
Sources and Studies
in the History of Mathematics and

Physical Sciences

Editorial Board
IZ. Buchwald I Liitzen I Hogendijk

Advisory Board
P.I Davis T. Hawkins

A.E. Shapiro D. Whiteside



Sources and Studies in the
History of Mathematics and Physical Sciences

K. Andersen
Brook Taylor's Work on Linear Perspective

H.IM. Bos
Redefming Geometrical Exactness: Descartes' Transformation of the Early Modern Concept of
Construction

I Cannon/So Dostrowsky
The Evolution of Dynamics: Vibration Theory From 1687 to 1742

B. ChandlerlW. Magnus
The History of Combinatorial Group Theory

AI. Dale
History of Inverse Probability: From Thomas Bayes to Karl Pearson, Second Edition

AI. Dale
Pierre-Simon de Laplace, Philosophical Essay on Probabilities, Translated from the fifth French
edition of 1825, with Notes by the Translator

A Dale
Most Honourable Remembrance: The Life and Work of Thomas Bayes

P.I Federico
Descartes On Polyhedra: A Study of the De Solidorum Elementa

B.R. Goldstein
The Astronomy of Levi Ben Gerson (1288-1344)

H.H. Goldstine
A History of Numerical Analysis from the 16th Through the 19th Century

H.H. Goldstine
A History of the Calculus of Variations From the 17th Through the 19th Century

G. GraBhoff
The History of Ptolemy's Star Catalogue

A HermannlK. von Meyennfv.F. Weisskopf (Eds.)
Wolfgang Pauli: Scientific Correspondence I: 1919-1929

A HermannlK. von Meyennfv.F. Weisskopf (Eds.)
Wolfgang Pauli: Scientific Correspondence IT: 1930-1939

C.C. Heyde/E. Seneta, I.J.
Bienayme: Statistical Theory Anticipated

IP. Hogendijk
Ibn A1-Haytham's Completion of the Conics

I H0yrup
Length, Widths, Surfaces: A Portrait of Old Babylonian Algebra and Its Kin

A. Jones
Pappus of Alexandria, Book 7 of the Collection

Continued after the lIIustration Credits



Kirsti Andersen

The Geometry of an Art

The History of the Mathematical
Theory of Perspective from Alberti

to Monge

~ Springer



Kirsti Andersen
Department of History of Science
The Steno Institute
University of Aarhus
Denmark

Sources and Series Editor:
Jesper Liitzen
Institute for Mathematical Sciences
University of Copenhagen
DK-2100 Copenhagen
Denmark

Library of Congress Control Nnmber: 2005927076

ISBN 10: 0-387-25961-9
ISBN 13: 978-0387-25961-1

Printed on acid-free paper.

© 2007 Springer Science+Business Media, LLC
All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer Science+Business Media, LLC, 233 Spring Street, New York,
NY 10013, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in
connection with any form of information storage and retrieval, electronic adaptation, computer
software, or by similar or dissimilar methodology now known or hereafter developed is forbidden.
The use in this publication of trade names, trademarks, service marks, and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.
While the advice and information in this book are believed to be true and accurate at the date of going
to press, neither the authors nor the editors nor the publisher can accept any legal responsibility for any
errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

9 8 7 6 5 4 321

springer.com



To Christian and Michael



Contents

Introduction

Key Issues
Questions Concerning the History of Geometrical Perspective
Questions Concerning Textbooks on Perspective

The Word 'Perspective'
Other Publications
The Period and Regions Examined
The Sources and How They Are Used
Contexts and Restrictions
Conclusions

Acknowledgements

Colleagues, Students, and Friends
Institutions
Sources of Funding
Libraries

Notes to the Reader

Drawings and Notation
Concepts Related to the Eye Point and the Picture Plane
Concepts Related to Images of Points, Lines, and Planes
Orthogonals, Transversals, and Verticals
Rabatment

Mathematical Terminology, Results, and Techniques
Lines and Line Segments
Results from the Theory of Proportion
Mathematical Techniques
The Placement of the Mathematical Explanations

Bibliographies
Two Bibliographies
References, Orthography, and Ordering of Letters

Biographies
Dates for the Protagonists

My Text
Quotations and Paraphrases
Use of My Earlier Publications

xix

xix
xix
xix
xx

xxi
XXI

xxi
xxii

xxiii

xxv

xxv
xxvi
xxvi

xxvii

xxix

xxix
xxix
xxx

XXXi

xxxii
xxxii
xxxii

xxxiii
xxxiii
xxxiv
xxxiv
xxxiv
xxxiv
xxxv

xxxvi
xxxvi
xxxvi

xxxvii

vii



viii Contents

Chapter I. The Birth of Perspective

11. The First Written Account of Geometrical Perspective
12. The Origin of Perspective
1.3. Four Stimuli

Painting a View
Representation of Special Lines
A Search for Mathematical Rules
Inspiration from Optics

1.4. Brunelleschi
Four Possible Techniques
Brunelleschi's Conception of Perspective
No Conclusion
Brunelleschi's Success

1.5. Perspective Before the Renaissance?

Chapter II. Alberti and Piero della Francesca

Ill. The Two Earliest Authors
112. Alberti and His Work

Alberti's Views on the Art of Painting
11.3. Alberti's Model

Alberti's Two Methods of Producing a Perspective Image
114. Alberti's Construction

