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Preface

The study of neutron stars is important in several aspects. On the astrophysical
side, from their birth from supernova events to their evolution when isolated or
in binary systems, they constitute an important end point of stellar evolution. In
accreting binaries, they provide an important class of objects for our understanding
of accretion onto compact objects, together with black-hole binaries. We now know
transitional objects between accreting neutron stars and radio pulsars that can help
us understand better both classes of sources. On the physical side, they constitute
formidable and unique laboratories to study fundamental processes. First, they are
the only objects in the Universe where matter is at extremely high density and
we still do not know the associated equation of state. Second, they offer us the
possibility to study their internal structure, affected by high angular momentum
and large magnetic field. Third, but not least, they are being used as test objects
for experimental measurements of the effects of general relativity (GR). Binary
pulsars provide very precise clocks to monitor the orbit of the object and detect
modifications due to GR, while in accreting neutron stars the strength of the
gravitational field close to the compact object modifies the properties of accretion
giving us the possibility to study GR in the strong-field regime.

All these studies are based on the time variability of the flux, from the radio band
to X-rays. This book is focused on timing aspects. As the title says, this variability
is in three forms. Pulsations, observed historically from radio pulsars, but now
detected also in accreting low-mass X-ray binaries, the progenitors of millisecond
pulsars. Oscillations, from the noisy variability of accreting systems, where strong
quasi-periodicities are observed at a period of a few milliseconds, comparable to
the dynamical time close to the surface of the neutron star. Explosions, powerful
nuclear-powered X-ray bursts that take place on the surface of accreting neutron
stars when the accretion level is in the favorable range.

Merate, Italy Tomaso M. Belloni
Groningen, The Netherlands Mariano Méndez
Beijing, China Chengmin Zhang
June 2020
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2 M. C. Miller

Abstract Ever since the discovery of neutron stars it has been realized that they
serve as probes of a physical regime that cannot be accessed in laboratories:
strongly degenerate matter at several times nuclear saturation density. Existing
nuclear theories diverge widely in their predictions about such matter. It could be
that the matter is primarily nucleons, but it is also possible that exotic species such
as hyperons, free quarks, condensates, or strange matter may dominate this regime.
Astronomical observations of cold high-density matter are necessarily indirect,
which means that we must rely on measurements of quantities such as the masses
and radii of neutron stars and their surface effective temperatures as a function of
age. Here we review the current status of constraints from various methods and the
prospects for future improvements.

1.1 Introduction

The nature of the matter in the cores of neutron stars is of great interest to nuclear
physicists and astrophysicists alike, but its properties are difficult to establish in
terrestrial laboratories. This is because neutron star cores reach a few times the
density of matter in terrestrial nuclei and yet they are strongly degenerate and they
have far more neutrons than protons. The core matter thus occupies a different phase
than is accessible in laboratories. Within current theoretical uncertainties there are
many possibilities for the state of this matter: it could be primarily nucleonic, or
dominated by deconfined quark matter, or mainly hyperons, or even mostly in a
condensate.

Only astrophysical observations of neutron stars can constrain the properties of
the cold supranuclear matter in their cores. Because we cannot sample the matter
directly, we need to infer its state by measurements of neutron star masses, radii,
and cooling rates. For the last two of these, the method of measurement is highly
indirect and thus subject to systematic errors. Note, to be precise, that throughout
this review we mean by mass the gravitational mass (which would be measured
by using Kepler’s laws for a satellite in a distant orbit around the star) rather than
the baryonic mass (which is the sum of the rest masses of the individual particles
in the star); for a neutron star, the gravitational mass is typically less than the
baryonic mass by ∼20%. We also mean by radius the circumferential radius, i.e.,
the circumference at the equator divided by 2π , rather than other measures such as
the proper distance between the stellar center and a point on the surface. Again, for
objects as compact as neutron stars, the difference can amount to tens of percent.

In this review we discuss current attempts to measure the relevant stellar
properties. We also discuss future prospects for constraints including those that will
come from analysis of gravitational waves. For each of the constraint methods, we
discuss the current uncertainties and assess the prospects for lowering systematic
errors in the future. In Sect. 1.2 we set the stage by discussing current expectations
from nuclear theory and laboratory measurements. In Sect. 1.3 we examine mass
measurements in binaries. In Sect. 1.4 we discuss current attempts to measure
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the radii of neutron stars and show that most of them suffer severely from
systematic errors. In Sect. 1.5 we explore what can be learned from cooling of
neutron stars, and the difficulties in getting clean measurements of temperatures.
In Sect. 1.6 we investigate the highly promising constraints that could be obtained
from the detection of gravitational waves from neutron star–neutron star or neutron
star–black hole systems. We summarize our conclusions in Sect. 1.7. For other
recent reviews of equation of state constraints from neutron star observations, see
[27, 101, 116, 117, 129, 165, 171, 199, 206, 234].

1.2 Expectations from Nuclear Theory

Any observations of neutron stars bearing on the properties of high-density matter
must be put into the context of existing nuclear theory. This theory, which relies
primarily on laboratory measurements of matter at nuclear density that has approx-
imately equal numbers of protons and neutrons, must be extrapolated significantly
to the asymmetric matter at far higher density in the cores of neutron stars. We also
note that the inferred macroscopic properties of neutron stars depend on the nature
of strong gravity as well as on the properties of dense matter (e.g., [183]), but for
this review we will assume the correctness of general relativity.

