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Foreword

The Romanian conferences in operator theory, as they are now commonly called,
have started in the year 1976 as an annual workshop on operator theory held at the
University of Timigoara, originally only with Romanian attendance. The meeting
soon evolved into an international conference, with an increasingly larger partici-
pation. It has been organized jointly, initially by the Department of Mathematics
of INCREST and by the Faculty of Sciences of the University of Timigoara, then
(since 1990) by the Institute of Mathematics of the Romanian Academy and the
Faculty of Mathematics of the West University of Timigoara. The venue was usu-
ally Timisoara (and, occasionally, Herculane, Bucharest or Predeal). Since 1986
the conference has been regularly held biannually at the beginning of the summer.

The 19th Conference on Operator Theory (OT 19) took place between June
27th and July 2nd 2002, at the West University of Timigoara. It is a pleasure
to acknowledge the considerable financial support received through the pro-
gramme EURROMMAT of the European Community, under contract ICA1-CT-
2000-70022. Partial support has also been provided by the Romanian Ministry of
Education, Research and Youth, grants CERES 152/2001 and 153/2001.

The full programme of the conference is included in the sequel. It is worth
mentioning also a special event that has taken place during the conference: pro-
fessor Israel Gohberg has been awarded the title of Doctor Honoris Causa of the
West University of Timigoara.

This volume is a careful selection of papers authored by participants at the
19th Conference on Operator Theory. Traditionally, these conferences are open to
a broad range of contributions from operator theory, operator algebras and their
applications. This feature is also shared by the proceedings volume, covering a large
variety of topics, such as single operator theory, C*-algebras, differential operators,
integral transforms, stochastic processes and operators, quantum systems, special
classes of operators, holomorphic operator functions, interpolation problems, and
system theory.

Last but not least, special thanks are due to Barbara Ionescu, of the Theta
Foundation, for her excellent work in preparing the final version of the manuscripts.

The Editors



Programme

THURSDAY, JUNE 27

9:00- 9:30 Opening
Plenary Section Chairman:

9:50-10:30 1. Gohberg
10:30-11:30 F.-H. Vasilescu
11:40-12:30 G. Weiss
Plenary Section Chairman:
15:00-15:40 J. Partington
Section A Chairman:
16:00-16:30 T. Constantinescu
16:35-17:05 E. Fricain
17:20-17:50 1. Chalendar
17:55-18:25 A. Halanay
Section B Chairman:
16:00-16:30  Z. Jablonski
16:35—-17:05 M. Kaltenbaeck
17:20-17:50 H. Woracek
17:55-18:25 P. Gavruta

Morning Session

D. Gagpar
Infinite systems of linear equations

Ezistence of unitary dilations as a moment
problem

Traces, ideals and arithmetic means

Afternoon Session

A. Gheondea

Semigroups, functional models and Hankel
operators

J. Partington

Szegd kernels and polynomials in several
commuting variables

Functional models and asymptotically
orthonormal sequences

Overcompleteness of sequences of reproducing
kernels in the model space Ky

Controlled factorization for some commuting
pairs of contractions with thin spectrum

G. Weiss

Completely hyperexpansive operators

On Hermite-Biehler functions of finite order
De Branges space subject to growth conditions

Atomic decomposition of linear operators



Section C

16:00-16:30

16:35-17:05

17:20-17:50
17:55-18:25

Chairman:
H. Akca

M. Moller

A. Pechentsov
L. Zielinski

FriDAY, JUNE 28

Section C
9:00— 9:40
9:50-10:30

10:50-11:30

Chairman:
L. Kérchy
V. Miller

G.F. Popescu

Programme

V. Miiller

On existence of solutions of semilinear
impulsive functional differential equations with
nonlocal conditions

Some operator models for a linearized
equation describing oscillations of plasma

Regularized traces of differential operators

Asymptotic distribution of eigenvalues for
Schrédinger type operators

Morning Session
F.-H. Vasilescu
Reflexive subspaces of Toeplitz-type operators

Power bounded operators and supercyclic
vectors

Multivariable Nehari problem and
interpolation

Aula Magna

12:00 Presentation of the title of Doctor Honoris Causa of the West University
of Timisoara to Professor I. Gohberg

Plenary Section Chairman:
15:00-15:40 L. Zsido6

Section A Chairman:
16:00-16:30 M. Bakonyi
16:35-17:05 D. Timotin
17:20-17:50 F. Turcu
17:55-18:25 M. Kosiek

Afternoon Session

F. Radulescu

Group and quantum group actions having
particular fized point algebras

L. Kérchy
Page’s theorem for ordered groups

The intertwining lifting theorem for ordered
groups

On the dual algebras generated by spherical
contractions

Invariant subspaces for commuting
contractions



Section B Chairman:

16:00-16:30 A. Stroh

16:35-17:05 R. Duvenhage
17:20-17:50 F. Fidaleo

17:55-18:25 A. Gheondea

Section C Chairman:

16:00-16:30 A. Dahlner
16:35-17:05 F. Kittaneh
17:20-17:50 H. Winkler

17:55-18:25 T. Binzar

SATURDAY, JUNE 29

Plenary Section Chairman:
9:00- 9:40 R. Nest
9:50-10:30  F. Radulescu
10:50-11:30  L.G. Brown

11:40-12:30 P. Goldstein

Plenary Section Chairman:

