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Series Editor’s Foreword

A new book on control of electromechanical systems may seem pleonastic in the
literature on industrial control systems. Actually, this is an original book both from
the point of view of the methodological tools introduced, and of the results that the
use of such tools allows to obtain in terms of industrial applications.

Electromechanical systems are of fundamental importance in industrial
automation and process control. The actuators of robotic systems, of
goods-handling systems, of numerical control machines, of servomotors that open
and close the valves and shift the moving surfaces of relevant industrial plants are,
in the majority of the cases, electromechanical systems. The dynamic models of
electromechanical systems are typically formulated by referring to the balance
between the potential energy and the kinetic energy associated with the systems
themselves. For this reason, the use of a control approach based on passivity
concepts appears to be absolutely natural: the most direct and obvious way of
controlling that class of systems.

Passivity is a classical concept in control theory. It is strictly related to the
concept of energy conservation. As a matter of fact, given a dynamical system and a
certain time interval, the energy stored in the system is equal to the energy trans-
ferred to the system minus the energy dissipated. Then, in a physical system, since
the dissipated energy is non-negative, the energy transferred to the system is always
larger than or equal to the energy stored. In other words, a passive system is a
system not able to produce energy. Passivity in linear time-invariant systems
implies stability, as was highlighted in the early sixties with the well-known
Kalman–Yakubovich–Popov Lemma. The extension of passivity concepts to
nonlinear systems and its implications for Lyapunov stability was worked out
through a series of fundamental papers published in the nineteen-seventies and
nineties.

Passivity can be enforced in a system, under certain conditions, by means of an
appropriate control synthesis, and this is often done with the main purpose of
conferring the prescribed stability properties to the controlled system. The appli-
cation of the classical theory of passivity to electromechanical systems can be found
in many works that have appeared in the scientific literature in recent decades. Yet,



what distinguishes this book from the previously published works is the use of the
classical concept of passivity revisited in a new and original way.

Different types of motors are considered in the book: permanent magnet brushed
DC-motors and synchronous motors, induction motors, switched and synchronous
reluctance motors, bipolar permanent magnet stepper motors and brushless
DC-motors. They are all motors widely used in industrial plants. They often con-
stitute the set of actuators upon which most of the process control and industrial
automation systems rely. For every motor the authors describe the dynamic model
formulation, starting from the working principle, and also introduce the standard
control schemes. Then, they discuss and illustrate multi-loop control schemes based
on their novel approach to passivity. The advantage of these schemes is that, by
virtue of their simplicity, they are easily implementable and understandable, even to
non-experts in control theory.

The book also includes a part dedicated to magnetic levitation systems and
micro-electromechanical systems, as well as a final part where robotic systems
driven by permanent magnet motors and by synchronous reluctance motors are
considered. Given the importance that robotic applications are acquiring on the
international industrial scene, this part may be of great interest even to practitioners
wishing to improve the performance of robotic automation systems by adopting
simple control schemes, which do not require complex computations and are
actually compatible with the typical sampling times of the industrial world.

This book is very rich in content. The theoretical part is detailed and treated with
precision. It is however, pleasant to read and understandable to an audience even of
non-engineers, precisely because it focuses on very simple physical concepts, on
which it is possible to have a natural intuition, even if the theoretical bases are
lacking. The part in which electromechanical drives are described can also be useful
to students who do not deal with control, but only with the modeling and design of
electric machines. The robotic part can also be appreciated by readers who are
interested in robot control, without necessarily having an expertise on electrome-
chanical drives. For its richness of theoretical details, its methodological rigor and
its well-defined structure, I think that this book will also be beneficial to researchers
and doctoral students.

For all the reasons mentioned, I am particularly happy to welcome this new
monograph in the series on Advances in Industrial Control, certain that readers will
also be able to appreciate it and get ideas for their application activities in the field
of industrial control.

Antonella Ferrara
University of Pavia

Pavia, Italy
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Preface

Electromechanical systems were introduced when electricity was employed for the
first time to generate force and torque. At the beginning, electromechanical systems
were controlled in open-loop. Once Automatic Control became a mature discipline,
it was recognized that closed-loop control of electromecanical systems is instru-
mental to improve performance. Since then, much research work has been devoted
to closed-loop control of electromechanical systems and many control techniques
have been applied.