In this section we give a brief overview of current thinking about dense matter.
We begin with simple arguments motivating the zero-temperature approximation
for the core matter and giving the basics of degenerate matter. We then address a
commonly-asked question: given that the fundamental theory of quantum chromo-
dynamics (QCD) exists, why can we not simply employ computer calculations (e.g.,
using lattice gauge theory) to determine the state of matter at high densities? Given
that in fact such calculations are not practical, we explore the freedom that exists in
principle to construct models of high-density matter; the fundamental point is that
because the densities are well above what is measurable in the laboratory, one could
always imagine, in the context of a model, adding terms that are negligible at nuclear
density or for symmetric matter but important when the matter is a few times denser
and significantly asymmetric. After discussing some example classes of models, we
survey current constraints from laboratory experiments and future prospects. We
conclude with a discussion of how one would map an idealized future data set of
masses, radii, temperatures, etc. of neutron stars onto the equation of state of cold
dense matter.

1.2.1 The Basics: Dense Matter and Neutron Stars

Consider a set of identical fermions (e.g., electrons or neutrons) of mass m and
number density n. The linear space available to each fermion is thus Δx ∼ n−1/3,
and the uncertainty principle states that the uncertainty in momentum (and hence
the minimum momentum) is given by ΔpΔx ∼ h̄ and thus pmin ∼ h̄n1/3, where
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h̄ = 1.05457 × 10−27 erg s is the reduced Planck constant. Done more precisely
and assuming isotropic matter we find that this minimum is the Fermi momentum
pF = (3π2h̄3n)1/3. The Fermi energy adds to the rest-mass energy via Etot =
(m2c4 +p2

F c2)1/2 = mc2 +EF , and is EF ≈ p2
F /2m for pF � mc and EF ≈ pF c

for pF � mc, where c = 2.99792458 × 1010 cm s−1 is the speed of light.
Matter is degenerate when EF > kT , and strongly degenerate when EF � kT ,

where k = 1.38065 × 10−16 erg K−1 is the Boltzmann constant and T is the
temperature. As a result, electrons (with their low masses me = 9.109382 ×
10−28 g = 0.510999 MeV/c2) become degenerate at much lower densities than
do neutrons or protons. Matter dominated by nuclei heavier than hydrogen has
∼2 baryons per electron, and hence electrons become relativistically degenerate
(pF = mec) at a density of ≈2 ×106 g cm−3. In addition, above ≈2.5 ×107 g cm−3

the total energy of electrons becomes larger than mnc
2−mpc2 = 1.294 MeV, where

mn = 1.674927 × 10−24 g = 939.566 MeV/c2 and mp = 1.672622 × 10−24 g =
938.272 MeV/c2 are respectively the rest masses of neutrons and protons. As a
result, at these and greater densities electrons and protons can undergo inverse beta
decay e− + p → n + νe. At higher densities the ratio of neutrons to protons in
nuclei increases, and then at the “neutron drip” density ρnd ≈ 4.3 × 1011 g cm−3

neutrons are stable outside nuclei. The neutron drip density is derived in detail in,
e.g., [22], but a good estimate can be obtained by a simple argument. Neutrons
can drip out of the nucleus when the total electron energy per nucleon equals
the nuclear binding energy per nucleon (as described in [22] there are small
corrections due to lattice energy and the nonzero energy of neutron continuum
states). The binding energy per nucleon is ∼8 MeV (see, e.g., Table 3 of [22]).
At high densities, Z/A ∼ 0.3 in contrast to the Z/A ∼ 0.5 common at lower
densities. Thus the condition on the electron Fermi energy for neutron drip is
EF,e ≈ 8(A/Z) MeV. The density at which this happens is therefore approximately
2 × 106 g cm−3(0.5/0.3)[(8 MeV/0.3)/0.5 MeV]3 ≈ 4 × 1011 g cm−3, where we
extrapolate from the density at which the electron Fermi energy becomes relativistic.

At infinite density, equilibrium matter consisting of just neutrons, protons, and
electrons would have eight times as many neutrons as protons (and electrons,
because charge balance has to be maintained). To see this, note that at infinite density
all species are ultrarelativistic and their chemical potentials are thus dominated by
their Fermi energies. Charge balance means that np = ne, so equilibrium implies

EF,n = EF,p + EF,e−
= 2EF,p

n
1/3
n = 2n

1/3
p

nn = 8np .

(1.1)

For a neutron star with a canonical mass M = 1.4 M� (where M� =
1.989 × 1033 g is the mass of the Sun) and radius R = 10 km that for simplicity
we will treat as made entirely of free neutrons, the average number density is
n = (M/mn)/(4πR3/3) = 4×1038 cm−3. This implies pF = 2.4×10−14 g cm s−1

and thus EF ≈ 2 × 10−4 erg= 100 MeV. This corresponds to a temperature of
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TF = EF /k ≈ 1012 K, which is much hotter than the expected interior temperatures
T < 1010 K typical of neutron stars more than a few years old [172]. Neutron stars
are strongly degenerate.

Note, however, that the high Fermi energy of neutrons suggests the possibility
of additional particles at high densities. For example, the lambda particle has a rest
mass of mΛ = 1115.6 MeV/c2, so if the neutron Fermi energy exceeds 176 MeV
then the lambda is in principle stable because 176 MeV plus the neutron rest-
mass energy 939.6 MeV exceeds 1115.6 MeV. Several other particles are within
300 MeV/c2 of the neutron. In addition, because the density at the center of a neutron
star is a few times nuclear saturation density ρnuc ≈ 2.6 × 1014 g cm−3, quarks
may become deconfined or matter might transition to a state that is lower-energy
than nucleonic matter even at zero pressure (strange matter; see, e.g., [77]). Various
density thresholds are summarized in Fig. 1.1.