15:00-15:40 T. Schlumprecht

Programme xi

T. Schlumprecht

The weak mizing property for C*-dynamical
systems

Recurrence and ergodicity in unital x-algebras

The investigation of ergodic properties of
quantum systems by a perturbative analysis
systems by a perturbative analysis

Sequential quantum measurements

L.G. Brown

Norm controlled inversion in quasi-Banach
algebras

Bounds for the zeros of polynomials from
matriz inequalities

Canonical systems with selfadjoint interface
conditions

Commuting triples of subnormal operators and
related moments

Morning Session

G.K. Pedersen
Connes-Kasparov conjecture
On Connes’ embedding conjecture

Murray-von Neumann equivalence of
projections C*-algebras

Stable isomorphism of certain continuous

fields of Cuntz-Krieger algebras

Afternoon Session

D.R. Larson

How many operators do there exist on a
Banach space?



xii

Section A

16:00-16:30

16:35-17:05

17:20-17:50

17:55-18:25

Section B

16:00-16:30

16:35-17:05

17:20-17:50

17:55-18:25

Section C

16:00-16:30

16:35-17:05

17:20-17:50

17:55-18:25

D. Pik

Chairman:

M. Dritschel

C. Badea
A. Siskakis

Chairman:

D. Cichon

N. Tita

I. Suciu

1. Valusescu

Chairman:

L. Carrot

T. Yamamoto

S. Czerwik

M.B. Ghaemi

MonNDAY, JuLy 1

Plenary Section
G.K. Pedersen

9:00- 9:40

9:50-10:30

Chairman:

J. Esterle

Programme

A. Atzmon

The Kalman-Yakubovich-Popov inequality and
infinite-dimensional discrete time dissipative
systems

A completely positive approach to Ando’s
theorem

Hankel operators and similarity problems

Classical matrices and composition operators

J. Janas

Weighted approzimation of entire functions
and Toeplitz operators in Segal-Bargmann
spaces

On the distance between an operator and an
operator ideal

Hyperbolic structures on the Harnack parts of
contractions

An operatorial view on periodic correlated
processes

M. Sabac

Computation of the p-numerical radius for
truncated shifts

Finite-dimensional Q-algebras and von
Neumann inequality

Nonlinear set-valued contraction mappings in
b-metric spaces

The sums and products of commuting
AC-operators

Morning Session
E. Christensen

Trace inequalities for functions of several
variables
Asymptotic behavior at the origin of the

distance between elements of a strongly
continuous semigroup



10:50-11:30
11:40-12:20

Plenary Section

15:00-15:40

Section A
16:00-16:30
16:35-17:05

17:20-17:50

17:55-18:25

Section B

16:00-16:30

16:35-17:05

17:20-17:50

17:55-18:25

Section C
16:00-16:30
16:35-17:05

17:20-17:50
17:55-18:25

A. Atzmon
D.R. Larson

J. Janas

Chairman:

Programme xiii

Reducible representations of abelian groups

Wavelets, frames and operator theory

Afternoon Session

B. Chevreau

Spectral theory of Jacobi matrices

Chairman: Y. Kawahigashi

C. Pop

G. Popescu

M. Buneci

B. Balogun

Topological entropy and crossed products

Non-commutative inequalities in operator
algebras

The equality of the reduced and the full
C*-algebras and the amenability of a
topological groupoid

The three test problems of Kaplansky for
Hilbert C*-modules

Chairman: R. Nest

M. Mantoiu

J.-L. Tu

C. Antonescu

A. Tikhonov

Spectral analysis by algebraic and topological
methods

The gamma element for discrete groups which
admit a uniform embedding into Hilbert space

Approaches for the study of some classes
generated by symmetric norming functions

Functional model for operators with spectrum
on a curve

Chairman: M. Bakonyi

J. Stochel

P. Niemiec

D. Popovici
L. Sasu

Domination and normality

Separate and joint similarity to families of
(bounded) normal operators on Hilbert space

Moment problems and unitary dilations

Dichotomy concepts for evolution operators
and cocycles



xiv

TUESDAY, JULY 2

Plenary Section

9:00— 9:40

9:50-10:30

10:50-11:30

11:40-12:30

Section A
16:00-16:30

16:35-17:05
17:20-17:50

17:55-18:25
Section B

16:00-16:30
16:35-17:05

17:20-17:50

17:55-18:25

Section C

16:00-16:30
16:35-17:05

17:20-17:50
17:55-18:25

G. Cassier

B. Chevreau

E. Christensen

Y. Kawahigashi

Chairman:

M. Martin

B. Prunaru
D. Beltita

M. Sabac

Chairman:

A. Terescenco

P. Gagpar

A. Craciunescu

R. Negrea

Chairman:

L.D. Lemle

V. Ungureanu

I. Serban

C.G. Ambrozie

Chairman:

Programme

Morning Session
J. Esterle

Power boundedness, invariant subspaces and
similarity to contractions

A multicontraction version of a theorem of
Apostol

Property gamma, cohomology, complemented
subspaces, similarities and length

Classification of local conformal nets. Case
c<1

Afternoon Session

L. Zsid6

Integral operators with general measurable
kernels dominated by mazimal operators
Approzimately reflexive algebras