The Representation of Orthogonals
An Open Window
A Scaled Unit
Placement of the Centric Point
The Images of the Transversals
Choice of Parameters
Alberti's Use of a Perspective Grid

11.5. Alberti's Theoretical Reflections and His Diagonal Rule
11.6. The Third Dimension in Alberti's Construction
11.7. Alberti's Construction in History
11.8. Piero della Francesca and His Work

De Prospectiva Pingendi
11.9. The Theoretical Foundation of De Prospectiva

The Angle Axiom
Foreshortening of Orthogonals and Line Segments Parallel to n
Piero on Visual Distortion

11.10. Piero and Alberti's Construction
Piero's Rabatment
Piero on the Correctness of the Construction
Filarete and Francesco di Giorgio

11.11. Piero's Diagonal Construction
11.12. Piero's Distance Point Construction

The Origin of Distance Point Constructions
Piero on the Correctness of His Distance Point Construction

1113. The Division Theorem
11.14. Piero's Treatment of the Third Dimension

1

1
2
3
3
4

10
10
11
11
13
13
14
15

17

17
17
18
19
21
22
22
23
24
25
25
28
28
29
33
34
34
36
37
37
38
40
40
40
42
43
44
46
46
48
50
50



11.15. The Column Problem
Equidistant Line Segments
Columns on Square Bases
Cylindrical Columns
Piero's Considerations

11.16. Piero's Plan and Elevation Construction
The Origin of the Plan and Elevation Technique
Piero's Construction

11.17. Piero's Cube
Piero's Idea
Piero's Illustrations
Piero's Heads

11.18. Piero's Anamorphoses
11.19. Piero's Use of Perspective
11.20. Piero's Influence

Chapter III. Leonardo da Vinci

111.1. Leonardo and the History of Perspective
Leonardo's Trattato
Leonardo's Approach to Perspective
Outline of This Chapter

111.2. Leonardo's Various Concepts of Perspective
Linear Perspective Versus Other Concepts of Perspective
Natural Versus Accidental Perspective
Composite and Simple Perspective

111.3. Visual Appearances and Perspective Representations
IlIA. Leonardo on Visual Appearances of Lengths

Leonardo's Axiom and the Angle Axiom
The Law of Inverse Proportionality
Pacioli and the Law of Inverse Proportionality
The Law of Inverse Proportionality and Euclid's Theory
Leonardo on the Appearance of a Rectangle
The Appearance of the Vertical Boundaries
The Appearance of Collinear Line Segments

111.5. Leonardo on Perspective Representations
The Perspective Images of Particular Line Segments
The Perspective Images of Collinear Line Segments
Leonardo and the Column Problem
Leonardo's Appeal for a Large Viewing Distance

111.6. Leonardo and Curvilinear Perspective
111.7. Leonardo's Doubts and Their Consequences

Perspective and Visual Impressions
Fixed Eye Point
Leonardo's Use of Perspective

Chapter IV. Italy in the Cinquecento

IV.I. The Italian Sixteenth-Century Perspectivists

Contents ix

51
53
54
56
56
59
59
60
64
66
66
71
71
75
79

81

81
82
83
84
84
85
86
87
88
89
89
90
94
95
96
97
98

100
101
102
105
107
107
111
111
111
112

115

115



x Contents

IY.2. The Architectural, Painting, and Sculpting Traditions
Gaurico
Serlio
Sirigatti, Cataneo, and Peruzzi
Lomazzo

IY.3. A Mathematical Approach to Perspective­
The Contributions by Vignola and Danti
The First Edition of Vignola's Work on Perspective
Vignola's Plan and Elevation Construction
Vignola's Distance Point Construction
Vignola's Comparison of His Two Methods
Danti on Convergence Points

IY.4. Connection Between Perspective and Another Central
Projection - Commandino's Contributions
The Context of Commandino's Work
Commandino's Constructions
Commandino's Influence

IY.5. Another Mathematical Approach - Benedetti's Contributions
Benedetti's Alberti Construction
Benedetti on Pointwise Constructions
Benedetti and Convergence Points
Benedetti's Influence

IY.6. An Encyclopedia on Perspective - Barbaro's Book
Barbaro's Sources
Barbaro on the Regular Polyhedra

IY.7. The Italian Pre-1600 Contributions to Perspective

Chapter V; North of the Alps Before 1600

Y.I. The Introduction of Perspective North of the Alps
Y.2. Viator and His Followers

Viator
Ringelberg
Cerceau

Y.3. Cousin
Cousin's Introduction of a Distance Point Construction
Cousin's Use of Points of Convergence
Cousin on the Column Problem

Y.4. Durer
Durer's Introduction to Perspective
Durer's Books
Diirer's Plan and Elevation Construction
Diirer's Enigmatic Method
The Second Method as Described
The Second Method as Illustrated
The Second Method and Alberti Constructions
The Second Method and a Distance Point Construction
The Diagrams Illustrating the Second Method
Finishing the Image by the Second Method
Construction of the Side fg