Stars supported by nonrelativistic degeneracy pressure (a reasonable approxima-
tion for neutron stars, because EF < mnc

2) have radii that decrease with increasing
mass in contrast to most other objects. To see this, consider a star with a mass M

and radius R supported by nonrelativistic fermions of mass m. The Fermi energy per
particle is EF ∼ p2

F /2m ∼ h̄2n2/3 ∼ (M/R3)2/3 ∼ M2/3/R2. The gravitational

Fig. 1.1 Total energy per free neutron versus mass density (solid line). Above ∼1013 g cm−3 the
Fermi energy starts to contribute palpably to the total, and above ∼1015 g cm−3 the total energy
can exceed the rest mass energy of particles such as Λ0, Σ+, Δ, and Ξ 0 (marked by horizontal
dotted lines). Interactions between these particles can change the threshold density. The central
densities of realistic neutron stars range from ∼5 × 1014 g cm−3 to ∼ few × 1015 g cm−3, so some
of these exotic particles may indeed be energetically favorable. Also marked are the densities at
which free electrons become relativistic; where those electrons have enough total energy to make
p + e− → n + νe possible; where free neutrons can exist stably (i.e., at neutron drip); nuclear
saturation density ρnuc; and where free neutrons have a Fermi energy equal to their rest-mass
energy. To calculate the neutron Fermi energy we assume that all the mass is in free neutrons;
in reality at least a few percent of the mass is in protons and other particles, and below ρnuc a
significant fraction of mass is in nuclei
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energy per particle is EG ∼ −GMm/R, where G = 6.67 × 10−8 g−1 cm3 s−2

is Newton’s gravitational constant, so the total energy per particle is Etot =
C1M

2/3/R2 − C2M/R where C1 and C2 are constants. Minimizing with respect to
R gives R ∼ M−1/3. Effects associated with interactions can change this slightly,
but in practice most equations of state produce a radius that either decreases with
increasing mass or is nearly constant over a broad range in mass. This led [130] to
note that even for a star of unknown mass a measurement of the radius to within
∼10% would provide meaningful constraints on the equation of state.

1.2.2 Models of Matter at High Densities

There are several classes of matter beyond nuclear density: ones in which neutrons
and protons are the only baryons, ones in which other baryons enter (especially
those with strange quarks), ones involving deconfined quark matter, and so on.
Within each class there are a number of adjustable parameters, some of which are
constrained by laboratory measurements at nuclear density or below but many of
which can be changed to accommodate observations of neutron stars.

When confronted by this complexity a common question is: why is there
uncertainty about dense matter? The fundamental theory, QCD, is well-established.
Asymptotic freedom is not reached at neutron star densities, so the coupling constant
is large enough that expansions similar to those in quantum electrodynamics are not
straightforward, but in principle one could imagine Monte Carlo calculations that
establish the ground state of degenerate high-density matter.

This approach is unfortunately not currently practical, due to the lack of a viable
algorithm for high baryon densities. This is because of the so-called “fermion
sign problem”, which has been known for many years. We start by considering a
representative but small volume of matter at some density and chemical potential μ

that can exchange energy and particles with its surroundings but has a fixed volume
[109]. The thermodynamic state of the matter is therefore described by a grand
canonical ensemble using a partition function

Z = Z(T ,μ) = Tr {exp[−(H − μN)/kT ]} (1.2)

where H is the Hamiltonian and N is the particle number operator. It is common
to use β ≡ 1/(kT ). The trace is evaluated over Fock space, which makes this
formulation inconvenient. One can instead rewrite Z as

Z =
∫

DA detM(A)e−SG(A) , (1.3)

that is, as a Euclidean functional integral over classical field configurations.
Here A represents the degrees of freedom (quarks, gluons, . . .), SG(A; β) =∫ β

0 dx4
∫

d3xL E
G (A) is the thermal Euclidean gauge action, and the quark prop-

agator matrix is M(A) = /D(A) − m − μγ4 where /D = γμ(∂μ − igAa
μta), ta are
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the Hermitian group generators, g is the strong coupling constant, and γ are the
Euclidean gamma matrices.

For a vanishing chemical potential μ = 0, detM(A) is positive definite,
meaning that all contributions add in the same direction and Z is comparatively
straightforward to compute. If instead μ is real and nonzero, then detM(A) is
complex in general. Thus although Z is still real and strictly positive, the integrands
have various phases and the integral takes the form of a cancellation between
large quantities. The bad news is that the general fermion sign problem is NP-hard
[216], but work is proceeding on better approximation methods. If a first-principles
evaluation of Z yields, without ambiguity, the equilibrium state of dense matter at
low temperatures, then measurements of the properties of neutron stars would serve
as important tests of QCD itself and would thus be probes of very fundamental
physics indeed. Until that point, however, it is necessary to use phenomenological
models.

It is very difficult to rule out an entire class of models (e.g., those with only
nucleonic degrees of freedom or those with significant contributions from hyper-
ons). This is because neutron star core densities and the asymmetry in the number
densities of neutrons and protons are significantly greater than those that can be
probed in laboratories. As a result, one could always imagine adding contributions
that involve high powers of the density or asymmetry. These contributions would
have a negligible impact on laboratory matter but would have important effects in
the cores of neutron stars. One can make some general statements: for instance, if
non-nucleonic components become important above some density the equilibrium
radius at a given mass and the maximum mass both tend to be smaller than if
only nucleonic degrees of freedom contribute (because the presence of a new
energetically favorable composition softens the equation of state). Unfortunately,
it is difficult to establish a particular mass or radius that would eliminate such
exotic models. For example, hyperonic and hybrid quark models of neutron stars
have been constructed with maximum masses >2.0 M� [117, 122]. Nonetheless,
although neutron star observations cannot entirely rule out model classes in
principle, their role is important because they probe a different realm of matter than
what is accessible in laboratories. Ockham’s razor should then be used to judge
between different model classes: if one class fits all data using a small number of
parameters that have reasonable values and other classes require great complexity
or unreasonable values, the first class would be preferred.