Several variables spectral theory and complex
structures

Commutators and Dunford spectral projectors

P. Goldstein
Some remarks on quotient Hilbert spaces

On finite variate periodically correlated
processes

Multicontractions avec le spectre de Harte
dominant

On a class of McShane’s stochastic integral
equations

G. Cassier

The Lie-Trotter formula for semigroups

Uniform exponential stability and the uniform
observability of time-varying linear stochastic
systems in Hilbert space

Compact perturbations of isometries

Remarks on Nevanlinna-Pick interpolation



List of Participants

H. Akc¢a, Dhahran

R. Archer, Newcastle
C.-G. Ambrozie, Bucharest
C. Antonescu, Brasov

C. D’Antoni, Rome

A. Atzmon, Tel Aviv

C. Badea, Lille

M. Bakonyi, Atlanta

B. Balogun, Lesotho

S. T. Belinschi, Bucharest
D. Beltita, Bucharest

T. Binzar, Timisoara

L. de Branges, West Lafayette
L. G. Brown, West Lafayette
M. Buneci, Targu-Jiu

L. Carrot, Lyon

G. Cassier, Lyon

I. Chalendar, Lyon

B. Chevreau, Bordeaux

E. Christensen, Copenhague
D. Cichon, Krakow

T. Constantinescu, Dallas
S. Czerwik, Gliwice

A. Dahlner, Lund

M. Dritschell, Newcastle
R. Duvenhage, Pretoria

J. Esterle, Bordeaux

F. Fidaleo, Rome

E. Fricain, Lyon

P. Gavruta, Timisoara

M. B. Ghaemi, Birjand

A. Ghanmi, Rabat

Th. Giordano, Ottawa

I. Gohberg, Tel Aviv

P. Goldstein, Zagreb

7. Jablonski, Krakow

J. Janas, Krakow

M. Kaltenbaeck, Wien
Y. Kawahigashi, Tokyo
L. Kérchy, Szeged

E. Kirchberg, Muenster
F. Kittaneh, Amman
M. Kosiek, Krakow

J. Kustermans, Leuven
S. H. Kye, Seoul

D. Larson, College Station
L. D. Lemle, Hunedoara
M. Mantoiu, Bucharest
L. Marcoci, Bucharest
M. Martin, Baldwin

M. Mbekhta, Lille

M. Moller, Johannesburg
V. Miiller, Prague

R. Munteanu, Bucharest
R. Nest, Copenhague

R. Nicoara, Bucharest
P. Niemiec, Krakow

J. R. Partington, Leeds
D. Paunescu, Timisoara
A. Pechentsov, Moscow
G. K. Pedersen, Copenhagen
M. Petcu, Bucharest

D. Pik, Leiden

C. Pop, Bucharest

M. Popa, Bucharest

N. Popa, Bucharest



xvi List of Participants

G. F. Popescu, San Antonio
G. Popescu, Craiova

D. Popovici, Timisoara

B. Prunaru, Bucharest

B. Ramazan, Tempe

Z.-J. Ruan, Urbana-Champaign
A.-M. Sambotin, Lund

T. Schlumprecht, College Station
I. Serban, Timisoara

M. Shchukin, Minsk

A. Siskakis, Thessaloniki

J. Stochel, Krakow

A. Stroh, Pretoria

1. Suciu, Bucharest

A. Tikhonov, Simferopol
N. Tita, Brasov

J.-L. Tu, Paris

V. Ungureanu, Targu-Jiu
I. Valusescu, Bucharest
A. Voinea, Bucharest

H. Winkler, Groningen
H. Woracek, Wien

G. Weiss, Cincinnati

T. Yamamoto, Sapporo
L. Zielinski, Calais

L. Zsid6, Rome



Operator Theory:
Advances and Applications, Vol. 153, 1-11
(© 2004 Birkhauser Verlag Basel/Switzerland

On Existence of Solutions of Semilinear
Impulsive Functional Differential Equations
with Nonlocal Conditions

Haydar Akca, Valéry Covachev and Eada Al-Zahrani

Abstract. The existence, uniqueness and continuous dependence of a mild
solution of a semilinear impulsive functional-differential evolution nonlocal
Cauchy problem in general Banach spaces are studied. Methods of fixed point
theorems, of a Cy semigroup of operators and the Banach contraction theorem
are applied.

Mathematics Subject Classification (2000). 34A37, 34G20, 34K30, 34K99.

Keywords. Semilinear, Impulsive, Functional-differential equations, Nonlocal
conditions, Mild solution.

1. Introduction

In this paper we study the existence, uniqueness and continuous dependence of a
mild solution of a nonlocal Cauchy problem for a semilinear impulsive functional-
differential evolution equation. Such problems arise in some physical applications
as a natural generalization of the classical initial value problems. The results for
a semilinear functional-differential evolution nonlocal problem ([2], [3], [4]) are
extended for the case of impulse effect.