However, since many modern control techniques employ complex mathematical
tools, most works on closed-loop control of electromechanical systems have
resulted in complex mathematical algorithms which are difficult to understand and,
hence, they have not been welcome by practitioners. Moreover, many formally
supported controllers result in control laws that require lots of on-line computations
which, besides requiring powerful and, hence, expensive hardware, deteriorate
performance because they amplify noise, increase numerical errors and produce
actuator saturation.

The above situation has motivated the application, by several authors in the past,
of passivity-based ideas for closed-loop control of electromechanical systems. This
approach takes advantage of the natural structure of the plant to be controlled and,
hence, it has been demonstrated that results in simpler control laws. Thus, the
designed controllers require a fewer number of on-line computations, improve
performance because noise amplification and numerical errors are reduced and
actuator saturation is avoided. Moreover, since passivity-based control is supported
by energy ideas, a fundamental concept in engineering, this approach can be better
understood by practitioners.

However, despite these advancements, passivity-based controllers are not as
simple as controllers that are employed in industrial practice for electromechanical
systems. This is the case of field oriented control (FOC) of alternating current
(AC) motors. It is important to stress at this point that FOC of AC-motors is a
control scheme which is not provided, until now, with a formal global asymptotic
stability proof although presenting such a result has been the aim of several authors
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in the past. The reason for such a search is to explain why FOC of AC-motors
works well in practice and to provide tuning guide lines.

It must be recognized that presenting a solution for the above described control
problem has not attracted attention of the control community in the recent years.
This, however, is neither because the problem has lost relevance or nothing is
remaining to solve. We believe that the mere reason for such a lack of interest is
that the leading researchers have moved to other subjects. As a matter of fact, one
of the leading researchers that tried in the past to present a global asymptotic
stability proof for FOC of AC-motors has recently presented in [205] a work on
such a subject. He states there the importance of presenting a global asymptotic
stability proof for FOC of AC-motors providing tuning guide lines.

The present book is devoted to introduce recent advancements in the design of
controllers for electromechanical systems. Most of our proposals consist of
multi-loop control schemes possessing an internal proportional-integral (PI) electric
current loop and an external PI velocity loop or proportional-integral-derivative
(PID) position loop. Aside from these simple controllers, some additional simple
terms are included to ensure global asymptotic stability. As we demonstrate along
the book, these proposals are simpler control laws than the passivity-based con-
trollers that have been proposed in the past.

The theoretical key to achieve these results is a novel passivity-based approach
that we have developed during the last 12 years. This approach exploits the fact that
the electrical and the mechanical subsystems exchange energy naturally during their
normal operation. From the stability proof point of view, this allows the natural
cancellation of several high-order terms. This allows to obtain simpler control laws
because these terms must be computed on-line to be exactly cancelled when
employing other control approaches, including the passivity-based approaches
presented in the past.

It is the authors belief that, because of simpler control laws and a simpler
rationale behind their design, our proposals can be welcome by practitioners. At this
point, it is important to stress that simple Lyapunov stability analysis is the main
mathematical tool that is employed to present the complete stability proofs. In this
respect, in order to render attractive the book for both theorists and practitioners, we
include the complete general mathematical modeling of all the electromechanical
systems that we control. We also include, at the end of each chapter, how to obtain
the mathematical model of practical AC-motors: (i) we dismantled the motor to
analyze how the phase windings are distributed on the stator and how the perma-
nent magnet (PM) poles are distributed on the rotor, (ii) based on the previous
analysis, we compute the magnetic flux at the air gap using Ampère’s Law,
(iii) these results were employed to derive the motor mathematical model.

Finally, let us say that most of the complete formal stability proofs are presented
in appendices, for the interested theorist readers. Simple sketches of the proofs are
presented in the corresponding chapters to allow practitioners to understand the
main results using energy interpretations.
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We apply our approach to PM bushed-DC motors, PM synchronous motors,
induction motors, switched reluctance motors, synchronous reluctance motors, PM
stepper motors, brushless DC-motors, magnetic levitation systems, microelec-
tromechanical systems, and rigid robot manipulators equipped with PM syn-
chronous motors and switched reluctance motors.