One basic category of models, relativistic mean field theories, is quite phe-
nomenological in nature. In these models the degrees of freedom are nucleons and
mesons (which couple minimally to the nucleons but the coupling could have some
density dependence). The coupling strengths can be adjusted to laboratory data
and/or neutron star observations. In a more microscopically oriented approach, one
starts instead from some given nucleon-nucleon interaction (which can be extended
to more than two nucleons) that is fitted to data including the binding energy of light
nuclei and scattering data (for a recent effort in the context of chiral effective field
theory, see [99]). In both approaches there is considerable freedom about the types
of particles considered, e.g., the particles could be nucleons or the particles could
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Fig. 1.2 Mass versus radius for nonrotating stars constructed using several different high-density
equations of state. Rotation changes the radius to second order in the spin rate, but the corrections
are minor for known neutron stars. The solid curves include only nucleonic degrees of freedom
(these are the mass-radius relations for the soft, medium, and hard equations of state from [100]),
the short dashed lines assume bare strange matter [121], and the dotted curve uses a hybrid quark
equation of state with a phase transition [34]. The horizontal dashed line at 1.2 M� represents
approximately the minimum gravitational mass for a neutron star in current formation scenarios,
whereas the horizontal dashed line at 2.01 M� shows the highest precisely measured gravitational
mass for a neutron star

include hyperons or deconfined quarks. We plot some mass-radius relations from
representative equations of state in Fig. 1.2. It is clear that models can be constrained
tightly if more massive neutron stars are discovered, or if neutron star radii can be
measured with accuracy and precision (especially for stars of known mass).

Constraints on the equation of state of cold dense matter can be obtained from
astronomical observations or laboratory experiments. Some of the more useful
experimental data come from relativistic heavy-ion collisions, which can reach 2
to 4.5 times nuclear saturation density [70] but which have relativistic temperatures
and are therefore not degenerate. In addition, in such collisions the time for weak
interactions to occur is short, in contrast to the effectively infinite time available
in neutron stars. Laboratory data also include the binding energies of light nuclei
and recent measurements of the neutron skin thickness of heavy nuclei such as
208Pb (0.33+0.16

−0.18 fm according to the PREX team [3]; see [178] for some of the
implications of the expected more precise future measurements), which provide
a rare glimpse of neutron-rich matter because the neutron wavefunctions extend
slightly beyond the proton wavefunctions. These experiments thus measure the
microphysics semi-directly, whereas all astrophysical observations place indirect
constraints. In order to make explicit contact between microphysics and astrophysics
we now discuss briefly how to construct models of neutron stars given a high-density
equation of state.
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1.2.3 Construction of Neutron Star Models from Microphysics

We argued earlier that the Fermi energy in the cores of neutron stars is much greater
than the thermal energy. If we also assume that the matter is in its ground state at a
given density, this implies that the pressure is only a function of density: P = P(ρ)

(this is called a barotropic equation of state). If we have such an equation of state
we can compute the structure of a nonrotating and hence spherically symmetric star
using the Tolman-Oppenheimer-Volkoff (TOV) equation [164]:

dP(r)

dr
= − G

r2

[
ρ(r) + P(r)

c2

] [
M(r) + 4πr3 P(r)

c2

] [
1 − 2GM(r)

c2r

]−1

(1.4)

where M(r) = ∫ r

0 4πρ(r)r2dr is the gravitational mass integrated from the center
to a circumferential radius r . Note that for P/c2 � ρ and GM/c2 � r this
reduces to the Newtonian equation of hydrostatic equilibrium dP/dr = −GMρ/r2.
Thus one can construct a model star by choosing a central density or pressure and
integrating to the surface, which is defined by P = ρ = 0. This gives the radius
and gravitational mass of the star. Similar constructions are possible for stars that
rotate uniformly or differentially in some specified manner (see [63, 207]), but it is
conceptually clearer to focus on the nonrotating case.

One can therefore determine the neutron star mass-radius relation from a given
equation of state. If we suppose that in the future we will have precise measurements
of the radii and gravitational masses of a large number of neutron stars, say from the
minimum possible to the maximum possible mass, then comparison of the observed
M −R curve with predicted curves will strongly constrain the parameters of a given
class of models. But is it possible to go in the other direction, that is, could one take
observed (M,R) pairs and infer P(ρ) directly while remaining agnostic about the
microphysics that produces the equation of state?

This is not trivial. One might imagine that the construction of P(ρ) would
proceed as follows. First, we assume that we know the equation of state up to nuclear
saturation density ρnuc. Even in this first step we therefore make an extrapolation
from the nearly symmetric nuclear matter in nuclei to the highly asymmetric matter
in neutron stars. We use this equation of state to compute the mass Ms and radius
Rs of a star with a central density of ρnuc. We then observe a star with a slightly
larger mass than Ms . The microscopic unknowns would be the central density
(slightly larger than nuclear saturation) and the pressure at that density, which our
two measurements (of M and R) are sufficient to constrain. We then bootstrap P(ρ)

by measuring the mass and radius of successively more massive neutron stars.
The difficulty with this procedure is evident from Figure 11 of [4], which shows

that a star whose central density is exactly nuclear saturation density has a total
mass of only ∼0.1 M�. To get to the M ≈ 1.2 M� minimum for neutron star
masses [163, 237] requires densities that are more than twice nuclear saturation.
We will thus be required to extrapolate well beyond known matter in density and
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nuclear asymmetry to fit neutron star data. This is not fatal, because it means that
we are simply comparing model predictions with data, but it does mean that P(ρ)

cannot be inferred blindly without models.
If additional assumptions are made, for example that between fiducial densities

the equation of state is a polytrope P ∝ ργ , then [166] have shown that precise
mass and radius measurements of as few as three neutron stars could suffice to
give an empirically determined P(ρ). The inferred P(ρ) would then be compared
with the predictions from microphysical equations of state. As discussed by [131],
there are additional relatively model-independent constraints on the equation of
state that one can infer from observations. For example, the typical radius of a
neutron star scales as the quarter power of the pressure near nuclear saturation
density, and the maximum density that can be reached in a neutron star is ρmax ≈
1.5 × 1016 g cm−3(M�/Mmax)