We consider a nonlocal Cauchy problem in the form:

w(t) + Au(t) = f(t,u(t), u(di(t)),...,ulbn(t)), tEe (to,to+ al, t # 7k,
u(me +0) = Qru(y) = u(y) + Inu(my), k=1,2,...,k, (1.1)
u(to) = uo — g(u),
where tg > 0, a > 0 and —A is the infinitesimal generator of a compact Cy
semigroup of operators on a Banach space E. I (k= 1,2,...,k) are linear oper-

ators acting in the Banach space E. The functions f, g, b; (¢ = 1,2,...,m) are
given functions satisfying some assumptions and ug is an element of the Banach
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space E. Iyu(ty) = u(ti + 0) — u(7rx — 0) and the impulsive moments 75 are such
thatto < << - <Tp < - <7 <tg+a, Kk €N

Theorems about the existence, uniqueness and stability of solutions of differ-
ential and functional-differential abstract evolution Cauchy problems were studied
in [2], [3], and [4]. The results presented in this paper are a generalization and
a continuation of some results reported in publication [1]. We consider a classi-
cal semilinear impulsive functional-differential equation in the case of a nonlocal
condition, reduced to the classical impulsive initial functional value problem. The
nonlinearity f in problem (1.1) is of a more general type (involves more than
one delay which may be variable) than the respective function in [1]. Also, in the
present paper the existence of a mild solution (Theorem 2.1) is proved under less
restrictive conditions using Schauder’s fixed point theorem. The Lipschitz condi-
tions are introduced later to prove the existence and uniqueness of the classical
solution of problem (1.1), and the continuous dependence of the mild solution of
problem (1.1) on the initial condition.

As usual in the theory of impulsive differential equations, at the points of
discontinuity 7; of the solution ¢t — u(t) we assume that u(r;) = u(r; — 0). It
is clear that, in general, the derivatives 4(7;) do not exist. On the other hand,
according to the first equality of (1.1) there exist the limits 4 (m; F 0). According
to the above convention, we assume (7;) = u(r; — 0).

Throughout the paper we assume that E is a Banach space with norm || - ||,
—A is the infinitesimal generator of a Cy semigroup {T'(¢)}¢>0 on E, D(A) is the
domain of A. A Cy semigroup {T'(t)}:>0 is said to be a compact Cj semigroup
of operators on E if T'(t) is a compact operator for every ¢ > 0. We denote I :=

[to,to+a), M := sup {[|T(t)| (ks p) } and X is the space of piecewise continuous
te[0,a]
functions I — E with discontinuities of the first kind at 71, 72,...,7%. Let f: 1 x

E™! - B, g: X — E (for instance, we can have g(u) = g(u(t1),u(ta), ..., u(t,)),
where §: EP - E, to <t <t < ---<tp <tot+a, peN),b:I—-1({=
1,2,...,m) and up € E. In the sequel, the operator norm || - ||pr(z,z) Will be
denoted by || - ||. We need the following sets:

E,={z€¢FE, ||z|| <p} and X, ={weX, |w|x<p} p>0.
Introduce the following assumptions:
Al: feC(Ix E™Y E), ge C(X,E)and b; € C(I,I),i=1,2,...,m and there
are constants C; > 0, i = 1,2, 3, such that
[f(s,20,21,- - 2m)|| < Cy for s€l, z;€E,,i=0,1,...,m,

lg(w)ll < Co and _max [ L] < Cs for w € X, (1.2)

where 7 := M (aC1 + |Juo|| + C2 + kCs3).

A2: gODwi +(1—Nws) = Ag(wy)+(1—N)g(ws) forw; € X, =1,2,and A € (0,1)
and r is given by (1.2).
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A3: The set
{w(ty) =up — g(w) : w € X, },
where r is given by (1.2), is precompact in F.

Ezxample 1.1. Consider the scalar problem

u(t) + Au(t) = (uQ(t) + i 27 y? (bi(t))), t € (to, to +al, t # T,

=1
u(ti +0) = (1 + ex)u(tr), k=1,2,...,k,
p
B =1

1

uto) = g — 5 25 277u(ty),

j
where E =R, A > 0, the constants ¢y satisfy |cx| < L, k=1,2,... k.

4K’
In this case T'(t) = e*, M = 1 and it is easy to see that condition A1
is satisfied with » = 1. Assumptions A2 and A3 are obviously satisfied, thus

Theorem 2.1 can be applied to this problem.

Consider the initial value problem (see [3])

{u(t) + Au(t) = f(t), t€ (to,to+al,

ult) = . (1.3)

where f: I — E, —A is the infinitesimal generator of a Cy semigroup T(t), t > 0,
and x € E.

Definition 1.2. A function u is said to be a strong solution of problem (1.3) on [
if u is differentiable almost everywhere on I, so that (du/dt) € L'((to,to +a); E),
u(to) = x and u(t) + Au(t) = f(t) a.e. on I.

The unique strong solution u on [ is given by the formula
t

u(t) :T(t—to)x—i—/T(t—s)f(s) ds, tel. (1.4)

Definition 1.3. A function u : I — FE is said to be a classical solution of the
problem (1.3) on I if w is continuous on I and continuously differentiable on
(to,to + a], such that u(t) € D(A) for to < t < t9 + a and the problem (1.3) is
satisfied on 1.

If E is a Banach space and — A is the infinitesimal generator of a Cjy semigroup
T(t), t >0, f: I — E is continuous on I and = € D(A), then the problem (1.3)
has a classical solution v on I given by (1.4).

Next consider the initial value problem for the impulsive linear system

u(t) + Au(t) = f(1), t € (to,to +al, t # 7,
u(te +0) = u(ry) + Lyu(ri), k=1,2,... K, (1.5)
u(ty) = x,

where A, f and x are as in problem (1.3), and 7 and Iy are as in problem (1.1).
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Definition 1.4. A function u : I — FE is said to be a classical solution of the
problem (1.5) on I if u is piecewise continuous on I with discontinuities of the first
kind at 71,72, ..., T, and continuously differentiable on (to, %o + a] \ {7x}}_,, such
that u(t) € D(A) for tog <t < tp+ a and the problem (1.5) is satisfied on I.