Querétaro, Mexico Victor Manuel Hernández-Guzmán
México City, Mexico Ramón Silva-Ortigoza
Matamoros, Mexico Jorge Alberto Orrante-Sakanassi
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Chapter 1
Introduction

Electric motors are fundamental devices for force and torque generation in industrial
facilities. In fact, electric motors were introduced in the nineteenth century, by the
incipient companies that tried to expand the use of electric energy, to provide industry
with a device capable to generate force and torque. These companies distributed the
electric energy in the formofwhatwe knownowas direct current (DC). This situation
motivated T.A. Edison to introduce the brushed DC-motor. The main advantage of
brushed DC-motor is that it can be easily controlled. In fact, in order to put to work
a brushed DC-motor it suffices to connect its terminals.

Alternating current (AC) was introduced later by N. Tesla as a means to improve
the distribution of electric energy. Tesla recognized the need for a newmotor working
on the basis of AC, and thus, he introduced the induction motor. One important
advantage of induction motor is that it does not employ brushes nor commutators to
operate. However, it was soon realized that induction motor was difficult to control
compared to brushed DC-motor. For instance, in order to vary the motor velocity it is
required to vary the frequency of the AC flowing through the motor phase windings.
Hence, complex hardware was required to operate induction motors compared to
hardware required to operate brushed DC-motors. Moreover, performance was not
as good as that achieved by brushed DC-motors: this control strategy, also known as
open-loop, was found to be stable in practice only if the motor is lightly loaded.1

At that point of time, electric motors were controlled empirically, i.e., without
taking into account their mathematical models. When Automatic Control became
a mature discipline, it was recognized the necessity to take into account the motor
model to improve performance. It was then found that brushed DC-motor has a linear
and singe-input single-output model which facilitates the control design task. On the
other hand, the induction motor model is nonlinear and it has several inputs. Thus,
controller design for induction motors was soon recognized to be a difficult task.
Several classes AC-motors were introduced later in the twentieth century which,

1It is interesting to remark that this was mathematically demonstrated recently in [212]. Moreover,
global exponential stability was demonstrated later in [270].
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contrary to brushed DC-motors, do not require brushes nor commutators to work,
an attractive feature because of the reductions in maintenance periods and costs.
However, all of these AC-motors have a similar disadvantage than induction motors:
they are difficult to control because they have nonlinear models and multiple inputs.

The ease to operate brushed DC-motors motivated their employment in most
of the applications of electric motors in the twentieth century. In 1972, a new
control methodology for induction motors was empirically introduced [22]. It is
known now as vectorial control of AC-motors or field-oriented control (FOC) of
AC-motors. However, because of the hardware limitations at that moment, the prac-
tical applications of FOC appeared after several years when microprocessor and
digital-signal-processor (DSP) technologies became popular [20, 264]. The use of
what we know now as standard FOC (SFOC) importantly improved performance of
induction motors in practical applications and SFOC has become now the standard
in industrial applications. This success motivated the development of SFOC ideas to
control other AC-motors.

However, despite the success of SFOC in practice, any formal study does not exist
ensuring its global asymptotic stability. This has motivated several formal works
trying to (a) propose new control design methodologies which be provided with a
formal stability proof and improving the performance achievable with SFOC and
(b) find a global asymptotic stability proof for SFOC which formally explains its
practical success providing control tuning guidelines.

Following the line of (a), the book [60] has summarized the work of a group
of researchers who proposed a series of controllers for different AC-motors which
exploit the backstepping ideas first introduced in [152]. The main drawback of such
proposals is the large amount of online computations that are required by the corre-
sponding control laws. It is important to stress that this is not just a matter of finding
fast enough hardware to perform the required computations, but it is a matter that
pertains to performance deterioration due to numerical errors and noise amplification
introduced by complex computations [204]. Furthermore, as it is stated in [222], the
drives community does not like complex controllers.

On the other hand, following the line of (b), the book [204] has summarized the
work of a group of researchers who proposed a series of controllers for different
AC-motors which rely on standard passivity-based control, an approach that has its
roots in the work published in [209]. It is shown that using this approach, several
basic concepts of FOC for AC-motors can be explained. In particular, in [210] is
formally proven global asymptotic stability of standard indirect field-oriented con-
trol (SIFOC) for current-fed induction motors. This means that the stator electrical
dynamics is neglected, i.e., the stator electric current is assumed to be the control
signal for motor instead of the applied voltages. It is important to stress that SIFOC is
the workhorse for induction motor control in industrial applications at present. How-
ever, when taking into account the stator electrical dynamics, i.e., when the motor
control signals are voltages applied at the stator terminals, a number of important
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differences appear between the solutions in [204] and SIFOC of induction motors.2

