attracting more
and more researchers and a lot of interesting results have been achieved during the
past 30 years.

A Riemannian (2n + 1)-manifold (M>**!, g) is called an almost contact metric
manifold (cf. [1]) if there exist a (1, 1) tensor field ¢, a vector field & (called the
structure vector field), and a 1-form n on M 2n+1 gych that

nE) =1,¢0°(X) = —X + n(X)&, 9 =0,n0¢ =0,

8X, Y) =g(X,Y) —n(X)n(¥), n(X) = g(X,§)

for any vector fields X, Y tangent to M>**!. An almost contact metric structure is
called a contact metric structure if it satisfies

dn(X,Y) =g(X, ¢Y).

A contact metric structure is called normal if it satisfies

(Vx@)Y =g(X,Y)§ —n(Y)X,

where V is the Levi-Civita connection of g. A manifold M endowed with a normal
contact metric structure is called a Sasakian manifold. A Sasakian manifold with
constant ¢-sectional curvature is called a Sasakian space form.

The study of slant submanifolds was extended by A. Lotta [8] in 1996 to contact
slant submanifolds in almost contact geometry as follows. Let N be a submanifold
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of an almost contact metric manifold (M?"+!, v, &,1n,g). Then N is called contact
slant if the Wirtinger angle 6 (X) between ¢ X and T, N is a global constant, so that
it is independent of the choice of the point p € N and the vector X € T,N such
that X and &, are linearly independent. In particular, for & = 0 and 6 = 7, the
-slant submanifolds of (M?*+!, @, &, n, g) are called invariant and anti-invariant
submanifolds, respectively.

In [8], A. Lotta proved that if M 2n+1 s a contact metric manifold, then the structure
vector field & is tangent to every non-anti-invariant slant submanifold. After Lotta’s
work there are a lot of works done on contact slant submanifolds.

Dual to slant submanifolds, B. Sahin introduced in [12] the notion of slant submer-
sions. Roughly speaking, a Riemannian submersion from an almost Hermitian mani-
fold (M, g, J) onto a Riemannian manifold (B, gp) is called a slant submersion if
its vertical distribution is a slant distribution.

Similar to Sahin’s work on slant submersions from almost Hermitian manifolds
onto Riemannian manifolds, I. K. Erken and C. Murathan defined and studied in [9]
slant submersions from Sasakian manifolds onto Riemannian manifolds. Cabrerizo
et al. studied in [2, 3] slant, semi-slant, hemi-slant, and bi-slant submanifolds in
contact slant geometry. Further, as a generalization of slant submanifolds and semi-
slant submanifolds, K. S. Park [4] defined the notion of pointwise slant submanifolds
and pointwise semi-slant submanifolds of an almost contact metric manifold.

Given the huge amount of work on contact slant submanifolds and submersions
published since the appearance of the last monograph [6], the editors thought it is
appropriate to invite a number of specialists to contribute one or more papers to
illustrate the state of the art in the theory of contact slant geometry with focuses
on contact slant submanifolds and contact slant submersions and many colleagues
answered our call. The editors express their gratitude to all the contributors.

The editors hope that the readers will find this book both a good introduction
and a useful reference of contact slant geometry to perform their research more
successfully and creatively.

East Lansing, Michigan, USA Bang-Yen Chen
New Delhi, India Mohammad Hasan Shahid
Abha, Saudi Arabia Falleh Al-Solamy
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in Contact Metric Manifolds L

A. Lotta

2000 AMS Mathematics Subject Classification: 53B25 - 53C25 - 53D15

1 Slant Submanifolds of Almost Contact Manifolds

B. Y. Chen’s concept of a slant submanifold can be translated into the context of
contact metric geometry in a very natural fashion. In this chapter, we shall discuss
the basic facts concerning this variant of the theory.

Our standard reference for contact geometry is Blair’s book [2], to which we refer
the reader for the terminology, the notation and the relevant facts.

Let M be an almost contact metric manifold with structure (¢, &, n, g). By a slant
submanifold of M, we shall mean an immersed submanifold N such that for any
x € N and for any tangent vector X € TN, linearly independent on &, the angle
between ¢ X and T, N is a constant 6 € [0, %], called the slant angle of N in M.

Like in complex geometry, when the ambient manifold is a contact metric mani-
fold, for6 = % one recovers the notion of anti-invariant submanifold. For 6 = 0, this
class coincides with that of invariant submanifolds, i.e. those for which each tangent
space of the submanifold is invariant under ¢. We remark that it is known that such a
submanifold must be tangent to the Reeb vector field & (see [2, Sect.8.1], p. 152). We
shall see below that this property also holds in the larger class of non-anti-invariant
slant submanifolds.

We shall denote by V the Levi-Civita connection of the ambient manifold, by V
the corresponding connection relative to the metric induced on a submanifold, while
the second fundamental form will be denoted by «.