If A, f and z are as above and I : D(A) — D(A), then the problem (1.5)
has a classical solution u on I given by the formula

t

u(t) = T(t—to)x—i—/T(t— Sfs)ds+ Y T —m)lu(n).  (16)
i to<ti<t
Formula (1.6) motivates us to give the following definition.
Definition 1.5. A function u € X satisfying the following integro-summary equa-
tion

u(t) =T(t —to)ug — T'(t — to)g(u)
+ [T =915 ulbr(9). .. () ds

+ Z T(t — ) Iu(Ty), tE[t07t0+a]

to<tp<t

is said to be a mild solution of the nonlocal Cauchy problem (1.1).

2. Existence and uniqueness theorems

Theorem 2.1. Suppose that assumptions A1-A3 are satisfied, then the impulsive
nonlocal Cauchy problem (1.1) has a mild solution.

Proof. The mild solution of the impulsive system (1.1) with nonlocal condition
satisfies the operator equation

u(t) = (Fu)(t),

where
(Fw)(t) :=T(t —to)up — T'(t — to)g(w)
+ /T(t —8)f(s,w(s),w(bi(s)),...,w(bmn(s)))ds (2.1)
+ Z T(t — ) Inw(7k), t € [to,to + al,
so that )

(Fw)(®)|| < M||luo|| + MCy + aMCy + kMCs =, (2.2)
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where the impulsive moments 75 are such that tg < 7 < T < - < 7 < -+ <
T <to+a, k € N.

Let YV :={w € X, : ug = w(ty) + g(w)}. According to assumption A2, Y is a
convex subset of X,. We have F' : Y — Y. Moreover, A1 implies that F' € C(Y,Y).
Now we will show that F(Y) = {F(w)(t) :w €Y, t € I} is precompact in E.

Observe that
Y(to) ={(Fw)(to) :weY,tel} ={u —gw):weX,}={wlt): weX,}.

Thus according to the assumption A3, Y'(¢y) is precompact in F. Let ¢t > ¢y be
fixed. For an arbitrary ¢ € (to,t), define a mapping F. on Y by the expression

(Few)(t) :==T(t —to)uo — T(t — to)g(w)

b [ 7= 9 s w(6) (b (5). - wlbn () ds

+ tog;ﬁgm — o) w(my) = T(t — to)ug — T(t — to)g(w) 0
+T(e) / T(t—s—e¢)f(s,w(s)w(bi(s)),...,w(bn(s)))ds

+T() Y. T(t—e—m)lw(n).

Since T'(t) is compact for every t > ¢, then the set
Ye ={(Few)(t) :weY}

is precompact in E for every € € (to,t). Moreover, from the formulae (1.2), (2.1)
and (2.3) we have

[(Fw)(t) — (Fzw)(@)]|

< H / T(t = 8)f(s,00(s),w0(b1(5)), . - (b (s))) d

+H 3 T(t—Tk)Ikw(rk)HSaMCl+MCzi(t—€,t),

t—e<Tp <t

where i(t—e, t) is the number of impulses on the interval (t—e,t) and i(t—¢,t) — 0
ase — 0, so ||(Fw)(t) — (Fzw)(t)|| — 0 as € — 0, and consequently the set F(Y)
is a uniformly bounded on each interval of continuity family of functions. From
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formulae (1.2) and (2.1) we observe that

[(Fw)(t1) — (Fw)(t2)|l
< (T (t1 —to) — T'(t2 — to))uoll + [[(T'(t1 — to) — T'(t2 — to))g(w)|
+ /(T(t1 —5) = T(t2 — 5)) f(s,w(s),w(bi(s)), ..., w(bn(s)))ds

to
to

+ /T(tz—S)f(S w(s), w(bi(s)),- .-, w(bm(s))) ds

t1

(2.5)

+ Z T(th — ) Ixw(my) — Z T(ty — Tk)Ikw(Tk)H

to<Tr<t1 to<TR<t2

S| T(ty —to) — T(t2 — to)||(luoll + C2)
e / IT(t1 — 8) — T(ts — 5)|| ds + MCh(ts — 1)

+C Y IT(h — ) — Ttz — )| + MCyilt, to).

to<7p<t1

The coefficients of ||ug||, C1, C2 and Cj in (2.5) are independent of w € Y and
those terms tend to zero when ty — t1, except for the case t; = 7 for some
k=1,2,...,k and t3 — 7 + 0. As a consequence of the continuity of T'(¢) in
the uniform operator topology for ¢ > 0, which follows from the compactness of
T(t) for t > 0, F(Y) is an equicontinuous on each interval of continuity family
of functions. Since all the assumptions of Arzela—Ascoli’s theorem are satisfied
on each interval of continuity, then F(Y') is a precompact subset of Y. Finally,
applying Schauder’s fixed point theorem to X,Y and F, it follows that F' has a
fixed point in Y and any fixed point of F' is a mild solution of the nonlocal Cauchy
problem (1.1). This completes the proof of the theorem. a