116
116
116
122
124

125
125
126
128
130
136

138
138
141
145
146
146
147
149
152
152
152
155
158

161

161
161
162
166
169
172
175
178
182
183
183
188
194
197
199
200
201
202
204
204
205



Diirer's Programme
The Lesson of Diirer's Mistakes
Restrictions Induced by Perspective
Diirer's Practical Methods
Diirer's Diagonal Method
Diirer's Influence on the Development of Perspective

V5. Diirer's German Successors
Perspective Touched Upon by a Painter
Perspective Presented by a Count
Hirschvogel and Lautensack
Ryff Taking Up the Italian Tradition
Jamnitzer, Lencker, Stor, and Hass
Pfinzing

V6. Vredeman de Vries
V7. The Sixteenth-Century Non-Italian Tableau

Chapter VI. The Birth of the Mathematical Theory
of Perspective Guidobaldo and Stevin

VI.1. Guidobaldo and His Work on Perspective
Guidobaldo's Struggle with Perspective
The Contents of Perspectivae Libri Sex

VI.2. Guidobaldo's Theory of Perspective
Line Segments Parallel to the Picture Plane
The Main Theorem of Perspective
Guidobaldo's Proofs of the Main Theorem
Vanishing Lines

VI.3. Guidobaldo's Twenty-Three Methods
Guidobaldo's Rabatment
The Sixth Method
The Tenth Method
The Twenty-First Method

VIA. New Themes in Guidobaldo's Work
Untraditional Picture Planes
Inverse Problems of Perspective
Direct Constructions

VI.5. Guidobaldo's Role in the History of Perspective
VI.6. Stevin and His Work on Perspective

Stevin's Path to Perspective
The Contents of Van de Verschaeuwing

VI.7. The Foundation of Stevin's Theory
The Invariance Theorem

VI.8. Stevin's Practice of Perspective
Stevin's Basic Constructions
Stevin's Rabatment
Stevin's Examples

VI.9. Stevin and Inverse Problems of Perspective
VLlO. Further Issues in Stevin's Work

The Contents of Stevin's Appendix
The Column Problem

Contents xi

206
207
207
207
210
212
212
213
213
217
222
224
230
230
236

237

237
238
240
241
242
244
246
249
250
251
251
255
256
256
257
259
261
262
265
268
269
270
271
273
273
276
277
279
282
282
284



xii Contents

A Perspective Instrument
An Arithmetical Example

VI.ll. Stevin's Influence
The Knowledge of Stevin's Work Abroad
The Knowledge of Stevin's Work at Home
Conclusion

Chapter YD. The Dutch Development after Stevin

VII. 1. A Survey of the Literature
VII.2. The Theory and Practice of Perspective
VII.3. The Work by Marolois

Marolois's Theory and Practice of Perspective
Marolois's Method of Construction
Marolois's Instrument
Shadows and Inverse Problems of Perspective
The Column Problem
Arithmetical Calculations
Marolois's Influence

VII.4. Van Hoogstraten's Perspective Box
The Left-Hand and Right-Hand Side Panels
The Bottom Panel
The Top Panel
The Back Panel

VII.5. Van Schooten's Revival of Stevin's Theory
Van Schooten's Intention and Inspiration
Georg Mohr
Abraham de Graaf
Hendrik van Houten

VII.6. The Problems of Reversing and Scaling
The Problem of Reversing
The Problem of Scaling
Reduced Distance

VII.7. 'sGravesande's Essay on Perspective
'sGravesande and His Work on Perspective
The Contents of 'sGravesande's Work
Camerae Obscurae
The Basic Theory
The Turned-In Eye Point
A Particular Line
'sGravesande's Basic Constructions
Oblique Picture Planes
'sGravesande's Examples
Shadows
Response to 'sGravesande's Work
The Audience for Books on Perspective

VII.8. Traces of Desargues's Method in Dutch Perspective
VII.9. Jelgerhuis and the Choice of Parameters

The Parameters of a Picture
Jelgerhuis's Choice

VII.lO. The Dutch Scene

285
285
287
288
289
289

291

291
296
297
298
301
302
304
308
309
309
309
313
314
316
317
317
319
323
324
327
328
330
334
336
338
338
339
340
342
343
345
348
351
354
357
359
359
360
363
364
367
367



Chapter VIII. Italy after Guidobaldo

VIII. 1. Waning Interest
VIII.2. Perspective in Textbooks on Architecture

Seventeenth-Century Authors: Barca and Viola-Zanini
Eighteenth-Century Authors: Amico, Vittone, Spampani,

and Antonini
The Galli-Bibienas and Piranesi

VIII.3. Perspective in Other Textbooks
Textbooks on Stage Design - Chiaramonti and Sabbatini
A Textbook on Useful Matters for Painters - Zaccolini
A Textbook on the Theory of Vision - Diano
A Textbook on Mixed Mathematics - Bettini
A Textbook on Mathematics - Guarini

VIllA. The Prospettiva Pratica Tradition
Cigoli
Contino
Accolti
Torricelli
Troili
Amato
Quadri