A. Lotta (<)

Dipartimento di Matematica, Universita di Bari Aldo Moro,
Via E. Orabona 4, 70125 BARI, Italy

e-mail: antonio.lotta@uniba.it
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We shall also denote the kernel of n by D, which is a distribution on M of rank
dim(M) — 1. Using the same notation as in the complex case, for every tangent
vector X € TN we write

X =PX+FX

where P X is tangent and F X is normal to the submanifold. Then P : TN — TN
is a skew-symmetric (1, 1) tensor field on N with respect to the induced metric. We
shall also denote by Q the symmetric operator P>.

We begin by discussing the following basic result showing that the class of non-
anti-invariant slant submanifolds of a given almost contact metric manifold splits
into two sub-classes, characterized by the position of the characteristic vector field
& with respect to the submanifold (cf. [11]).

Theorem 1.1 Let N be an immersed slant submanifold of the almost contact metric
manifold M with structure tensors (¢, &, 1, g). Let n = dim(N). Assume that N is
not anti-invariant. Then

nisodd < £ istangentto N
niseven <= & isnormalto N.

Proof For every point x € N, the orthogonal complement £ C T, N of Ker(Q,)
is even dimensional. Observe that if X € Ker(Q,), then ¢ X is normal to N. By
definition of a slant submanifold, this forces that X be a scalar multiple of &,, because
we are assuming that the slant angle 6 # 7. Thus, we have proved that

Ker(Q,) C Ré.

Now, if n is odd, then Ker(Q,) # {0} for every x € N, which yields that £ is
everywhere tangent to N. If n is even, we must have Ker(Q,) = {0} for all x € N.
Fix x and consider an eigenspace H of Q, relative to the eigenvalue A. By definition
of the slant angle, for every non-null X € H we have

1P XI| Ny |1.X]]
= = VA (1)
llpX]| o X||

On the other hand, since dim(H) > 2, H contains some non-null X € H belong-
ing to D,, for which ||¢ X || = || X||. Substituting in (1) yields A = — cos” §. We have
thus showed that Q, = — cos? @ Id and moreover, coming back again to (1) we have
that ||¢ X || = || X|| forevery X € T, N, which implies that 7, N C D,. We conclude
that £ is everywhere orthogonal to N. O

We remark that the assumption that N is not anti-invariant in the above result is
essential. A significant example is provided by a well-known result of Blair, who
classified the contact metric manifolds of dimension at least five, whose curvature
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tensor annihilates & (i.e. R(X, Y)& = 0 for every vector fields X, Y). The simply
connected, complete ones are the Riemannian products

M=R"*"xS"@4, n>1

where S"(4) denotes a sphere endowed with a standard metric of constant sectional
curvature 4. See [2], Theorem 7.5. Then, it turns out that both the standard immer-
sions of R**! and of S"(4) are anti-invariant in M. Moreover, for the first one &
is everywhere tangent, while for the second one £ is always normal, so that let-
ting n > 1 vary, we provide a series of counterexamples to the equivalences in
Theorem 1.1.

For a submanifold N tangent to &, as a further application of formula (1) the
following characterization is readily verified, involving the symmetric tensor Q and
the normal bundle valued 1-form F : TN — TN (see [3]).

Theorem 1.2 Let N be a submanifold of an almost contact metric manifold M.
Assume that & is tangent to N. Then the following are equivalent:

(a) N is slant in M with slant angle 6;
(b) Q= —cos’0(I —n®E&);
(c) For every unit vector tangent to N and orthogonal to &, one has

[|PX]|| = cosB;
d) For every unit vector tangent to N and orthogonal to &, one has
[|FX|| =sin6.

We remark that, in the general context of almost contact metric manifolds, one can
provide simple examples showing that both possibilities regarding the position of &
with respect to a slant submanifold can occur. Namely, given any almost Hermitian
manifold (M, J, g,), the product M x R carries a standard almost contact metric
structure (¢, &, 7, g), where

d d
X,a—)=(JX,0), £ =(0, —), n=d1,
p(X,a—) = ( ), §=0,-2). n

g being the product metric of g, and the standard metric on the real line.

Now, given any 6-slant submanifold N of M, it is not difficult to verify that
N x {0} and N x R are both #-slant in M x R (cf. [11]). More generally, the same
is true if instead of the product metric one considers a warped product metric g on
M x I, where I C R is an open interval, namely g = )»2711*90 + mydt ® dt, where
A : I — Risasmooth positive functionand; : M x I —- Mandm, : M x I — I
are the canonical projections (see [6]).
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Explicit examples of slant submanifolds (most of them in the Sasakian space form
IRY) are exhibited in [3]. Other examples and some general results concerning slant
submanifolds of some particular classes of almost contact metric manifolds can be
found in the recent papers [6, 7] by de Candia and Falcitelli.

We report here the following fact concerning even dimensional submanifolds (it
is proved in [7] for the class of C5 & Cj;-almost contact metric manifolds according
to the Chinea-Gonzalez classification scheme [5]).