Theorem 2.2. Suppose that the functions f,g and b; (i = 1,2,...,m) satisfy as-
sumptions Al and A2, where ug € E. Then in the class of all the functions w, for
which assumption A3 holds, the nonlocal Cauchy problem (1.1) has a mild solution
u. If in addition:

(i) E is a reflexive Banach space,
(ii) there exists a constant L > 0 such that

m
||f(s,u0,u1,...,um) _f(§7d077’[17~~~7u:ﬂ)” < L1(|S_§| + Z Huk_dkH)7
k=0
Hiv|e < La|lv|lg forveE, k=1,2,...,k,

where s,5 € I, u;,u; € B, (1 =0,1,2,...,m) and L = max{Ly, Lo},
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(i) w 4s the unique mild solution of the problem (1.1) and there is a constant
K > 0 such that
Ju(bi(s)) ~ wi&)] < Klju(s) (@) for s,5€ 1,
(iv) the element ug € D(A) and g(u) € D(A),
then u is the unique classical solution of the impulsive nonlocal Cauchy prob-
lem (1.1).

Proof. Since all the assumptions of Theorem 2.1 are satisfied, then the nonlocal
impulsive Cauchy problem (1.1) possesses a mild solution « which, according to
assumption (iii), is the unique mild solution of the problem (1.1). Now, we will
show that v is the unique classical solution of semilinear, nonlocal and impulsive,
Cauchy problem (1.1). Therefore observe that

’U,(t + h) - U(t) = [T(f +h — to)Uo - T(f - to)Uo]
— [Tt +h—to)g(u) = T(t —to)g(u)]
to+h

+ / T+ h—s)f(s,u(s),u(bi(s)),u(ba(s)),...,u(bm(s)))ds
oo

+ / T(t+h—s)f(s,u(s),u(bi(s)),u(ba(s)),...,u(bm(s)))ds
to+h

t

- /T(t —8)f(s,u(s),u(b1(s)),u(b2(s)),...,u(bm(s)))ds

+ ) TE+h—m)(u(r) = > T(t— ) Ik(ulr))
to<Tp<t+h to<TR <t
=T(t—to)[T(h) — Ilup — T(t —to)[T'(h) — I]g(u)
to+h
+ / T(t+h—s)f(s,u(s),u(bi(s)),u(ba(s)),...,u(bm(s)))ds

+ /T(t = s)[f (s + hyuls +h),ulbr(s + h)), ..., u(bm(s + 1))
— f(s,u(s), u(b1(s)), u(ba(s)), - . ., u(bm(s)))] ds
+ > T(t+h—7)Ie(u(m))
t<rp<t+h
+ > (Tt +h— 1) = T(t — 7)) I (ul7s)

for t € [to,to+a), h >0 and t+ h € (to, to + a.
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Consequently we have

[u(t +h) —u(t)]]
< hM||Aug| + hM | Ag(uw)| + hMCy + M Lah

t

ML [ (a4 1) = )] + 3 [ulbuls + ) — ubun(s)])ds
to k=1

+ 3 T+ b= ) De(u(n) (2.6)
t<7i<t+h
+ 3 W@+ h -7~ T( = 7)) Ik (ul(m) |

< C*h+ML(1+mK)/||u(s+h)—u(s)||ds+MCgi(t7t+h),

where
C = M (|| Auol| + [Ag(u)|| + C1 + aL + || AL (u())|[i(to, 1))
By applying Gronwall’s inequality and from (2.6) we have
|u(t + h) —u(®)|| < (Cih + MCsi(t, t + h)) exp(aM L(1 + mK)).

Thus |lu(t + h) — u(t)] — 0 as h — 0, and w is Lipschitz continuous on each
interval of continuity in 7. The Lipschitz continuity of v on each interval of con-
tinuityin I combined with the Lipschitz continuity of f on I x E™*! imply that
t — f(t,u(t),u(di(t)),...,u(by(t))) is Lipschitz continuous on each interval of
continuity in I. This property of t — f(t,u(t),u(bi(t)),...,ulbn(t))), together
with the assumptions of Theorem 2.2, implies that the hnear Cauchy problem
0(t) + Av(t) = f(t,u(®), u(br(t), ..., ulbm(t)), tel, t#m,
v(7, + 0) Eu(Tk)—i—Ik(u(Tk)), k=1,2,...,k
v(to) = uo — g(u),

has a unique classical solution v such that

o(t) =Tt —to)uo — T'(t — to)g(u)

t

+ /T(t —5)f(s,u(s),u(b1(8)), ..., u(bm(s)))ds

+ Z t—Tk Ik( (Tk)), tel.

to<ti<t

Consequently, u is the unique classical solution of the nonlocal impulsive Cauchy
problem (1.1), and the proof is complete. a
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3. Continuous dependence of a mild solution
on the initial condition

Theorem 3.1. Suppose that the functions f,g and I(u) satisfy the assumptions
A1-A3 and there exist constants p1, o, i3 such that

(1) flg(u) = g(@)| < pllu—al, i
(i) [1f (s, uls), -, ulbm(s))) = f(s,a(s), - - ulbm(s))| < pollu—all,
(iid) (|75 (u(7x)) = I (@(m) || < psllulmn) — alme)l),
where u, % € C(I,E). If uw and @ are mild solutions of the problem (1.1) with the

respective initial values ug, o and the constants pi and p = max{usz, u3} satisfy
the inequality

exp(—(to + a)Mp)(1 + Mp)~"