2 if the maximum mass is Mmax.
Our final note about the theoretical predictions is that there are some phenomena

that have little effect on the mass-radius relation but are important for other
observables. For example, the existence of a proton superconducting gap can modify
core cooling dramatically [172], but the predicted gap energies of ∼0.1 − 1 MeV
[172] are so small compared to the Fermi energy that the overall structure of
neutron stars will be affected minimally. Thus if neutron star temperatures and
ages, particularly those of isolated neutron stars, can be inferred reliably, then they
will provide a beautiful complement to the mass and radius measurements that are
emphasized more in this review.

1.3 Constraints on Mass from Binary Observations

Mass measurements of neutron stars in binaries provide the most certain of all
constraints on the properties of cold high-density matter, particularly when the
companion to the neutron star is also a neutron star and thus the system approaches
the ideal of two point masses. In this section we discuss such measurements,
beginning with what can be learned from purely Newtonian observations and
moving on to the greater precision and breaking of degeneracies that are enabled
by measurements of post-Keplerian parameters from systems involving pulsars.

1.3.1 Newtonian Observations of Binaries

The classical approach to mass measurements in binaries assumes that one sees
periodic variation in the energy of spectral lines from one of the stars in the binary,
which we will call star 1. The period of variation is the orbital period Porb, the shape
of the variation gives the eccentricity e of the orbit, and the magnitude K1 (which
has dimensions of speed) of the variation indicates the line-of-sight component of
the orbital speed of star 1. Using Kepler’s laws these observed quantities can be



1 Astrophysical Constraints on Dense Matter in Neutron Stars 11

combined to form the “mass function”, which is

f1(M1,M2) = K3
1Porb

2πG
(1 − e2)3/2 = M3

2 sin3 i

(M1 + M2)2 . (1.5)

Here M1 is the mass of the star being observed, M2 is the mass of the other star, and
i is the inclination of the binary orbit to our line of sight (i = 0 means a face-on
orbit, i = π/2 means an edge-on orbit). From this expression, f1 is the minimum
possible mass for M2; if M1 > 0 or i < π/2 then M2 > f1. If periodically shifting
spectral lines are also observed from the second star (and thus the binary is a so-
called double-line spectroscopic binary), then the mass ratio is known and only i is
uncertain.

The inclination can be constrained for eclipsing systems. Particular precision is
possible in some extrasolar planet observations because of the Rossiter-McLaughlin
effect (in which the apparent color of the star varies in a way dependent on
inclination as a planet transits across its disk; see [147, 194]). This effect also
produces a velocity offset, which might have been seen in 2S 0921–63 [110]. The
inclination can also be constrained in systems for which the companion to a compact
object just fills its Roche lobe. This is because as the companion orbits it presents
different aspects to us, and the amplitude of variation depends on the inclination;
for example, a star in a face-on orbit looks the same to us at all phases, whereas star
in an edge-on orbit varies maximally in its aspect [13, 145]. In practice this analysis
is limited to systems that have low-mass companions (because Roche lobe overflow
from a high-mass companion to a lower-mass compact object is usually unstable;
see [81]) and that have transient accretion phases and hence have long intervals in
which there is effectively no accretion disk (because an active accretion disk easily
outshines a low-mass star and thus the binary periodicity is very difficult to observe).
Neutron star X-ray binaries might be less likely to be transient than black hole X-ray
binaries, although the data are ambiguous on this point, and their companions tend
to be much less massive and hence dimmer than the companions to black holes [81].
Thus despite the great success of this method for black hole binaries it has found
limited application for neutron star binaries.

1.3.2 Post-Keplerian Measurements of Pulsar Binaries

The most precise measurements of the masses of neutron stars in binaries are
made for systems in which additional parameters can be measured. The extreme
timing precision of pulsars makes pulsar binaries especially good candidates for
such measurements. The new effects that can be measured are:

• Precession of the pericenter of the system, ω̇.
• Einstein delay γ . At pericenter, the gravitational redshift from the system is

maximized.
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• Binary orbital decay Ṗb . Gravitational waves are emitted by anything that has
a time-variable quadrupole (or higher-order) mass moment. This shrinks and
circularizes binary orbits.

• Shapiro delay, r and s. When the signal from the pulsar passes near its
companion, time dilation in the enhanced potential delays the signal compared
to the arrival time of a photon in flat spacetime. The magnitude of the delay over
the orbit is characterized by the range r and shape s of the delay as a function
of phase. See [83] for a recent reparameterization of the Shapiro delay that may
represent the error region better for some orbital geometries.

Using the notation of [82], the dependences of these post-Keplerian parameters
on the properties of the binary are

ω̇ = 3
(

Pb

2π

)−5/3
(T�M)2/3(1 − e2)−1

γ = e
(

Pb

2π

)1/3
T

2/3
� M−4/3mc(mp + 2mc)

Ṗb = − 192π
5

(
Pb

2π

)−5/3
f (e)T

5/3
� mpmcM

−1/3

r = T�m2

s = sin i

(1.6)

where mp is the pulsar mass, mc is the companion mass, M = mp + mc is the total
mass (all masses are in units of a solar mass), T� = GM�/c3 = 4.925590947 μs,
and f (e) = (1 + 73e2/24 + 37e4/96)(1 − e2)−7/2. For a given system, there are
thus three Keplerian parameters that can be measured (binary period, radial velocity,
and eccentricity) along with the five post-Keplerian parameters. For a system such
as the double pulsar J0737–3039A/B [47] additional quantities can be measured.
Hence double neutron star systems in which at least one is visible as a pulsar are
superb probes of general relativity and yield by far the most precise masses ever
obtained for any extrasolar objects.