In particular, a number of additional terms which require the exact knowledge of
several motor parameters have to be computed on line. The proposed solution relies
on torque observers instead of PI velocity controllers. Moreover, the PID position
control problem is not studied. This is important to stress since PID control defines
the application of SIFOC in position control problems. It is interesting to remark
that instead of PID position regulation, position trajectory tracking control of robot
manipulators equippedwith inductionmotors is solved in [204].Notice that trajectory
tracking requiresmore complex controllers than simple PID regulators. Furthermore,
recall that the motor controllers proposed in [204] are more complex than SIFOC.
Thus, it is the authors belief that solving the trajectory tracking control problem
instead of the simpler PID position regulation problem can be explained by recalling
that it is easier to justify a complex controller if the task is also complex.

After [60, 204] were published, the interest in these problems diminished and
the authors that led those works moved to other research subjects. Moreover, current
research on AC electric machines is focused on sensorless control. See [18, 54,
86, 117, 118, 156, 183, 193, 207, 208, 245, 268, 281] and references therein for
instance. Despite this, as we have shown in the above discussion, it is not because
the problem has been solved or it has no relevance. As a matter of fact, in the recent
paper [205], the leading author of [204] recognizes the importance of presenting
a global asymptotic stability proof for field-oriented control. Moreover, efforts in
that paper focus in proving global asymptotic stability when internal PI electric
current controllers are employed. However, this is performed when controlling the
mechanical subsystem in open-loop and the use of either a PI velocity controller or
a PID position controller still remains without a formal solution.

Motivated by the control problems that remain open, which we describe below,
in the present book, we introduce a novel passivity-based control approach for elec-
tromechanical systems. The main advantages of this new approach with respect to
previous passivity-based methodologies in the literature are the following:

1. The energy exchange that naturally appears between the electrical and themechan-
ical subsystems is exploited. This feature is important to stress because it allows
the derivation of simpler control laws and it has not been exploited in previous
works in the literature. Moreover, previous passivity-based controllers rely on
exact cross term cancellations that require the exact knowledge of several motor
parameters.

2. The previous passivity-based approaches in the literature rely on deriving isolated
closed-loop error equations for the electrical dynamics in order to take advantage
of the system passivity properties. Instead of this, we dominate the cross terms
existing between the electrical and the mechanical dynamics.

2We consider important to stress that it is stated in [204] that their control approach is also valid
for many AC-motors; however, an explicit controller is only presented for induction motors. As we
show in the present book much simpler controllers are designed for other AC-motors when using
our approach than following the steps suggested by the approach in [204].
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3. In order to achieve the previous item, the previous passivity-based approaches
in the literature require to compute online and to cancel the complete expression
for the time derivative of the desired electric current. This commonly requires
an important number of additional online computations rendering the controller
more complex. The novel passivity-based approach that we propose does not
require to perform these computations nor cancellations because we dominate
these terms.

4. A nested-loop passivity-based control approach is exploited in [204]. This means
that the electric current error is first proven to converge exponentially to zero and
this allows to use this variable as a vanishing perturbation for the mechanical
subsystem. This, however, requires the online computations referred in the previ-
ous item. Instead of that we use an approach which is similar to what was called
in [204], pp. 243, passivity-based control with total energy shaping. Although
the latter approach has been disregarded in [204] arguing that it results in more
complex controllers; we prove the opposite in the present book. This is another
important contribution of our proposal.

5. The previous passivity-based approaches in the literature replace velocity mea-
surements with high-pass position filtering explaining that this reduces the effects
of noise that is present in velocity measurements, which is true. However, it is
also true that the time derivative of the desired electric current would become
even more complex if velocity measurements were allowed. Hence, an even more
complex controller would result. On the other hand, it is important to stress that
allowing velocity measurements is instrumental to successfully design PID posi-
tion controllers in nonlinear systems.3 This is concluded from results in PID robot
control where the few control schemes that have been proposed without requir-
ing velocity measurements impose severe constraints to the controller gains that
can be employed and, hence, the achieved performances are far from satisfactory
(try to perform simulations with the controllers in [98, 172, 203, 252, 253], for
instance). Furthermore, some of these works rely on the presence of significant
viscous friction that themechanical subsystemmust naturally possess. This might
be the reason why PID position regulation is not reported together with SIFOC in
AC-motors as pointed out above. It is shown in the subsequent chapters that the
novel passivity-based approach that we propose allows velocity measurements
without increasing the complexity of the resulting controller. As a matter of fact,
simple PID position controllers are presented for several AC-motors.