VIII.5. Pozzo's Influential Textbook
Pozzo's Methods
Pozzo's Virtual Dome
A Vault As Picture Plane

VIII.6. A Special Approach to Perspective - Costa
VIII. 7. Mathematical Approaches to Perspective

Zanotti
Stellini
Torelli

VIII.8. The Later Italian Period

Chapter IX. France and the Southern Netherlands after 1600

IX.l. The Early Modem French Publications
Perspective and Projective Geometry

IX.2. The Theory of Perspective Taught
Aguilon and Mersenne
Herigone
Bourdin, Dechales, and Tacquet
Rohault and Ozanam
Ozanam on Measure Points
The Encyclopedias

IX.3. The Works of de Caus and Vaulezard
De Caus
Vaulezard on Cylindrical Mirror Anamorphoses
Vaulezard on Perspective

IXA. The Work of Aleaume and Migon
The History of the Book by Aleaume and Migon
Introduction of a Perspective Grid

Contents xiii

369

369
370
370

370
371
372
372
372
374
374
374
375
375
377
377
379
381
383
383
386
386
388
389
394
397
397
398
399
399

401

401
402
403
403
404
406
407
407
409
410
410
413
415
418
418
420



xiv Contents

Introduction of an Angle Scale
Methods Independent of Vanishing Points
Further Issues Treated by Aleaume and Migon

IX.5. Desargues's Perspective Method
Desargues's Avoidance of Vanishing Points
Theoretical Reflections in La perspective
Theoretical Reflections in Aux theoriciens
Conclusion on Desargues and Vanishing Points
Points at Infinity in Desargues's Work on Perspective

IX.6. Brouillon project and Perspective
Cross Ratios
Projection of Conics
Two Traditions

IX.7. Perspectivists at War - and the Work of Dubreuil
Dubreuil
Desargues and Dubreuil
Dubreuil's Comrades-in-Arms

IX.8. The Work of Niceron
Niceron's Construction of an Anamorphic Grid

IX.9. Second Act of the Desargues Drama
Desargues's Supporter Bosse
Bosse and the Royal Academy of Painting

IX.lO. The 1660s and 1670s
Huret
Le Clerc
Bourgoing

IX.ll. Perspective and the Educated Mathematician
IX.l2. French Eighteenth-Century Literature on Perspective

Lamy
Bretez, Courtonne, Deidier, and Roy
Petitot and Curel
Lacaille
Jeaurat
Taylor's Theory Introduced in France
Michel
Valenciennes

IX.l3. The French Development

Chapter X. Britain

X.I. Starting Late
X.2. British Literature on Perspective Before Taylor

Wren, Moxon, and Salmon
Ditton

X.3. Taylor and His Work on Perspective
Taylor's Background
Taylor's Inspiration
Taylor's Aim
Taylor's Two Books on Perspective

422
424
426
427
433
436
437
441
442
445
446
446
447
448
448
449
451
452
454
457
460
460
465
465
466
467
470
471
471
474
477
479
482
482
484
485
485

489

489
489
490
492
494
494
496
496
498



Contents xv

XA. Taylor's Fundamental Concepts and Results 502
Vanishing Points and Lines 503
The Directing Plane 506

X.5. Taylor's Basic Constructions 508
Pointwise Constructions 508
Taylor's Inspiration from 'sGravesande 510

X.6. Taylor's Contributions to Plane Perspective Geometry 511
Taylor's Solution to Problem 1 512
Taylor's Solutions to Problems 2 and 3 512

X.7. Taylor's Contributions to Solid Perspective Geometry 515
X.8. Taylor's Examples of Drawing Figures in Perspective 519

Constructions as an Intellectual Experiment 524
A Direct Plan and Elevation Construction 524

X.9. Taylor's Treatment of Shadows 524
X.lO. Taylor on Reflections 529
X.ll. Taylor on Inverse Problems of Perspective 534

Problems about Determining the Eye Point 534
Problems Concerning the Shape of an Original Figure 536
Determining the Eye Point as Well as the Shape 537

X.l2. The Immediate Response to Taylor's Work 538
X.B. Taylor's Work in History 540
X.l4. Hamilton's Comprehensive Work on Perspective 541

Hamilton's Background 541
Perspective and Conic Sections 542
Hamilton on Linear Perspective 542
Hamilton's Influence 546

X.l5. Kirby and Highmore 547
Kirby's Publications on Perspective 548
Kirby's Main Work on Perspective 552
Kirby's Inspiration 554
Kirby on the Theory of Perspective 554
Kirby on the Practice of Perspective 555
Kirby and the Column Problem 557
Kirby's Service to Taylor 561
Highmore 562

X.16. The Taylor Tradition Continued 568
Bardwell Protesting 568
Fournier and Cowley Addressing Students at Military Academies 570
Emerson, the Textbook Writer 571
The Scientist Priestley Entering the Field 573
Noble Attempting to Bridge the Gap Between Theory and Practice 577
Malton and Son 579
Clarke Presenting Perspective for Young Gentlemen 584
Wood Writing for Painters 585
Taylor's Influence on the Drawing of Chairs 587