As discussed by Freire [82], the neutron stars with the greatest timing precision
are the millisecond pulsars. These, however, are spun up by accretion in Roche lobe
overflow systems, and that accretion also circularizes the system to high precision.
As a result, precession of the pericenter and the Einstein delay cannot be measured.
The Shapiro delay, however, can be measured even for circular binaries, and because
the Shapiro delay does not have classical contributions from tides (unlike pericenter
precession, for example), r and s can yield unbiased mass estimates. As pointed
out by Scott Ransom, Shapiro delay measurements are likely to become more
common due to the development of very high-precision timing for gravitational
wave detection via pulsar timing arrays. The consequence is that currently the
most constrained systems are field NS-NS binaries, in which little mass transfer
has taken place in the system and the stars are thus close to their birth masses.
In contrast, recycled millisecond pulsars have had an opportunity to acquire an
additional several tenths of a solar mass via accretion.
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Another possibility, which is described clearly by Freire [82], is that in high
stellar density environments such as globular clusters binary-single interactions
could play a major role. For example, a pulsar could be recycled to millisecond
periods and then an exchange interaction could leave it in an eccentric binary with a
white dwarf or another neutron star. Such a system would have a measurable ω̇ and
γ , and the neutron star could be high-mass and have excellent timing precision.

We do note that there are two drawbacks to NS-WD systems in globulars
compared to field NS-NS systems. First, although white dwarfs are small they are
not point masses to the degree that neutron stars are. As a result, there is a small
contribution to the precession from the finite structure of the white dwarfs. Second,
even at the high stellar densities of globulars a comparatively large orbit is required
for there to be a significant probability of interaction. To see this, note that the rate
of interactions for a binary of interaction cross section σ is τ−1 = nσv, where
n is the number density of stars (typically in the core n = 105 − 106 pc−3) and
v ∼ 10 km s−1 is the velocity dispersion. For a system of mass M , the interaction
cross section for a closest approach of a, roughly equal to the semimajor axis of
the binary, is σ ≈ πa(2GM/v2 + a). If M ≈ 2 M� and n = 105 pc−3, this
implies τ = 1010 yr when a ≈ 0.04 AU. This implies orbital periods greater than
a day, so dynamically formed NS-WD binaries are systematically larger than NS-
NS binaries formed in situ. Thus longer observation times are required to achieve a
given precision.

1.3.3 Dynamically Estimated Neutron Star Masses and Future
Prospects

For a recent compilation of dynamically estimated neutron star masses and uncer-
tainties, see [115]. From the standpoint of constraints on dense matter, the most
important development over the last few years has been the discovery of neutron
stars with masses M ∼ 2 M�, and possibly more. The first such established
mass was for PSR J1614–2230. Demorest et al. [72] determined that its mass is
M = 1.97 ± 0.04 M�, which they obtained via a precise measurement of the
Shapiro delay. This measurement was aided by the nearly edge-on orientation of
the system (inclination angle 89.17◦), which increases the maximum magnitude of
the delay and produces a cuspy timing residual that is easily distinguished from any
effects of an eccentric orbit.

The second large mass that has been robustly established belongs to
PSR J0348+0432. Antoniadis et al. [11] observed gravitationally redshifted optical
lines from the companion white dwarf. The observed Doppler modulation of the
energy of these lines yields a mass ratio when combined with the modulation
of the observed spin frequency of the pulsar. In addition, interpretation of the
Balmer lines from the white dwarf in the context of white dwarf models gives a
precise mass for the white dwarf, and indicates that the neutron star has a mass of
M = 2.01 ± 0.04 M�.
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In addition to these well-established high masses, there are hints that some black
widow pulsars (those that are currently evaporating their companions) might have
even higher masses. This was first reported for the original black widow pulsar
PSR B1957+20 [223]. For this star the best-fit mass is M = 2.40 ± 0.12 M�,
but at the highest allowed inclination and lowest allowed center of mass motion
the mass could be as low as 1.66 M�. More recently, [188] analyzed the gamma-
ray black widow pulsar PSR J1311–3430 and found a mass of M = 2.7 M� for
simple heated light curves (but with significant residuals in the light curve), and no
viable solutions with a mass less than 2.1 M�. They conclude that better modeling
and more observation is needed to establish a reliable mass, but it is an intriguing
possibility that black widow pulsars have particularly large masses.

From the astrophysical standpoint, it has been proposed that neutron star
birth masses are bimodal, depending on whether the core collapse occurs due to
electron capture or iron core collapse [197]. There is also mounting evidence for
systematically higher masses in systems that are expected to have had substantial
accretion [241]. From the standpoint of nuclear physics, [132] point out that
2.0 M� neutron stars place interesting upper limits on the physically realizable
energy density, pressure, and chemical potential. Higher masses would present even
stronger constraints.