M1 < M ) (31)
then the following inequality holds:
. M exp((to+a)Mp)(1+ Mup)~ .
fute) ey < | U FOMWAL ML g

My exp((to + a)Mp) (1 + Mp)*
Proof. Assume that u, @ are the mild solutions of problem (1.1). Then

u(t) —a(t) = [T(t —to)(uo — o) — T(t — to)(g(u) — g(a))]

t

+/T(t—8)(f(87u(S)ﬂ(bl(S))w(bz(S)),-~-,u(bm(8)))

— f(sca(s), a(bi(s)), a(b2(s)), . .., Wb (5)))) ds
+ Z T(t — 1) [T (u(7r)) — I (@(7k))],

to<T<t+h
where t € [tg,to + a]. From A1-A3 and the hypotheses of the theorem, we have
[u(C) = a(Q)]l < Mluo — ol + M pa|u — all
¢
#Mpa [l ds+ Mps 3 JJuln) — an)]
to to<Ti<(C
for tg < ¢ < tg + a. Using this result, it follows that

sup (€)= Q)| < Mo — ol + My~
S

t
M / lu—allds+ Mps S Jlulri) — @)l
to

to<tp<t
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Thus
[u(t) —a(®)|| < Mlluo — Gol| + M pa[lu — |

+ a1 [hu-iiass S o -~}

to<TE<t
Applying Gronwall’s inequality for discontinuous functions (see [5]), it follows that
[u(t) = a(®)ll < {lluo — toll + pallu — @[} M exp((to + a) Mp)(1 + Mp)”.
We can also write this inequality in the form
[1— Mpuy exp((fo + a)Mps) (1 + M) Ju(t) — a(t)]

~ (3.3)
< M exp((to + a)Mp) (1 + Mp)luo — iio].

Additionally, if equality (3.1) is valid, then inequality (3.3) is equivalent to in-
equality (3.2). This completes the proof of Theorem 3.1. |

Remark 3.2. If uyy = k = 0, then inequality (3.2) is reduced to the classical
inequality

Ju(t) —a(@)] < M exp((to + a) M p)|luo — tol,
which is characteristic for the continuous dependence of the semilinear functional-
differential evolution Cauchy problem with the classical initial condition.
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Introduction

Our aim in the present paper is to extend to a Banach setting certain ideas that
arose in [20] in the study of a special kind of infinite-dimensional Lie groups mod-
eled over Hilbert spaces. That local study was motivated by the orbit method
in infinite dimensions, and what we are doing here is essentially to explore some
spectral theoretic aspects of that method. To explain this in more detail, let us
begin with the case of finite-dimensional groups.

In the representation theory of Lie groups, an important problem related to
the orbit method is to construct complex structures compatible with the natural
symplectic structures of the coadjoint orbits of a finite-dimensional Lie group G,
and to this end one has to make use of complex polarizations (see, e.g., [15] and
[19]). As it is well known, these are complex subalgebras of the complexified Lie
algebra of G, and are closely related to root-space decompositions (see, e.g., Propo-
sition IX.2.9 in [19]), thus essentially leaning on spectral theory of matrices.

On the other hand, in connection with the investigation of highest weight
representations of certain Hilbert-Lie groups (see [7], [8] and [20]), complex polar-
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izations of the corresponding Hilbert-Lie algebras are required again, and a central
role in their construction is played by the spectral theory of self-adjoint operators.
And the latter theory is just a Hilbert space extension of the diagonalization theory
of Hermitian matrices.

In view of some recent successful studies in representation theory of Banach-
Lie groups modeled on certain ideals of compact operators (see [16] and [18]),
the problem to relate that representation theory to complex polarizations of the
corresponding Lie algebras thus arises naturally. It is just the aim of the present
paper to do a first step in that direction, by providing a method to construct
complex polarizations for a class of Banach-Lie algebras which are more general
than the L*-algebras dealt with in [20] (see Theorem 2.10 below). To this end, we
make use of the theory of spectral decompositions — also called local spectral theory
— for bounded linear operators on Banach spaces (see, e.g., [9], [10], [26], [12]).

Before proceeding to a more detailed description of the contents of the present
paper, let us briefly explain why we are working here only on the level of Lie al-
gebras, without making any attempt to draw consequences which our results can
have for the corresponding Lie groups. The motivation for this fact is two-fold.
Firstly, the spectral theoretic flavor of the methods we use fits the best to the
world of “linear objects”, i.e., of Lie algebras. Secondly, it is one of the basic
principles in Lie theory that things should be understood on the Lie algebraic
level first, and the corresponding Lie group problems should be approached after-
wards, starting from the already available Lie algebraic information. Accordingly,
it seems more appropriate to postpone to another paper ([3]) the consequences of
the Lie algebraic results in the present note. The paper [3] (see also [4]) includes
in particular a method to provide invariant complex structures for homogeneous
spaces of certain Banach-Lie groups, heavily leaning on the complex polarizations
constructed in the present note.

In Section 1 we are concerned with spectral decompositions for bounded
derivations of (not necessarily associative) Banach algebras. The motivation for
considering spectral decompositions in this special instance stems from the es-
sential role played by the spectral theory of derivations in order to understand
certain most interesting objects arising in the infinite-dimensional Lie theory (see,
e.g., [20] and [21]). More specifically, the main result of Section 1 is Theorem 1.4,
which essentially asserts that each normal derivation with closed range of a com-
plex Banach-Lie algebra leads to a “triangular decomposition” of that algebra.
A version of this result without the closed-range hypothesis is contained in Re-
mark 1.6.