X.17. Perspective in Textbooks on Mathematics 588
Martin 589
Muller 591
Wright 591



xvi Contents

X.18. British Individualists 592
Halfpenny 592
Hodgson 592
Murdoch 592
Hooper 594
Ferguson 595
Adams 596

X.19. British Mathematicians and Perspective 597
X.20. The British Chapter 598

Chapter XI. The German-Speaking Areas after 1600 599

XLI. Categorization of the German Literature 599
XL2. Perspective Instruments 599

Faulhaber and Bramer 600
Brunn and Scheiner 602
Halt 603
Hartnack 604
Meister and Hoffmann 604
Bischoff and Biirja 605

XU. Anamorphoses 605
Albrecht 605
Kircher and Schott 609
Leupold 611
Mathematischer Lust und Nutzgarten 612

XL4. Perspective Presented for Practitioners 614
The Unknown Fiillisch 614
The Philomath Haesell 614
The Painters Sandrart and Heinecke 614
The Architect and Drawer Schiibler 615
The Engraver Werner 617
The Master Carpenter Rodel 617
Gericke and Weidemann, Professors at the Academy of Art 618
The Theologian Horstig 619

XL5. Mathematical Works on Perspective 619
The Wolffian Tradition 620
Weidler 623
lena Scholars 623
Hennert and Lorenz 624
Segner and Biirja 625
Kastner's Analytical Approach 626
Kastner's General Theory 628
Karsten's Mastodon 629

XL6. Traces of Lambert 631
XI.7. Perspective in the German Countries 633

Chapter XII. Lambert 635

XILI. Lambert's Special Position 635
XIL2. Life and Work on Perspective 635
XII.3. Early Approach to Perspective 642



Contents xvii

XIIA. The Contents of Freye Perspektive 647
Lambert's Possible Sources 648

XII.5. Constructing Polygons in the Picture Plane 650
XII.6. Oblique Figures 655

Comparing Some of Taylor's and Lambert's Ideas 658
The Applicability of the Theory of Oblique Planes 660

XII.7. Shadows 661
XII.8. Reflections 664

Lambert's Room 665
Determination of Areas that Can Be Seen Reflected 669
Reflection in Curved Surfaces 671

XII.9. Parallel Projections 674
A Precursor of Pohlke's Theorem 678

XII.IO. Inverse Problems of Perspective 679
XII. I I. Lambert's Practice of Perspective 682

An Elliptical Scale 682
Trompe L'ffiiIs 685
Rainbows, Fountains, a Starry Sky, and Perspective Pictures 686

XII.12. Ruler Geometry 689
The Prehistory 689
The Steiner Circle 691
Perspective Freedom 691
Lambert's Examples 692
Points on a Conic 694
A Specific Application of the Perspective Freedom 695
Constructing a Parallel 695
A Line Through an Inaccessible Point 698
Perspective, Ruler Geometry, and Projective Geometry 702

XII.13. Lambert's Impact 703

Chapter XUI. Monge Closing a Circle 707

XIII. I. Monge and Descriptive Geometry 707
Creation of Descriptive Geometry 707
Monge's Descriptive Geometry 708

XIII.2. Monge and Linear Perspective 709
Monge's Presentation of Perspective 709
Monge's Influence on Teaching Perspective 711

Chapter XIV. Summing Up 713

XlVI. Opening Remarks 713
XIV2. Local Approaches to Perspective 714

The Italian Development 714
The French and Belgian Development 715
The German Development 715
The Dutch Development 716
The British Development 716

XIV3. Perspective and Pure Mathematics 716
Innovations in the Mathematical Theory of Perspective 716



xviii Contents

Interplay Between Perspective and Other Geometrical
Disciplines 717
The Status of the Theory of Perspective 718

XIY.4. The Theory and Practice of Perspective 719
The Practitioners' Appreciation of the Theory of Perspective 719
Communication Between Theorists and Practitioners 719
The Usefulness of the Theory of Perspective 720

XIY.5. The Driving Forces Behind the Theory of Perspective 720

Appendix One. On Ancient Roots of Perspective 723

Optics 723
The Visual Pyramid and the Angle Axiom 723
The Remoteness Theorem 724
The Convergence Theorem 725
Optics and Perspective in Harmony 727

Cartography 727
Ptolemy's Geography 727
Ptolemy's Planisphaerium 728

Scenography 728
Conclusion 730

Appendix Two. The Appearance of a Rectangle ala Leonardo da Vinci 731

The Curves for Three Different Distances 732
The Angle Between the Line Segments 734

Appendix Three. 'sGravesande Taking Recourse to the
Infinitesimal Calculus to Draw a Column Base in Perspective 735

The First Step 736
The Infinitesimal and Limit Situation 737
The Perspective Image of the Visible Part of the Column Base 738

Appendix Four. The Perspective Sources Listed Countrywise in
Chronological Order 739

Introduction 739
Italy 739
France and the Southern Netherlands 741
Germany, Austria, and Switzerland 742
The Northern Netherlands 744
Britain 745

First Bibliography. Pre-Nineteenth Century Publications on Perspective 747

Second Bibliography. Supplementary Literature 771

Index 795

Illustration Credits 811



Introduction

Key Issues

Ever since the late 1970s when Pia Holdt, a student of mine at the time,
and Jed Buchwald, a colleague normally working in another field, made

me aware of how fascinating the history of perspective constructions is,
I have wanted to know more. My studies have resulted in the present book,
in which I am mainly concerned with describing how the understanding of
the geometry behind perspective developed and how, and to what extent, new
insights within the mathematical theory of perspective influenced the way the
discipline was presented in textbooks. In order to throw light on these aspects
of the history of perspective, I have chosen to focus upon a number of key
questions that I have divided into two groups.