To a far greater extent than with the other constraints described in this review,
we can be confident that the mere passage of time will greatly improve the mass
measurements, and indeed all of the timing parameters. Table II of [68] shows
that as a function of the total observation time T (assuming a constant rate of
sampling), the fractional uncertainties in the post-Keplerian parameters scale as
Δω̇ ∝ T −3/2, Δγ ∝ T −3/2, ΔṖb ∝ T −5/2, Δr ∝ T −1/2, and Δs ∝ T −1/2;
for the r and s parameters the improvements are simply due to having more
measurements, whereas the others improve faster with time because the effects
accumulate. Particularly good improvement is expected for the NS-WD systems
because as we describe above they have larger orbits and thus slower precession
than NS-NS systems. There is thus reason to hope that additional high-mass systems
will be discovered.

There are also planned observatories and surveys that will dramatically increase
the number of known pulsars of all types, which will likely include additional NS-
NS and NS-WD systems. An example of such a planned observatory is the Square
Kilometer Array, which has been projected to increase our known sample of pulsars
by a factor of ∼10. In addition, as [215] pointed out recently, future high-precision
astrometry will be able to deconvolve the parallactic, proper, and orbital motion of
the two components of a high-mass X-ray binary. They estimate that for parameters
appropriate to the Space Interferometry Mission [201] this will yield a neutron star
mass accurate to 2.5% in X Per, to 6.5% in Vela X-1, and to ∼10% in V725 Tau and
GX 301–2.

It is thus probable that in the next ∼10 years we will have far more, and far
better, estimates of the masses of individual neutron stars. We do not, however, have
a guarantee that any of those masses will be close to the maximum allowed. We thus
need additional ways to access the properties of high-density matter. In particular,
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many equations of state imply similar maximum masses but widely different radii.
We therefore turn to constraints on the radius.

1.4 Constraints on Radius, and Other Mass Constraints

As discussed in Sect. 1.2, accurate measurements of the radii of neutron stars would
strongly constrain the properties of neutron star core matter. Unfortunately, all
current inferences of neutron star radii are dominated by systematic errors, and
hence no radius estimates are reliable enough for such constraints. However, future
measurements using the approved missions NICER [90] and Athena+ [161] and
the proposed missions LOFT [78] and AXTAR [185], and hold great promise for
precise radius measurements if the effects of systematic errors can be shown to be
small. In this section we discuss various proposed methods for measuring radii and
the diverse results obtained by applying these methods. Some of the methods also
result in mass estimates, so we discuss those implications along the way.

1.4.1 Thermonuclear X-ray Bursts

More than 30 years ago it was proposed that the masses and radii of neutron stars
could be obtained via measurement of thermonuclear X-ray bursts [224]. These
bursts occur when enough hydrogen or helium (or carbon for the long-lasting
“superbursts”) accumulates on a neutron star in a binary. Nuclear fusion at the base
of the layer becomes unstable, leading to a burst that lasts for seconds to hours.
For a selection of observational and theoretical papers on thermonuclear bursts,
see [23, 64, 85, 86, 91, 112, 125, 137, 204, 212, 213, 236]. In some bursts, fits of
a Planck function to the spectra reveal a temperature that initially increases, then
decreases, then increases again before finally decreasing [107, 136, 203]. These are
called photospheric radius expansion (PRE) bursts [168]. The usual assumption is
that PREs occur because the radiative luminosity exceeds the Eddington luminosity

LE = 4πGMc

κ
(1.7)

where M is the mass of the star and κ is the radiative opacity. At luminosities greater
than LE , an optically thick wind can be driven a potentially significant distance from
the star. This leads to an increase in the radiating area and a consequent decrease
in the temperature [75, 167]. For Thomson scattering in fully ionized matter with a
hydrogen mass fraction X, κ = 0.2(1 + X) cm2 g−1 and thus

LE = 2.6 × 1038 erg s−1(1 + X)−1(M/M�) . (1.8)
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The basic method of [224] involves several assumptions. These are:

1. The full surface radiates uniformly after the photosphere has retreated to the
radius of the star.

2. The stellar luminosity is the Eddington luminosity at the point of “touchdown”,
which is defined as the time after the peak inferred photospheric radius is
reached when the color temperature, derived from a Planck fit to the spectrum, is
maximal. The luminosity can then be determined via measurement of the flux at
Earth and the distance to the star, assuming that the flux is emitted isotropically.

3. The spectral model for the atmosphere is correct. Thus the model must have
been verified against data good enough to distinguish between models, and the
atmospheric composition must be known. It is typically assumed that the color
factor fc ≡ Tcol/Teff, which is the ratio between the fitted Planck temperature
and the effective temperature, is not only known but is constant throughout the
cooling phase.

4. All other sources of emission from the system are negligible.

Using these assumptions, and using the notation of [206], if we have measured
the distance D to the star and know κ , we can measure the touchdown flux

FTD,∞ = GMc

κD2

√
1 − 2β(rph) (1.9)

where β(r) ≡ GM/rc2, the factor before the square root is the Eddington flux
diluted by distance, and rph is the radius of the photosphere. We can also use the
cooling phase of the burst to define a normalized angular surface area

A = F∞
σSBT 4

col,∞
= f −4

c

(
R

D

)2

(1 − 2β)−1 . (1.10)

Here σSB = 5.6704 ×10−5 erg cm−2 s−1 K−4 is the Stefan-Boltzmann constant and
F∞ and Tcol,∞ are the flux and fitted Planck temperature that we measure in the
cooling phase. Then the combinations of observed quantities

α ≡ FTD,∞√
A

κD
c3f 2

c

γ ≡ Ac3f 4
c

FTD,∞κ

(1.11)

can be related to β and R by α = β(1−2β) and γ = R[β(1−2β)3/2]−1 and solved
to yield

β = 1
4 ± 1

4

√
1 − 8α ,

R = αγ
√

1 − 2β ,

M = βRc2/G .