Theorem 1.3 Let (M, ¢, &, n, g) an almost contact metric manifold and assume
that ¢ is n-parallel, i.e. B
g(Vx@)Y,Z) =0

for every X, Y, Z vector fields orthogonal to &.
Let N be an even dimensional -slant submanifold of M, 0 # 7. Then M induces
on N an almost Kdihler structure (J, g) where J = secO P.

Proof We know that & is normal to N. Moreover, Q = —cos?01d. Hence, J =
sec O P is an almost complex structure on N, which is Hermitian with respect to the
induced metric. Moreover, by the n-parallelism of ¢, for every X, Y, Z vector fields
tangent to N we get

g(VxPY,Z) + g(VxFY, Z) — g(¢VxY, Z) — g(pa(X,Y), Z) =0,

yielding
g((VxP)Y,Z) = g(Ary X, Z) — g(ArzX, Y).

It follows that
Gx,vz9((VxJ))Y, Z) =0,

where G is a cyclic sum, and this ensures that the almost Hermitian structure (J, g)
is almost Kahler. O

2 Slant Submanifolds of Contact Metric Manifolds

From now on, we shall consider the case when the ambient manifold is a contact
metric manifold.

Theorem 2.1 Let (M, ¢, &,n, g) be a contact metric manifold. Every non-anti-
invariant slant submanifold N of M is tangent to §. Moreover, the restriction of
n to N is again a contact form and N inherits canonically a contact metric structure

(9.&,7,9), where

p:=secOP, & :=sechE, ij:=cosfn, §:=cos’0g. 2)
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Proof 1f & were normal to N, from the formula
_ 1
er‘;: = —@X — @hX, h .= Eﬁggﬂ (3)

which is valid in the ambient manifold (cf. [2, Lemma 6.2]), for every X and Y vector
fields tangent to N we would have

9(Ae X, Y) = g(pX,Y) + g(phX,Y),

Ag being the Weingarten operator in the direction of £. But since ¢h and A; are
both symmetric operators, this would imply g(¢ X, Y) = 0 identically, yielding that
N is anti-invariant against the assumption. Hence according to Theorem 1.1, & must
be tangent to N. Concerning the last statement, denoting by the same symbols the
restrictions of 7, £ and g to the submanifold, setting ¢ := sec P, it is easy to check
that (@, &, n, g) is an almost contact metric structure satisfying

dn = cos 0,

where @ is its fundamental 2-form, i.e. it is a cos O-homothetic contact metric struc-
ture on N. This implies the last claims. (]

The next proposition provides a formula linking the operator 2 of the ambient
manifold and the analogous operator / relative to the induced contact metric structure.

Proposition 2.2 Let N be a 9-slant, non-anti-invariant submanifold of a contact
metric manifold (M, ¢, &, n, g). Thenforevery X, Y vectors tangent to N and orthog-
onal to &, we have

g(hX,Y) =cos?0g(hX,Y) —sin0g(X,Y) — ga(X, &), FY).

In particular,
g(a(X, ), FY) = g(a(Y,§), FX)

holds with the same assumption on X, Y.

Proof We shall use (3) and the analogous formula for the induced contact metric
structure (2) on N. Observing that the Levi-Civita connections of g|y and g coincide,
we have
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ghX,Y) = g(@VxE, Y) —g(X,Y) =

= —g(a(X,§), FY) — g(Vx§, PY) — g(X, Y) =

= —g(a(X,&), FY) —cos0g(Vxé, PY) — g(X,Y) =
—g(a(X, &), FY) +cos0g((¢ + ¢gh) X, PY) — g(X,Y) =
—g(a(X, &), FY) + g(PX, PY) + g(PhX, PY) — g(X,Y) =
—g(a(X, &), FY) +cos’0g(hX,Y) —sin*0g(X, Y),

where to deduce the last equality we used (c) in Theorem 1.2. The last claim follows
since h and h are both symmetric operators. (I

As another application of Theorem 1.2, we prove a result concerning contact
totally umbilical submanifolds. Recall that a submanifold, tangent to &, of a contact
metric manifold, is said to be contact totally umbilical provided the second funda-
mental form satisfies (cf. e.g. [15])

a(X,Y) ={g(X.Y) =n(X)n(V)}H + n(X)a(Y,§) + n(V)a(X,§). (4

Here, H is the mean curvature normal vector field. If in addition H = 0, one
speaks of a contact totally geodesic submanifold.
Given a proper slant submanifold, we shall consider the orthogonal splitting

TNt =F(TN)QE=FD)®E

of the normal bundle, where D denotes the induced contact_distribution on the slant
submanifold. Of course, this is meaningful because F, : D, — T, N Lis injective
for each point of the submanifold.

Theorem 2.3 Let (M, ¢, &, 1, g) be a contact metric manifold of dimension2m + 1,
whose almost C R structure (D, ¢|p) is integrable, i.e. M is a strongly pseudoconvex
C R manifold. Let N be a contact totally umbilical proper slant submanifold of M.