Questions Concerning the History of Geometrical
Perspective

• How did geometrical constructions of perspective images emerge?
• How were they understood mathematically?
• How did the geometrical constructions give rise to a mathematical theory

of perspective?
• How did this theory evolve?

In connection with the last question it is natural to take up the following themes.

• Was there any interplay between the developments of the mathematical
theory of perspective and other branches of geometry?

• What was the status of the theory of perspective?

Questions Concerning Textbooks on Perspective

• What inspired the author of a particular work?
• How was the communication between the mathematicians and the practi­

tioners of perspective?

XiX



xx Introduction

In fact, I touch upon the latter issue so often that part of my book could be
seen as a case study of the difficulties in bridging the gap between those who
have a mathematical knowledge and the mathematically untrained practi­
tioners who wish to use this knowledge.

In addition, for reasons I will come back to, I have found it important to
ask:

• Were there regional differences in the treatment of geometrical perspective?

The Word 'Perspective'

T he field now known as 'perspective' got its name from the optical sci­
ences, perspectival being the Latin word Boethius chose as a translation

of the Greek optike (CarterS 1970, 840).2 During the Middle Ages, perspec­
tive came to signify a science that has been characterized by A. Mark Smith
as "in most respects the bastard offspring of the three basic Greek traditions
in optics - the geometrical, the physical and the anatomical" (Witelos Pers,
18). In the fifteenth century, perspectiva was associated with yet another dis­
cipline that was also called scenographia and deals with the art of represent­
ing spatial panoramas or objects graphically on two-dimensional surfaces.3

For a time the expressions perspectiva naturalis (or communis) and perspectiva
artificialis (or pingendi) were used to distinguish between optics and the geo­
metrical discipline of representation.

From the Renaissance onwards, the branch of perspective dealing with
representation on a two-dimensional surface was divided into various sub­
disciplines. The one dealing with the problem of depicting straight lines and
lengths was called linear perspective. In general I use the word 'perspective' to
mean linear perspective, or, more precisely, the art of using geometry for con­
structing images obtained by a central projection.

I 'Perspective' comes fromperspicere, which means to look through, into, or at, as well
as to perceive clearly.
2To enable readers to survey my primary sources, I have placed them in a separate bib­
liography, which is included as the first. Other literature is listed in the second bibli­
ography, and references to such works are indicated by an s.
3The word scenographia, or scenography, was most likely taken from Vitruvius, who
used it in his De architectura in a meaning that is not clear (Vitruviuss Arch11955,
book I, chapter 2, §2, and book VII, preface, §ll; cf. appendix one in the present
book, pages 728-729). Some authors used 'scenography' synonymously with perspec­
tive because Vitruvius was understood to have hinted at some kind of perspectival
representation. A number of other writers, on the other hand, reserved the term
scenography for the art of constructing theatre scenes in perspective.
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Other Publications

The first comprehensive survey of the history of geometrical perspective is
found in Noel Germinal Poudra's Histoire de ta perspective ancienne et

moderne (History of ancient and modern perspective, Poudras 1864). In this
work, written almost one and a half centuries ago, Poudra outlined the math­
ematical contents of some of the literature on the optical theory of appear­
ance, perspectival representations, and descriptive geometry from antiquity
to the publication in 1849 of his own book on descriptive geometry (ibid.,
576). Presumably for linguistic reason, Poudra did not pay sufficient atten­
tion to literature written in German, but otherwise he provided a helpful sur­
vey. Poudra's methodology is, however, outdated.

Many excellent books and papers on the history of perspective have
appeared since Poudra's publication, not least over the last five decades, but
no one after Poudra has composed a comprehensive work focussing on the
entire development of the mathematical theory of perspective. With the pres­
ent book I attempt to fill this gap for the period up to 1800.

The Period and Regions Examined

T o make my project feasible, I stop my account of the development of the
mathematical theory of perspective around 1800. There is no reason to

choose 1800 precisely, but terminating somewhere around that year is fairly
natural, for three reasons: By 1759 the mathematical theory of perspective had
been fully worked out, following Johann Heinrich Lambert's creation of per­
spective geometry. In order to describe the impact of this event I find it relevant
to include literature from a few decades after 1759. In addition, the develop­
ment in Britain took an interesting turn in the second half of the eighteenth
century. Finally, choosing a year around 1800 allows me to report on how
Gaspard Monge incorporated perspective into his descriptive geometry.

Continuing into the nineteenth century would - among other things ­
involve a study of how the mathematical theory of perspective was absorbed
by projective geometry. This is a very interesting topic, but essentially differ­
ent from the one I have chosen to focus upon, namely the development of the
mathematical theory of perspective as an independent discipline.