6. Aside from three simple nonlinear terms, the main controllers that we propose
are identical to SFOC for voltage-fed AC-motors, i.e., when the complete motor
dynamics is taken into account. Hence, we propose the most similar control
scheme to SFOC but provided with a global asymptotic stability proof.

In this book, we are interested in proposing control strategies that are simple
to implement. In particular, those control strategies that are very similar to SFOC

3In [204], Ch. 8, is designed a PIDposition controller using velocity low-pass filtering for amagnetic
levitation system. However, this is possible because the mechanical subsystem is linear and, hence,
linear concepts such as Hurwitz matrices can be used to ensure stability.
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or other control schemes that are recognized to be the standard control techniques
for each one of the electromechanical systems that we consider in the book. Our
contribution consists in providing formal stability proofs for the control schemes
that we propose such that, under mild assumptions, our proposals explain to some
extent why SFOC and other standard controllers work well in practice.

We are also interested in presenting the details behind the mathematical models
that are employed to perform the control design task. It is the authors experience that
designing controllers for electromechanical systems without a clear understanding
of the principles that determine how the plant works, and in particular how the
electromagnetic subsystem works, is something like being blind. Thus, we begin
each chapter by explaining how the electromechanical system is modeled and the
rationale behind the coordinate changes that are employed. After that, we describe
the standard control scheme that is traditionally employed for the electromechanical
system under study, and finally, we present the controller that we propose with the
corresponding stability proof.

Aside from theorists, this book also tries to attract attention of practitioners.Hence,
the complete formal stability proofs are sent to appendices for the interested readers,
and simple sketches of the proofs are presented in the body of the chapters. Reason
for this is to explain, using simple energy-based arguments, how themain ideas of the
novel passivity-based approach that we introduce are exploited. On the other hand,
it is usual in the control community concerned with the study of electromechanical
systems to use the dynamical models that are at disposal but they have never seen
the inside of an AC-motor, for instance. Although this is not necessary to design
controllers, performing this gives a lot of insight on the main assumptions employed
when modeling an AC-motor and the main ideas behind the coordinate changes that
are usual when using SFOC.

In order to reduce this gap between theory and practice, we present the study
of the stator windings of several classes of practical AC-motors at the end of most
chapters. First, we have dismantled the motor and we describe the physical distribu-
tion of the stator phase windings and the rotor permanent magnets if any. Then, we
employ a procedure described in [55], based on Ampère’s Law, to mathematically
model the magnetic field distribution produced by the stator phase windings. We
also describe mathematically the magnetic field distribution produced by the rotor
permanent magnets, if any. This allows to compute the stator three-phase windings
flux linkages, and thus, (i) the three-phase electrical subsystem dynamical model
is derived and (ii) the electromagnetic torque generated by the three phases of the
motor is also computed. After this, the application of Newton’s Second Law results
in the mechanical subsystem dynamical model. Then, as an application example,
the formulas derived at the beginning of each chapter are employed to obtain the
dq dynamical model of the motor. Finally, we explain how these derived models are
correctly represented by the general dq dynamical model derived in the first part of
the chapter for a general motor of the class under study.



6 1 Introduction

In the following chapter, i.e., Chap.2, we review the mathematical tools required
by the formal part of the studies presented in this book. The main ideas of our novel
control approach are illustrated using the permanent magnet brushed DC-motor as
an example. Finally, we also present there a description of the book content and how
the subsequent chapters relate among them.