The core of the present paper is Section 2, where we prove our main result
concerning the construction of weak Kéahler polarizations by means of the spectral
decompositions (Theorem 2.10). The class of real Banach-Lie algebras to which
this result applies is described by the set of hypotheses 1° — 5° that are stated
before Lemma 2.8. An algebra g(D) of this class is constructed by means of a
bounded derivation D of a real Banach-Lie algebra g for which certain conditions
are satisfied. In particular, we require that the coadjoint representation of g should
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be embedded into the adjoint one (see hypothesis 2°). The idea of construction of
g(D) comes from the construction of restricted Lie algebras (cf. Definition III.1
in [22]). The last result of Section 2 (namely Proposition 2.12) shows when the
Lie algebra g we are working with is a compact L*-algebra. In this special case,
our construction of polarizations agrees with the one described in Lemma VII.4
in [20]. Though, we note that, in our more general situation, we can obtain only
weak Kahler polarizations. (See the precise definitions in the following.)

In Section 3 we take into consideration as illustrating examples the family of
Banach-Lie algebras {Cp(H)}1<p<co (the Schatten-von Neumann classes of oper-
ators on the complex Hilbert space H). As we previously mentioned, the present
note is a preliminary step of the attempt to extend the representation theory of
the Hilbert-Lie groups in [7] and [20] to the more general Banach-Lie groups in-
vestigated in [16] and [18]. The latter groups are modeled on the Schatten-von
Neumann classes, and that is why we apply the results of Section 1 and Section 2
only to Lie algebras derived from these classical Banach-Lie algebras (in the ter-
minology of [13]). In particular, we conclude Section 3 by working out the details
of a family of examples which fall under the hypotheses 1°-5° of Section 2 but are
not L*-algebras (see Example 3.5).

Preliminaries

Throughout the paper we denote by Der(2() the Banach-Lie algebra of all bounded
derivations of a Banach (not necessarily associative) algebra 2. (We say that A is
a Banach algebra if 2 is a Banach space endowed with a bounded bilinear map
Ax A — A, (a,b) — a-b.) For a real or complex Banach space X we denote by idx
the identical map on X, by X* the topological dual of X, by B(X) the algebra of all
bounded linear operators on X and, when X is complex, for D € B(X) we denote
by o (D) the spectrum of D. In this case, for every x € X we denote by op(z) the
local spectrum of x with respect to D. We recall that op(z) is a closed subset of
(D) and by definition, a complex number w belongs to C \ op(x) if and only if
there exists an open neighborhood W of w and a holomorphic function £ : W — X
such that

(zidy — D)é(z) =«  for every z € W.
If F is a subset of C we further denote

Xp(F)={xze€X|op(z) C F}.

We note that, in the case when X has finite dimension m, we have

Xp(F) = @ Ker ((D — Aidx)™)  for every F C C,
AEFNo(D)

while in the case when X is a Hilbert space and D is a normal operator with the
spectral measure Ep(-) we have

Xp(F)=RanEp(F) whenever F' is a closed subset of C.

We refer to Section 12 in [5] for a review of the few elements of local spectral
theory we need. (For more details see the Notes of Chapter I in [5].)
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For the sake of completeness, we now recall some elementary facts on complex
polarizations (see, e.g., Section VI in [20]). Let g be a real Banach-Lie algebra and
w a continuous 2-cocycle of g, that is w : g X g — R is a continuous skew-symmetric
bilinear form such that

w(X,Y],Z2)+w(lY, 2], X) +w([Z,X],Y)=0
for every X,Y, Z € g. In this case,
h:={Xeg|wX g)={0}}

is a closed subalgebra of g. A complex polarization of g in w is a closed subspace
p of the complexification gc of g such that there exists a closed subspace of g¢
complementary to p and such that the following properties hold:

(C1) pisa (complex closed) subalgebra of the complex Banach-Lie algebra g¢ such

that [h,p] C p,
(02) p N p= bC?
(C3) p+p =gc,

(C4) w(p,p) = {0},

where Z — Z denotes the complex conjugation on gc whose set of fixed points
is just g. In this case, the natural inclusion map g — g¢ induces an isomorphism
g/b = gc/p of real Banach spaces (see Section VI in [20]), thus g/b is actually a
complex Banach space. On the other hand, note that w induces a symplectic form

on g/b by
g/bxg/hb—R, (X+bY+bh)—wX,Y).

This symplectic form is the imaginary part of the continuous Hermitian sesquilin-
ear form (- | -) which is defined on the complex Banach space g/h = gc/p =

(p+p)/p by
(Zy+p| Za+p) =iw(Z1,Z2) for Zy,Z5 € p.

If the following condition holds,
(C5) iw(Z,Z) >0 for every Z € p \ b,

then (- | -) is even a scalar product (i.e., it is positively definite) and p is called a
weak Kdhler polarization. In the case when the map

g/bh—(g/b)", X+b—w(X,),

is moreover invertible, one says that p is a strong Kdhler polarization. (An equiv-
alent condition is that (- | -) defines the topology of g/h, i.e., g/b is actually a
complex Hilbert space; see stage I in the proof of Proposition 2.12 below.)