Then N is contact totally geodesic provided dim(N) =m + 1 or DxH € T'(E)
for every vector field tangent to N and orthogonal to &.

Proof First of all, we recall that for contact metric manifolds, the integrability con-
dition for (D, ¢|p) is equivalent to ¢ being n-parallel; indeed, one has the following
formula for the covariant derivative of ¢:

(Vx@)Y = g(X +hX,Y)E — n(Y)(X + hX);

see [2, Theorem 6.7]. This implies that for every X, Y vector fields tangent to N
and orthogonal to & (i.e. sections of D), the vector field (Vx¢)Y is tangent to N.
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Using this, by a standard computation similar to the case of submanifolds of Kihler
manifolds, one can derive the following formula for the covariant derivative of F,
with the same assumption on the vector fields X, Y:

(VxF)Y = fa(X,Y) —a(X, PY). &)
Here, as usual, for every normal vector field v to N, we set
ov=tv+ fv

with 7v tangent resp. fv normal to N.
Now, assuming (4), (5) yields, for any local unit vector field X tangent to N and
orthogonal to &:

(VpxF)X = —g(PX, PX)H = —cos> 0 H. (6)

Observe now that the left-hand side of this equation is orthogonal to F X; indeed,
by the condition (c) in Theorem 1.2 we have, for every Z, W tangent to N and
orthogonal to &:

g(FZ,FW) = sin*0g(Z, W);

using this, we get, assuming || X|| = 1:
g((Vpx F)X, FX) = g(Dpx FX, FX) — g(FVpx X, FX) =
= —sin?0g(Vpx X, X) = 0.
As a consequence, we obtain from (6) that
g(H,FX)=0

for every X orthogonal to £ and tangent to N, showing that H € T'E. If dim(N) =
m + 1, this suffices to prove the result, since in this case the subbundle E is trivial,
because N has codimension m. Now assume that Dy H € I'(E) for all sections of
D. Taking the inner product of both sides of (6) with H, one gets

—cos*0g(H, H) = g(Dpx FX, H) — g(F(VpxX), H) = —g(FX, DpxH) = 0

due to our assumption. O

In [8], a similar result has been proved by Gupta in the case where M is a Kenmotsu
manifold.

Corollary 2.4 Let M be a Sasakian space form with @-sectional curvature c. Then
every totally contact umbilical proper slant submanifold N of M is totally contact
geodesic, provided dim(N) > 3 orc = 1.
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Proof 1In this case, we shall verify that actually Dy H = 0 for every X orthogonal
to £. This can be proved by using the Codazzi equation. Indeed, observe first that for
every X, Y, Z tangent to N and orthogonal to §:

a(VxY, Z) ={g(VxY, Z) —n(VxY)n(Z)}H = g(VxY, Z)H
hence the Codazzi equation reads
9(Y.Z)DxH — g(X, Z)DyH = (R(X, ) Z)*

where R is the curvature tensor of M. Using the explicit expression of R
(cf. [2, Theorem 7.19]), we thus obtain

-1
g(Y,Z)DxH — g(X, Z)Dy H = CT{g(Z, PY)FX — g(Z, PX)FY +2g(X, PY)FZ}.

Choosing now Y = Z of length one and orthogonal to X yields
3
DxH = Z(c — Dg(X, PY)FY.

Hence, the claim follows in the case ¢ = 1. If ¢ # 1, assuming dim(N) > 3 we
can choose Y so that Y is also orthogonal to PX, and the same formula yields
DxH = 0. ]

3 The K-contact Case

In this section, we consider submanifolds of K -contact metric manifolds, i.e. contact
metric manifolds whose Reeb vector field & is Killing. This is equivalent to requiring
that the tensor field / in (3) vanishes. This class contains in particular the class of
Sasakian manifolds.

We shall discuss the following characterization of slant submanifolds purely in
terms of curvature (cf. [11]).

Theorem 3.1 Let N be a submanifold of a K -contact metric manifold M with struc-
ture (¢, &, 1, g). Assume that N is tangent to &. Fix 6 € [0, Z]; then the following
conditions are equivalent:

(a) N is slant with slant angle 6;
(b) For every x € N the sectional curvature, with respect to the induced metric, of
every 2-plane containing &, equals cos® 6.

Moreover, every non-anti-invariant slant submanifold of M is itself a K -contact
metric manifold with respect to the induced contact metric structure.
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Proof For every x € N, any 2-plane containing &, is spanned by &, and some unit
vector X orthogonal to &; the corresponding sectional curvature K (X, &) is related
to the sectional curvature K (X, £) of the same 2-plane computed in the ambient
manifold M by the Gauss equation:

K(X, &) = K(X, &) + g(@(X, X), a €, £)) — [la(X, £

Now, M being a K -contact metric manifold, it is known that K (X, &) = 1; more-
over, we also have (&, £) = 0, because ?55 = 0. Hence, the above formula can be
rewritten as

K(X,§) =1—|la(X, &I

On the other hand, remembering (3), in this case we have
a(X, &) =—FX.