To be able to characterize the development in a certain region, I have also
introduced geographical limitations and only examine areas in which a con­
siderable number of publications on perspective appeared. These were the
Italian, German, French, Dutch, and English-speaking parts of Europe.

The Sources and How They Are Used

My account is based on more than two hundred books, booklets, and
pamphlets on perspective written, and in most cases also published,
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before 1800 (and listed in my first bibliography). I am sure I have not found
all titles that might be relevant4 - nor have I aspired to. Still, I am confident
that my material is so comprehensive that adding further publications would
not change my conclusions in any significant way.

My intention has by no means been to produce an annotated bibliography.
Nevertheless, I have written about each of the primary sources I have seen.s

Some of the small comments on rather insignificant publications may seem
distracting in relation to the overall objective, yet I have included them
because I find them helpful in providing a general picture of how perspective
was transmitted in the literature.

It goes without saying that I have only read the most important sources in
the total material from cover to cover. In studying the other publications
I have concentrated on a few select subjects relevant to the cardinal issues:
How does the work of the author relate to other literature on perspective?
Which perspective constructions did he chose? How did he describe them
and, in particular, to what extent was his presentation based on a geometri­
cal background?

In addition, I have a few pet topics, the most conspicuous being the ques­
tion of how to represent a row of columns in a picture, which I call the col­
umn problem (and describe in section 11.15). This theme was actually much
debated in the considered period, and I find it highly relevant, for it provides
an example of some artists revolting against the solution given by the math­
ematicians, while other artists defended the mathematical approach.

Contexts and Restrictions

T he history of perspective can be seen in many different contexts. Covering
such a long period and such a vast area I cannot, in any realistic way,

include social aspects such as patronage, education, vogues in art, or interests
in and capacity to buy art. Instead I have mainly chosen to address aspects of
the mathematical theory of perspective that are documented by the pre-1800
writings on perspective, and in particular to investigate how the protagonists
gained a geometrical understanding of perspective. In addition, I have found it
important to look at each text on perspective within the framework of its pos­
sible sources of inspiration. As these were, in most cases, local, I have chosen
not to organize my book chronologically, but by geographical regions - incor-

4In searching for literature I have been greatly helped by Joness 1947, SchiilingS 1973,
and VagnettiS 1979.
5While undertaking my final revision, I became aware of a number of rare books that
had not previously been included in my bibliography. At this point I lacked both the
time and the funding to travel to the libraries where these volumes might have been
accessed.
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porating a split around 1600 because of a small revolution in the history of the
mathematical theory of perspective that took place that year.

Among the important questions I have had to leave unexplored is what role
the academies of art played in promoting perspective. A few of the books
I present were written in connection with academy courses, and they give the
impression that perspective was considered important for the artists, but was
taught at a rather elementary level. There is, however, much more work to be
done in this field (Siebels 1999 offers an interesting case study for the German
situation around 1800).

Similarly, my primary sources do not give an adequate background for dis­
cussing thoroughly the highly pertinent question of the actual use of per­
spective in paintings, architectural illustrations, and other drawings. I do
touch upon the subject a few times, but for the most part I refer to the liter­
ature on art history in which the topic has been eminently discussed - and to
such a degree, in fact, that I refrain from a general listing of the literature
dealing with the question of the application of perspective.

Conclusions

Although I am not writing a suspense novel, I do not wish to reveal any
of my conclusions at this premature stage. My answers to the key issues

I have addressed will tum up in various chapters, and in the final chapter, XIV,
the reader will find some overall conclusions. To those who would like to fol­
low the main line of mathematical development, I can disclose that for this
purpose the most relevant parts of the book are those concerning Italy up to
and including 1600, France in the seventeenth century and the Netherlands in
the seventeenth and early eighteenth century, Britain in the eighteenth century,
and the contributions made by Lambert. Finally, let me divulge that in addi­
tion to Lambert, the main protagonists in this story are Guidobaldo del
Monte, Simon Stevin, Willem 'sGravesande, and Brook Taylor.
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Notes to the Reader

I n this section I have collected helpful remarks on the various practical solu­
tions I have chosen for presenting diagrams, concepts, mathematical argu­

ments, references, and protagonists.

Drawings and Notation

To facilitate the reading of the geometrical figures illustrating perspective
projections, I have introduced a practice that applies to all the diagrams

I have created and to most of my adaptations of diagrams drawn by the per­
spectivists.

Concepts Related to the Eye Point and the Picture Plane

T he reader will often meet the following situation (figure I). Given are an eye
point 0 (from oculus), a horizontal plane of reference y- called the ground

plane (in former times the geometrical plane) - and a picture plane n. Usually
the latter is tacitly assumed to be vertical, but we will also meet situations in
which n forms an oblique angle with y. The line of intersection of nand yis
called the ground line and denoted GR. The orthogonal projection of 0 upon
yis called its foot, and the letter F is used to denote this point. Moreover, the
orthogonal projection of 0 upon n is called the principal vanishing point and
denoted P, and finally the orthogonal projection of P upon GR, or equivalently
the orthogonal projection of F upon GR, is denoted by the letter Q. There is
no common name for this point, but I call it the ground point.