Chapter 2
Mathematical Preliminaries

2.1 Control of Linear Systems

From the classical control point of view physical systems are modeled using the
following ordinary linear n−order differential equation:

y(n) + an−1y
(n−1) + · · · + a2 ÿ + a1 ẏ + a0y

= bmu
(m) + bm−1u

(m−1) + · · · + b2ü + b1u̇ + b0u, (2.1)

where n ≥ m, ai , b j , i = 0, . . . , n − 1, j = 0, . . . ,m, are real constant scalars, y(t)
is the variable representing the system response or output and u(t) is the system
excitation or input. Applying the Laplace transform to the previous expression and
assuming that all of the initial conditions are zero, we obtain the following transfer
function:

G(s) = Y (s)

U (s)
= bmsm + bm−1sm−1 + · · · + b2s2 + b1s + b0

sn + an−1sn−1 + · · · + a2s2 + a1s + a0
, (2.2)

where Y (s) = L{y(t)} and U (s) = L{u(t)} are the Laplace transforms of y(t) and
u(t), respectively. The n roots of polynomial at the denominator are known as the
system poles and them roots of polynomial at the numerator are known as the system
zeros. Given a known function of time u(t) such that U (s) = L(s)

M(s) , where L(s) and
M(s) are polynomials, the solution Y (s) is found using fraction expansion, i.e.,

Y (s) = bmsm + bm−1sm−1 + · · · + b2s2 + b1s + b0
sn + an−1sn−1 + · · · + a2s2 + a1s + a0

U (s),

= bmsm + bm−1sm−1 + · · · + b2s2 + b1s + b0
sn + an−1sn−1 + · · · + a2s2 + a1s + a0

L(s)

M(s)
,
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=
l∑

i=1

fi
s + di

+
q∑

i=1

(
g1i

(s + hi )k
+ g2i

(s + hi )k−1
+ · · · + g(k−1)i

(s + hi )2
+ gki

s + hi

)
,

+
r∑

i=1

βi s + γi

s2 + 2ζi pωnips + ω2
nip

+
v∑

i=1

(
δ1i s + α1i

(s2 + 2ζiωni s + ω2
ni )

k
+ δ2i s + α2i

(s2 + 2ζiωni s + ω2
ni )

k−1
+

· · · + δ(k−1)i s + α(k−1)i

(s2 + 2ζiωni s + ω2
ni )

2
+ δki s + αki

s2 + 2ζiωni s + ω2
ni

)

+ Q(s)

M(s)
,

where it is taken into account that the plant poles may be real, single or repeated k
times, or complex conjugate, single or repeated k times. The symbols fi , g j i ,βi , γi ,
δ j i ,α j i , j = 1, . . . , k, represent real constants to be computed. It is assumed that
G(s) has (i) l different real single poles located at s = −di , (ii) q different real
repeated poles located at s = −hi , iii) r different single pairs of complex conjugate

poles located at s = −ζi pωnip ± jωdip, where ωdip = ωnip

√
1 − ζ2i p, and iv) v differ-

ent repeated pairs of complex conjugate poles located at s = −ζiωni ± jωdi , where

ωdi = ωni

√
1 − ζ2i . Moreover, the latter fraction Q(s)

M(s) , where Q(s) is another poly-
nomial to be computed, represents the effect of all of the input poles. Thus, we can
apply the inverse Laplace transform to find the general response of a linear system:

y(t) = L−1{Y (s)} =
l∑

i=1

fie
−di t

+
q∑

i=1

(
g1i t

k−1e−hi t + g2i t
k−2e−hi t + · · · + g(k−1)i te

−hi t + gkie
−hi t

)
,

+
r∑

i=1

λi√
1 − ζ2i p

e−ζi pωnip t sin(ωdipt + φi p)

+
v∑

i=1

⎛

⎝ ρ1i√
1 − ζ2i

t k−1e−ζiωni t sin(ωdi t + φi p)

+ ρ2i√
1 − ζ2i

t k−2e−ζiωni t sin(ωdi t + φi )+
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· · · + ρ(k−1)i√
1 − ζ2i

te−ζiωni t sin(ωdi t + φi )

+ ρki√
1 − ζ2i

e−ζiωni t sin(ωdi t + φi )

⎞

⎠

+p(t), where p(t) = L−1

{
Q(s)

M(s)

}
. (2.3)

The symbols λi , ρ j i , j = 1, . . . , k, represent real constants and φi p =
arctan

(√
1−ζ2i p
ζi p

)
, φi = arctan

(√
1−ζ2i
ζi

)
.