(1.12)
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The problem is that for several bursters, the most probable values of the observa-
tionally inferred quantities FTD,∞, A, and D, combined with the model parameter
fc, yield α > 1/8. This would imply that the mass and radius are complex numbers.
For example, in their analysis of 4U 1820–30, [95] used a Gaussian prior probability
distribution for FTD,∞, which had a mean F0 = 5.39 × 10−8 erg cm−2 s−1

and a standard deviation σF = 0.12 × 10−8 erg cm−2 s−1. They also used a
Gaussian prior probability distribution for A, with A0 = 91.98 (km/10 kpc)2 and
σA = 1.86 (km/10 kpc)2. Their prior probability distribution for D was a boxcar
distribution with a midpoint D0 = 8.2 kpc and a half-width of ΔD = 1.4 kpc.
Finally, they assumed a boxcar prior probability distribution for the color factor,
with fc0 = 1.35 and a half-width Δfc = 0.05. If we take the midpoint of each
distribution and also follow [95] by assuming that the opacity is dominated by
Thomson scattering and thus κ = 0.2 cm2 g−1 for the pure helium composition
appropriate to 4U 1820–30, we find α = 0.179 > 1/8.

Güver et al. [95] note that the probability of obtaining a viable M and R for
4U 1820–30 from these equations drops with increasing distance, but if we reduce
D to the 6.8 kpc, which is the smallest value allowed in the priors of [95], and
keep the other input parameters fixed, we find α = 0.148. If we also increase fc

to its maximum value of 1.4 and take the +2σ value of A and the −2σ value of
FTD,∞, α is still 0.129. In fact [206] showed that if we consider the prior probability
distribution of FTD,∞, A, D, and fc used by Güver et al. [95], only a fraction 1.5 ×
10−8 of that distribution yields real numbers for M and R. This demonstrates that
the 4% fractional uncertainties on the mass and radius of this neutron star obtained
by Güver et al. [95] emerge from the theoretical assumptions rather than from the
data. Thus such apparent precision is actually a red flag that one or more of the
model assumptions is incorrect.

The first suggestion for which assumption is in error came from [206], who
proposed that although the entire surface still emits uniformly throughout the
cooling phase, the photospheric radius might be larger than the radius of the star, i.e.,
rph > R. However, analysis of the cooling phase of the superburst from 4U 1820–
30 [158] demonstrates that such a solution is disallowed for at least the superburst
emission from this star, because any detectable change in photospheric radius would
require a flux very close to Eddington, and such fluxes give extremely poor fits to
the data. The work of [158] used and verified the fully relativistic Comptonized
spectral models of [211], and also showed that the fraction of the surface that
emits changes systematically throughout the superburst (the emitting area drops
by ∼20% during the ∼1600 s analyzed). Moreover, there is no guarantee that the
whole surface was emitting at any time. Thus the star does not emit uniformly
over its entire surface during the superburst, and hence it cannot be assumed that
it has uniform emission during shorter bursts when the data quality is insufficient
to check this assumption. Indeed, the presence of burst oscillations (see [230] for
a recent review) demonstrates that there is nonuniformity in burning during many
bursts. Additional concerns are that the color factor is likely to evolve during the
burst, and that some of the bursts are not fit well using existing spectral models
[43, 55, 87, 89, 210, 242].
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Suleimanov et al. [210] find a radius of more than 14 km from a long PRE burst
from 4U 1724–307 based on fits of their spectral models to the decaying phase
of the burst. As part of their fits, they find that the Eddington flux occurs not
at touchdown, but at a 15% lower luminosity; this, therefore, calls into question
another of the assumptions in the standard approach to obtaining mass and radius
from bursts. Their radius value is based on the good fit they get to the bright portion
of the burst, when according to their fits the local surface flux exceeds ∼50%
of Eddington. This is an intriguing method that should be considered carefully
when data are available from the next generation of X-ray instruments. However,
a potential concern is that the spectra does not agree with their models below ∼50%
of Eddington. This suggests that there is other emission in the system at least at those
lower luminosities, and hence that some of this emission might be present at higher
luminosities as well. Against this is the excellent fit without extra components that
[158] obtained for the superburst from 4U 1820–30 using the models of [211]. More
and better data are the key.

If truly excellent spectra can be obtained, then as pointed out by [143], inference
of the surface gravity g and surface redshift z leads uniquely to determination of the
stellar mass and radius. However, even the ∼2 × 107 counts observed using RXTE
from the 4U 1820–30 superburst are insufficient to determine both g and z uniquely
[158], so this appears to require much larger collection areas. The combination (1 +
z)/g2/9 can be measured precisely using sufficiently good continuum spectra, and
then combined with other measurements to, possibly, constrain M and R [138, 158],
so this is promising for the future. The net result is that currently inferred masses and
radii from spectral fits to thermonuclear X-ray bursts must be treated with caution;
none are reliable enough to factor into equation of state constraints.

1.4.2 Fits of Thermal Spectra to Cooling Neutron Stars

In principle, observations of cooling neutron stars with known distances allow us to
measure the radii of those stars, modulo an unknown redshift. In practice, as with
radius estimates from bursts, systematic errors dominate and thus current radius
determinations are not reliable enough to help constrain the properties of dense cold
matter.

To understand the basic principles, suppose that the star is at a distance d and that
we measure a detector bolometric flux Fdet,bol from the star that is fit by a spectrum
with an effective temperature Teff,∞ at infinity. Suppose that we also assume that
the entire surface radiates uniformly. If the surface redshift is z then the luminosity
at the surface is Lsurf = (1 + z)2L∞ = (1 + z)2Fdet,bol4πd2 = 4πR2σSBT 4

surf =
4πR2(1 + z)4σSBT 4

eff,∞. This implies

R = (1 + z)−1d[Fdet,bol/(σSBT 4
eff,∞)]1/2 . (1.13)