In conclusion:
K(X,&) =1—|FX|P

Now the equivalence of (a) and (b) is clear taking into account the characterization
of slant submanifolds provided by Theorem 1.2. Finally, concerning the last claim,
observe that (3) also yields

Vx& = —PX

for every vector field tangent to N, which implies that the restriction of £ to N is
again a Killing vector field, since P is skew-symmetric (alternatively, one can infer
that the flow of £ on N consists of local isometries). Hence, assuming that N is slant,
the same is true for the Reeb vector field £ of the induced contact metric structure,
which is thus K -contact. O

Corollary 3.2 Any torus admits no slant, non-anti-invariant, isometric immersions
into any K -contact metric manifold.

This is due to the fact that a torus cannot carry a K -contact metric structure [14].
Next, we consider regular K -contact manifolds. Recall that a contact manifold (M, 1)
is called regular provided the Reeb vector field is, i.e. it determines a regular 1-
dimensional foliation on M, so that the space B = M /& of maximal integral curves
of £ is a manifold. When M carries a K-contact metric g associated with n, then
being L:¢ = L:g = 0, g induces in a natural way a metric ¢’ on M /& and ¢ also
descends to an almost complex structure J.

Denoting by & : M — B the canonical projection, it turns out by construction
that 7 is a Riemannian submersion with Ker(dmr), = Ré, for every x € N, and

drop=Jodn
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(see also [13]). Moreover, it is proved by Ogiue in [12] that (B, J, ¢’) is an almost
Kéihler manifold. If M is Sasakian, then B is Kihler.

A remarkable case is when M = M (c) is a simply connected, complete Sasakian
space form; then B is either a flat Euclidean space C" (when ¢ = —3), a complex
hyperbolic space C H,, with negative constant holomorphic sectional curvature (¢ <
—3), oracomplex projective space C P,, with positive constant holomorphic sectional
curvature (¢ > —3) (see [2] or [9] for details).

The following result relates slant submanifolds of M with slant submanifolds of
B. In particular, it provides a natural way to produce examples of slant submanifolds
of the Sasakian space forms, by “lifting up” slant submanifolds of the corresponding
complex space form. Another approach for constructing examples in this context has
been developed by Cabrerizo, Carriazo, L. M. Fernandez and M. Fernandez in [4],
who established a general existence and uniqueness result for slant immersions in
Sasakian space forms, along the lines of the corresponding result of Chen-Vrancken
for complex space forms.

Theorem 3.3 Let M be a regular K -contact manifold canonically fibering onto the
almost Kéhler manifold B, with projection w : M — B. Fix 6 € [0, 7). Then

(a) IfS is an embedded 6-slant submanifold of B, then w~'(B) is a -slant subman-
ifold of M.

(b) If N is a compact 0-slant submanifold of M, then 7t (N) is a 0-slant submanifold
of B.

Proof (a) Since 7 is a surjective submersion, it is known that N = 7 ~!'(S) is an
embedded submanifold of M, having the same codimension as S. Clearly, N is
tangent to £, because at each point x € N the tangent space T, N is (dn);l(Tn(x)S).
Moreover, observe that for every normal vector v € T, N+, we have that (dm), (v)
is normal to §, because for every X € T, N orthogonal to &, from g(v, X) =0 it
follows ¢’ ((dm),v, (dr),X) = 0, m being a Riemannian submersion.

Now, let X be a unit vector tangent to 7, N and orthogonal to &£. Then from

we get
Jdm) X = dm) (PX) + (dn) FX

where (dm),(PX) is tangent and (dm), F X is orthogonal to S, yielding
[1PX]| = [[(d7)(PX)|| = cos®

where the last equality holds because S is #-slant.

(b) Since N is tangent to £, and 7 is a submersion satisfying Ker(dm,) = RE,,
for every x € M, we have that the restriction of dzr to 7, N has rank dim(N) — 1.
Hence, m : N — B is a smooth map of constant rank; N being compact, it is known
that its image 7 (V) is a submanifold of B (cf. [1, Theorem 3.5.18]). The verification
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that S = 7 (N) is 0-slant is based on the same argument used in the proof of (a),
taking into account that at each point 7 (x) of S we have T;;(,)S = (dm), (T N). O

Observe that, under the assumption of (b), one deduces that N is also a regular
contact manifold. This provides a generalization of aresultby Harada [10] concerning
invariant submanifolds of regular Sasakian manifolds.

Corollary 3.4 Foreverym > 2, the Sasakian space form R*"*1 of p-sectional cur-
vature —3 admits no compact proper slant submanifold.