The line through P parallel to the ground line is called the horizon, and
denoted by HZ. On this line, two points D are marked. These are the so­
called distance points, defined by PD = OP. They have been given this name
because the distance OP between the eye point 0 and the picture plane n is
frequently called, simply, the distance - which I write in italics throughout the
book. Sometimes it is handy to be able to distinguish between the two dis­
tance points, and hence I have introduced the terms right and left distance
point, the latter of which, when seen from the eye point, is the point lying to
the left of P.
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FIGURE 1. Concepts related to the eye point and the picture plane.

Following Nicolas Louis de Lacaille, I call the horizontal plane 1] which
passes through the eye point 0, the horizontal plane, and name the plane v
defined by the points 0, P, and Q the vertical plane.

Concepts Related to Images of Points, Lines, and Planes

I t is practical to have a term for points and lines (figure 2) situated behind
the picture plane 1r, such as A and I, whose perspective images are con­

structed. Inspired by Brook Taylor, I introduce the name original objects for
such elements - occasionally stressing the fact that object is original by
adding a subscript 0, as in Ao•

My notation for the perspective image of a point A is Ai' and for the per­
spective image of a line I I use the symbol II" When Icuts 1r, the point of inter­
section is called its intersection point and is denoted II" To I is also assigned a
vanishing point, Vi' defined as the point of intersection of 1r and the line
through°parallel to the line I. As we shall see later, it is a fundamental result
in the theory of perspective that the image Ii passes through VI" For this
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FIGURE 2. Concepts related to the images of a point and a line.

reason many perspectivists, and I with them, also call the point VI the van­
ishing point of II'

Let a be a plane that cuts n (figure 3), Just as two points were assigned to
an original line, two lines are associated to a, its intersection ia, and its van­
ishing line va' The first is the intersection of n and a, and the second is the
intersection of n and the plane through 0 parallel to a.

Orthogonals, Transversals, and Verticals

I n the interest of brevity, I use the word orthogonals to refer to lines orthog­
onal to the picture plane n, transversals for lines parallel to the ground line,

and verticals for lines perpendicular to the ground plane Yo Many readers will
presumably keep the book, and hence the figures, in a horizontal position and
therefore not always experience the vertical lines as vertical. However, the
term 'vertical' is such a handy concept for describing directions in the three­
dimensional space that I use it quite often, asking the readers to rotate the
drawings either in their minds or in reality.
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FIGURE 3. Concepts related to the image of a plane.

Rabatment

Since drawing paper is only two-dimensional and a large part of the prob­
lems in perspective deal with three-dimensional configurations, different

authors have used a variety of procedures for depicting two or more planes
on the plane of the paper. For such procedures I use the French term rabal­
menlo I myself generally choose parallel projections to illustrate three-dimen­
sional situations.

Mathematical Terminology, Results, and Techniques

Lines and Line Segments

T he mathematical perspectivists I am dealing with kept to a tradition dat­
ing back to Euclid: they seldom distinguished between a line and a line

segment. When they wrote the line AB, for instance, they most often meant
the line segment AB - defined by the endpoints A and B. When I am sure of
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what they had in mind, I write either 'line segment' or 'line', sometimes using
the symbol I for the latter. It often happens that my authors have called a line
AB and then only later defined the precise position of the point A or B on the
line; in a few cases, I do the same.

As to ratios, I denote the ratio between two line segments AB and CD as
AB : CD. Modern readers may expect a special sign, as in IAB I:ICD I, that
shows that the comparison concerns the lengths of the line segments.
However, the protagonists followed the classical Greek custom of making
'geometrical calculations' in which they did not assign a number to a line seg­
ment, but considered it as a magnitude that could form a ratio with another
one-dimensional geometrical magnitude.

Results from the Theory of Proportion

Students trained in classical mathematics learned how to manipulate with
ratios and proportions. As this is no longer common knowledge, I have

listed below the results referred to in this book. They occur either explicitly
as propositions in book five of Euclid's Elements or can be obtained by com­
bining Euclid's theorems.

When r : s = t : u, then

(s - r) : s =(u - t) : u. (6)

and for r > s

whereas for s > r

(r + s) : s =(t + u) : u

r : (r + s) = t : (t + u)
(r + s) : r = (t + u) : t,

(r - s) : s =(t - u) : u
(r - s) : r =(t - u) : t,

(1)

(2)
(3)

(4)
(5)

Again, for r > s,

s : (r - s) =m : n implies that (r + s) : (r - s) =(2m + n) : n. (7)

Two proportions can be 'multiplied' as follows:

r : s = t : u and s : a =u : b imply that r : a = t : b. (8)

Finally, when r, s, t, and u are of the same kind in the sense that they can all
form ratios with each other, then

r : s =t : u implies that r : t =s : u. (9)

Mathematical Techniques

Many of the perspectivists presented in this book complained about how
their predecessors treated mathematical techniques. A number of them

found that it was presented much too abstractly, and others felt that it was
not presented concisely enough. In fact, no solution can satisfy everyone.