In the previous expression, p(t) is known as the forced response, y f (t), and
all of the remaining terms are known as the natural response, yn(t). Since p(t) =
L−1

{
Q(s)
M(s)

}
, the forced response is “similar” to the input u(t). Because of this,

in a control system the input u(t) (through p(t)) is employed to specify the
behavior that is expected for y(t), i.e., a closed-loop control system is designed
such that limt→∞ y(t) = y f (t) = p(t). Hence, it is desirable that p(t) = u(t) and
limt→∞ yn(t) = 0. A transfer function is said to be stable if and only if this limit is
accomplished for all initial conditions.

According to the general solution given in (2.3),wehave the following conclusions
on the stability of an arbitrary linear system.

1. The differential equation in (2.1) or, equivalently, the transfer function in (2.2) is
stable if and only if all of the poles of G(s) have negative real parts, i.e., if and
only if −di < 0, −hi < 0, −ζi pωnip < 0, and −ζiωni < 0.

2. The differential equation in (2.1) or, equivalently, the transfer function in (2.2) is
unstable if at least one of the poles of G(s) has a positive real part, i.e., if−di > 0
or −hi > 0 or −ζi pωnip > 0 or −ζiωni > 0.

3. The differential equation in (2.1) or, equivalently, the transfer function in (2.2) is
unstable if G(s) has at least one pole with zero real part which is repeated at least
two times, i.e., if −hi = 0 or −ζiωni = 0 and k ≥ 2.

4. The differential equation in (2.1) or, equivalently, the transfer function in (2.2) is
marginally stable if all of the poles ofG(s) have negative real parts excepting some
single poles which have zero real parts, i.e., if −di < 0, −hi < 0, −ζi pωnip < 0,
−ζiωni < 0 and k = 1 for the poles such that −hi = 0 or −ζiωni = 0.

From the expression in (2.3) it is clear that the poles of a transfer function not only
determine the system stability but also the system transient response. As a matter
of fact, in Fig. 2.1 we present several examples of typical transient responses due
to real poles and complex conjugate poles when u(t) = 1. The relative location of
these poles on the plane s is depicted in Fig. 2.2.We conclude that a faster response is
accomplished as these poles are located farther from the origin on the left-hand half-
complex plane. A more oscillatory response is obtained as the complex conjugate
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Fig. 2.1 Transient responses when an unit step input is applied

Fig. 2.2 Location on the
plane s of poles
corresponding to the
transient responses in
Fig. 2.1. Figure2.1a:
dash-dot x, continuous o,
dashed +. Figure2.1b:
dash-dot triangle-right,
continuous square, dashed
triangle-left. Figure2.1c:
dash-dot triangle-down,
dashed triangle-up
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poles approach the imaginary axis. Real poles do not produce any oscillation. This
is depicted in Fig. 2.3.
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Fig. 2.3 Regions of the plane s. a Arrows of the straight lines indicate where to locate poles to
achieve a faster response. A slower response is obtained assigning the poles in the opposite direction
of the arrows. b Arrows of the circular lines indicate where to locate the poles to obtain a more
oscillatory response. A less oscillatory response is obtained assigning the poles in the opposite
direction of the arrows

Also notice that in the case where u(t) = A = constant, that is U (s) = A
s , the

steady-state response can be computed using the final value theorem, i.e.,

lim
t→∞ y(t) = lim

s→0
sY (s) = lim

s→0
sG(s)U (s) = lim

s→0
sG(s)

A

s
= G(0)A.

This means that the system steady-state response depends on the locations of both
poles and zeros of G(s).

Thus, the problem of designing a controller in classical control is to choose a new
differential equation with transfer function Gc(s), known as the controller, such that
when it is feedback connected to the plant transfer function Gp(s), i.e., as shown in
Fig. 2.4, the closed-loop transfer function:

Y (s)

Yd(s)
= Gcl(s) = Gc(s)Gp(s)

1 + Gc(s)Gp(s)
,

whereYd(s) = A
s represents the referenceor the desiredoutput, satisfies the following

requirements.

• Gcl(s) is stable.
• All poles and zeros ofGcl(s) are suitably assigned on the left-hand half-plane such
that the transient response satisfies the desired specifications.

• All poles and zeros ofGcl(s) are suitably assigned on the left-hand half-plane such
that the steady-state response satisfies limt→∞ y(t) = Gcl(0)A = A = yd(t) =
p(t) = y f (t), where yd(t) = L−1{Yd(s)}.
Two powerful tools are employed in classical control to achieve simultaneously

these requirements: the root locus method (see Sect. 3.2) and the frequency response