This holds since R?"*+! fibers onto the flat complex Euclidean space C™, and
Chen-Tazawa’s non-compactness result for slant submanifolds of C™ applies.
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1 Introduction

In 1969, Tano [104] proved that the automorphism group of a connected almost
contact Riemannian manifold M of dimension (2n + 1) is of maximum dimension
(n + 12, and the maximum is attained only in the case when M reduces to one of
the following spaces: a homogeneous Sasaki manifold (or an e-deformation of one)
with constant ¢-holomorphic sectional curvature, a global Riemannian product of a
line or a circle with a complex space form, and a warped product of the complex
space with the real line. In 1972, Kenmotsu [55] investigated the properties of this
warped product and characterized it by tensor equations, giving rise to one of the
newest chapters of contact geometry, nowadays called Kenmotsu geometry. Although
neglected for a long time, these manifolds have attracted the attention of a large
number of geometers in the last three decades, proving to be a valuable chapter of
the contact geometry (see [89] and the references therein, as well as the recent articles
[1, 16, 26, 41, 44, 47, 82, 92, 105, 110, 111, 114]).

The aim of this work is to present a survey on the geometry of Kenmotsu sub-
manifolds, focusing on the curvature properties of slant submanifolds in pointwise
Kenmotsu space forms. The present paper is organized as follows.
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In Sect.2, one recalls some basic facts concerning the geometry of manifolds
equipped with almost contact structures and their submanifolds. Section 3 is devoted
to the presentation of the definition and some basic properties of Kenmotsu spaces.
The aim of Sect.4 is to overview the main classes of submanifolds investigated in
Kenmotsu geometry.

Recall now that one of the basic problems in submanifold theory is to find simple
relationships between the main extrinsic invariants and the main intrinsic invariants
of submanifolds. In a seminal paper published in 1993, Chen [30] proved some sharp
inequalities involving such invariants of a Riemannian submanifold. The notions and
techniques developed in this article have turned out to be very useful, giving rise to one
of the most important research topics in submanifolds geometry: theory of Chen’s
invariants and inequalities. Later, B. Y. Chen’s inequalities have been extensively
studied by many authors for different kinds of submanifolds in several ambient
spaces. In Sect. 5, we present some Chen-like inequalities for slant submanifolds in
a Kenmotsu space form.

Section 6 is devoted to the investigation of the §-Casorati curvatures of slant sub-
manifolds in Kenmotsu space forms. It is well known that the notion of Casorati
curvature has been defined in the geometry of submanifolds as the normalized square
of the length of the second fundamental form of the submanifold [39]. Obviously,
the Casorati curvature is an extrinsic invariant. This concept, originally introduced
by Casorati in 1890 for surfaces in a Euclidean 3-dimensional space [27], was pre-
ferred by the author over the classical Gaussian curvature because it seems to cor-
respond better with the common intuition of curvature [106]. Notice that recently,
Brubaker and Suceava [21] obtained sufficient conditions for a smooth hypersurface
in Euclidean ambient space to be convex, in terms of Casorati curvatures and mean
curvature. On the other hand, Kowalczyk [60] gave a geometrical interpretation of
the Casorati curvature of a Riemannian submanifold, as well as a characterization
of normally flat submanifolds in Euclidean spaces in terms of a relation between the
Casorati curvatures and the normal curvatures of the submanifold. The first basic
inequalities involving the Casorati curvatures were proved for submanifolds in real
space forms by Decu, Haesen and Verstraelen [38, 39]. Later, these inequalities were
generalized to other classes of submanifolds and ambient spaces [2, 6, 8, 10, 15, 40,
46, 53, 54, 62, 65, 69, 70, 76, 96-98, 102, 112, 115, 118-120].

In Sect.7, we discuss the generalized Wintgen inequality, also referred to in the
literature as the DDVV inequality or the DDVV conjecture. This famous inequality
has been conjectured in [43] and solved in affirmative in [45, 74]. The aim of this
section is to provide the counterpart of this inequality in Kenmotsu geometry. We
point out that the study of Wintgen-like inequalities was recently started in a more
general setting, namely for submanifolds in statistical manifolds [12, 13, 20, 81].
Notice that Bansal, Uddin and Shahid [16] proved the DDV'V inequality for statistical
submanifolds of Kenmotsu statistical manifolds of constant ¢-sectional curvature.



Curvature Inequalities for Slant Submanifolds in Pointwise Kenmotsu Space Forms 15

2 Preliminaries

Let (M™, §) be a Riemannian manifold of dimension m and suppose (M”, g) is a Rie-
mannian submanifold of M™ having dimension 7. In the following, we will denote by
K () the sectional curvature of a 2-plane sectionm C T,M, p € M.If {ey, ..., e,}
and {e,41, ..., ey} are orthonormal bases of 7, M and Tle (respectively), then it
is known that the scalar curvature is defined by

T(p) = Z K(ei Nej)

I<i<j<n
and the normalized scalar curvature is given by

2T
P m—1)

Let us denote by V the Levi-Civita connection of the metric § and suppose V
denotes the covariant differentiation induced on M. Then the Gauss-Weingarten
formulae are

VxY = VxY +h(X,Y),VX,Y € T(TM)

and
VxN = —AyX + V§N,VX e I(TM),V¥N € I'(TM*)

where h denotes the second fundamental form of the submanifold M, V< is the
metric connection in the normal bundle and Ay denotes the shape operator of the
submanifold M with respect to the normal vector field N.

Let us recall that a point p of the submanifold M is called totally geodesic if &
vanishes at p. Moreover, the submanifold M is said to be totally geodesic if all points
of M are totally geodesic points.

On the other hand, we recall Gauss’ equation that relates the curvature tensor
fields R and R of the connections V and V, respectively:

R(X,Y,Z,W)=R(X,Y,Z, W) + g(h(X, W), h(Y, Z))
—g(h(X, Z), h(Y, W)), (1)

for all vector fields X, Y, Z, W on M.
Let H be the mean curvature vector of the submanifold M defined by

1 n
H(p) = > hei ).
i=1

Then the squared mean curvature || H ||? is given by
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1 m n 2
2
IHIP=— (Zh) :
a=n+1 \i=1

where
th; =g(h(ei7€j)7e(¥)a laj € {1,...,”}, (oS {n+ 1""’m}'

On the other hand, the squared norm of the second fundamental form % over the
dimension of the submanifold M is an extrinsic geometric invariant known as the
Casorati curvature of M. Therefore, this invariant is defined by

1 m n , B
C=—2 2 ()
a=n+1i,j=1
One can also define the Casorati operator of M as a (1, 1)-tensor field given by
[51]
AC= > A%,
a=n+1

where A, denotes the shape operator of the submanifold M with respect to e,,

a=n+1,...,m.Itis easy to see that C and A€ are linked by
1 c
C=-TrA".
n
If L C T,M is a subspace of dimension s, with s > 2, and {ey, ..., ¢} is an

orthonormal basis of L, then the scalar curvature 7(L) of L is defined by

T(L)= Y K(ea Aep).

1<a<f<s

3 Kenmotsu Manifolds

An almost contact metric manifold is a quintuple (M, ¢, &, 1, §) consisting in a
Riemannian manifold (M, g) of dimension (2n + 1) equipped with a (1, 1)-tensor
field ¢, a vector field £ and a 1-form 7 satisfying the compatibility conditions [19]

nE =1, @*=-I+1Q¢ ¢i=no0p=0
G(@X, dY) = G(X,Y) — n(X)n(Y) )
n(X) = g(X,
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for all X, Y € I'(T M). Moreover, if the Levi-Civita connection V of the metric §
satisfies

(Vxo) (¥) = (X, V)E —n(¥)$X, Vx& =X —n(X)E¢ A3)

then (1\71, 0, &, n, g) is said to be a Kenmotsu manifold [89].
As remarkable examples of Kenmotsu manifolds, we have the following.

i. The hyperbolic space H*'*! = {(x1, ..., x2,11) € R¥"*!|x; > 0} equipped with
the almost contact structure (¢, &, 17, g) constructed by Chinea and Gonzales in
[34] is a Kenmotsu manifold.

ii. The product manifold of a Kéhler manifold with a Kenmotsu manifold can
be equipped with a Kenmotsu structure [108]. In particular, it follows that the
product manifolds P"C x H>* !, D" x H?*! and C" x H?"*! can be endowed
with Kenmotsu structures.

iii. A special class of orientable hypersurfaces of Kédhler manifolds admits natural
Kenmotsu structures. These submanifolds are called natural Kenmotsu hyper-
surfaces. For details, see [89, Example 2.1.18].

Recall that a Kenmotsu manifold (M , ¢, &, m, g) with dimension 2n 4+ 1 > 5 is
called a pointwise Kenmotsu space form, if the ¢-sectional curvature of any ¢-
holomorphic plane {X, $X}, where X € T,)M , depends only on the point p € M,
being independently on the ¢-holomorphic plane at p. A connected Kenmotsu point-
wise space form whose ¢-sectional curvature does not depend on the point is said
to be a Kenmotsu space form. It is known that a Kenmotsu manifold has constant
¢-sectional curvature ¢ at a point if and only if the curvature tensor R is given by
[89]

_ -3 1
ROCTZ = 20500 DX - 50 207 + S ooy

—n)N(Z)X +n(Y)g(X, Z)§ —n(X)g(Y, Z)§ “4)
— 90X, Z)9Y + g(oY, Z)9X +25(X, ¢Y)9Z}.

The (pointwise) Kenmotsu space forms are denoted by M (c). It is important to
point out that any Kenmotsu space form M (c) has constant sectional curvature equal
to ¢ = —1 (see [55, Theorem 13]). As an example of Kenmotsu space form, we
have the warped product M = R x ¢ C", where f(t) = expt. For details, see [63,
Example 1].

Regarding the topology of Kenmotsu manifolds, we recall the following important
result, that is, a consequence of the Green theorem and of the fact that div€ = 2n.

Theorem 3.1 ([55]) Any Kenmotsu manifold is non-compact.

The local characterization of Kenmotsu manifolds is the following.

Theorem 3.2 ([55]) Let (M, ¢, €, 1, §) be a Kenmotsu manifold. Then any point of
M has a neighborhood isometric to the warped product I x y V, where I = (—¢, €)
is an open interval of R, V is a Kahlerian manifold and f(t) = cexpt, ¢ > 0.
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For other general properties concerning the geometry and topology of Kenmotsu
manifolds, see [18, 42, 57, 88, 103] and [89, Chap. 2].

4 Submanifolds of Kenmotsu Manifolds

4.1 Invariant and Anti-Invariant Submanifolds

If (M, ¢) is a Riemannian submanifold of a Kenmotsu manifold (M, ¢, £, 1, §), then
we have the following decomposition for any vector field X tangent to M:

¢X = PX+ FX, ®)

where PX and FX represent the tangential and the normal components of ¢X,
respectively. If the dimension of the submanifold M is (m + 1), then one can define

m+1
I1PI> =) glei. Pe)), 6)
ij=1
where {eq, ez, ..., e,+1} 1s alocal orthonormal frame of M. Notice that the squared

norm of the endomorphism P of T M defined above does not depend on the chosen
orthonormal frame. We also point out that F is a normal bundle-valued 1-form on
the tangent bundle T M.
On the other hand, for any vector field V normal to M, we have the following
decomposition:
oV =tV + [V, @)

where ¢V and fV denote the tangential and the normal component of ¢V, respec-
tively.

A Riemannian submanifold M of a Kenmotsu manifold M is said to be an invariant
submanifold [58] if F' = 0. On the other hand, if P = 0, then the submanifold M is
called anti-invariant [93]. These classes of submanifolds were investigated from two
perspectives, accordingly as the structure vector field £ is tangent or normal to the
submanifold M. We recall next some results from [58].

Theorem 4.1_ ([58]) Let (M, ¢, &, m, g) be a Kenmotsu manifold and N be a sub-
manifold of M tangent to £. Then

i. N is an invariant submanifold iff t is parallel.
ii. N is an anti-invariant submanifold iff P is parallel.
iii. N is a totally geodesic submanifold iff the second fundamental form h of the
submanifold is parallel.
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Theorem 4.2 ([§8]) Let M(c) be a ( pointwise) Kenmotsu space form, and N be a
submanifold of M (c) tangent to the structure vector field of M(c). Suppose that t
and f are parallel. Then N is also a (pointwise) Kenmotsu space form.

Several curvature properties and geometric inequalities involving intrinsic and
extrinsic invariants of invariant and anti-invariant submanifolds of (pointwise) Ken-
motsu space forms tangent and normal to the structure vector field £ can be found in
[11, 56, 84, 107].

4.2 Contact Semi-Invariant and Normal Semi-Invariant
Submanifolds

In 1983, Papaghiuc [86] investigated the concept of semi-invariant submanifold in
Kenmotsu geometry, introducing two kinds of such submanifolds: contact semi-
invariant submanifolds and normal semi-invariant submanifolds. A submanifold N
of a Kenmotsu manifold (M , ¢, &, m, g) is called contact semi-invariant if its tangent
bundle splits orthogonally into smooth distributions D @ D+ @ (£) such that ¢ maps
D (resp. D) into itself (resp. into the normal bundle of N). Notice that D is usually
called the invariant distribution of the submanifold N, while D+ is said to be the
anti-invariant distribution of the submanifold N.

In [86], the author investigated the integrability of certain subbundles of the tan-
gent bundle of a contact semi-invariant submanifold of a Kenmotsu manifold, proving
the following result.

Theorem 4.3 ([86]) Let (M, ¢, &, n, g) be a Kenmotsu manifold and (N, g) be a
contact semi-invariant submanifold of M. Then

i. D, D+ @ (£) and D & D+ are integrable distributions.
ii. Dand D & (&) are integrable distributions iff the second fundamental form h
satisfies
h(X, oY) =h(¢X,Y), VX, Y € T'(D).

Moreover, Sinha and Srivastava [99] derived two criteria for a submanifold of a
Kenmotsu space form to be contact semi-invariant, while Papaghiuc [86] obtained
some natural conditions that imply the constancy of sectional curvature for a contact
semi-invariant submanifold of a pointwise Kenmotsu space form.

The concept of normal semi-invariant submanifold of a Kenmotsu manifold
M, ¢, &, n, g) was defined in [86] by considering that the structure vector field
¢ is normal to the submanifold and imposing also the condition that the tangent bun-
dle splits orthogonally as D @ D+, where D is an invariant distribution and D+ is
an anti-invariant distribution. In particular if D = 0 (resp. D+ = 0), then the sub-
manifold is said to be normal anti-invariant (resp. normal invariant). Papaghiuc [86]
investigated the integrability of both distributions involved in the definition of a
normal semi-invariant submanifold, proving the following result.



