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Preface

The design of a mechanical system very often includes a requirement for dynamic analysis.
During the early concept design stages it is useful to create a mathematical model of the
system by deriving the governing equations of motion. Then, simulations of the behavior
of the system can be produced by solving the equations of motion. These simulations give
guidance to the design engineers in choosing parameter values in their attempt to create a
system that satisfies all of the performance criteria they have laid out for it.

There is a logical progression of analyses that are required during the design. The design
engineer needs to determine, from the nonlinear differential equations of motion:
● The equilibrium states of the system – these are places where, once put there and not

disturbed, the system will stay. The time varying terms are removed from the differential
equations of motion, leaving a set of nonlinear algebraic equations. The solutions to these
equations provide knowledge of all of the equilibrium states.

● The stability of the equilibrium states – the question here is: if the system is disturbed
slightly from an equilibrium state, will it try to get back to that state or will it move
farther away from it? It is usually not good practice to design systems around unstable
equilibrium states since the system will always tend to move towards a stable equilib-
rium condition. Answering the stability question involves a linearization of the equations
of motion for small perturbations away from the equilibrium states.

● How the system behaves around a stable equilibrium state – the study of small motions
of a mechanical system around a stable equilibrium state lies in the realm of vibrations
and leads to predictions of natural frequencies, mode shapes, and damping ratios, each
of which is very useful during the design process. The linearized differential equations of
motion are used.

● The response to harmonically applied external forces – systems, in stable equilibrium, are
often subjected to harmonic external disturbances at known forcing frequencies and their
response to these forces provides critical design information. The linearized equations of
motion are used.

● The response of the system in the time domain – the fully nonlinear equations of
motion are solved numerically to simulate the response of the system to known external
forces. Large scale motions and the nonlinear characteristics of system elements are
included. This is the numerical equivalent to conducting performance experiments with
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xii Preface

a prototype of the system. The design information gleaned from these simulations is,
perhaps surprisingly to some, not very useful in the early stages of the design. Accurate
nonlinear simulations require precise knowledge of system parameters that simply
isn’t available in the early design phases of a project. The time domain simulations are
best left to the prototype testing stage when they can be validated through comparison
of predicted and measured system response. Validated time domain simulations are
valuable tools to use when considering design changes aimed at improving the measured
performance of the system.

The presentation of material in this book divides the practice of engineering dynamics
into three parts.

Part 1. Modeling: Deriving Equations of Motion

Dynamic analysis is based on the use of accurate nonlinear equations of motion for a sys-
tem. Deriving these complicated equations is a task that is prone to error. Because of this, it
is important to derive the governing equations twice, using two different methods of anal-
ysis, and then prove to yourself that the two sets of equations are the same. This is a time
consuming activity but is vital because predictions made from the equations of motion are
critical in the design process. Predictions made using equations with errors are not of any
use. The first part of the book discusses the generation of nonlinear equations of motion
using, firstly, Newton’s laws and, secondly, Lagrange’s equation. Only when the two meth-
ods give the same equations can the analyst proceed to part 2 with confidence.

Part 2. Simulation: Using the Equations of Motion

The second part presents a logical progression of analysis techniques and methods applied
to the governing equations of motion for systems. The progression is from equilibrium solu-
tions that find in what states the system would like to be, to analyzing the stability of these
equilibrium states (stability is usually considered only in textbooks on control systems but
it is vitally important to dynamic systems), to considering small motions about the stable
equilibrium states (this topic is covered in textbooks on vibrations but is, again, vital to engi-
neers doing dynamic analysis), to frequency domain analysis (vibrations again), and finally
to time domain solutions (these are rarely covered in textbooks).

Part 3. Working with Experimental Data

While not usually considered a part of the design process, analysis of experimental data
measured on dynamic systems is critical to creating a successful product. To assist engineers
in developing capabilities in this area, part 3 covers the practical use of discrete fourier
transforms in analyzing experimental data.

In order to emphasize the idea that any dynamic mechanical system can be analyzed
using the sequence of steps presented here, all the exercises at the ends of the chapters are
based on 23 mechanical systems defined in an appendix. Any one of these systems could be
used as an example of all of the types of dynamic analysis.
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Preface xiii

This book is based on course notes that I have developed while teaching a one-semester
graduate course on dynamics over more than two decades. It could just as well be used in
a senior undergraduate dynamics course.

November, 2019 Ronald J. Anderson
Kingston, Canada
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1

Kinematics

Kinematics is defined as the study of motion without reference to the forces that cause the
motion. A proper kinematic analysis is an essential first step in any dynamics problem.
This is where the analyst defines the degrees of freedom and develops expressions for the
absolute velocities and accelerations of the bodies in the system that satisfy all of the phys-
ical constraints. The ability to differentiate vectors with respect to time is a critical skill in
kinematic analysis.

1.1 Derivatives of Vectors

Vectors have two distinct properties – magnitude and direction. Either or both of these prop-
erties may change with time and the time derivative of a vector must account for both.

The rate of change of a vector r⃗ with respect to time is therefore formed from,

1. The rate of change of magnitude
(

dr⃗
dt

)
m

.

2. The rate of change of direction
(

dr⃗
dt

)
d
.

Figure 1.1 shows the vector r⃗(t) that changes after a time increment, Δt, to r⃗(t + Δt).
The difference between r⃗(t) and r⃗(t + Δt) can be defined as the vector q⃗(t) shown in

Figure 1.1 and, by the rules of vector addition,

r⃗(t) + q⃗(t) = r⃗(t + Δt) (1.1)

or,

q⃗(t) = r⃗(t + Δt) − r⃗(t). (1.2)

Then, using the definition of the time derivative,

dr⃗
dt

= lim
Δt→0

r⃗(t + Δt) − r⃗(t)
Δt

= lim
Δt→0

q⃗(t)
Δt

. (1.3)

Imagine now that Figure 1.1 is compressed to show only an infinitesimally small time
interval, Δt. The components of q⃗(t) for the interval Δt are shown in Figure 1.1. They are,

1. A component dq⃗m aligned with the vector r⃗. This is a component that is strictly due to
the rate of change of magnitude of r⃗. The magnitude of dq⃗m is ṙΔt where ṙ is the rate of

The Practice of Engineering Dynamics, First Edition. Ronald J. Anderson.
© 2020 John Wiley & Sons Ltd. Published 2020 by John Wiley & Sons Ltd.
Companion Website: www.wiley.com/go/anderson/engineeringdynamics

http://www.wiley.com/go/anderson/engineeringdynamics
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4 1 Kinematics

r(t+Δt)⇀

ϕ

q(t)⇀

r(t)⇀
dqm
⇀

dqd
⇀

Figure 1.1 A vector changing with time.

change of length (or magnitude) of the vector r⃗. The direction of dq⃗m is the same as the
direction of r⃗. Let dq⃗m be designated1 as ⃗̇rΔt.

2. A component dq⃗d that is perpendicular to the vector r⃗. That is, a component due to the
rate of change of direction of the vector. Terms of this type arise only when there is an
angular velocity. The rate of change of direction term arises from the time rate of change
of the angle 𝜙 in Figure 1.1 and 𝜙̇ is the magnitude of the angular velocity of the vector.
The rate of change of direction therefore arises from the angular velocity of the vector. The
magnitude of dq⃗d is 𝜙̇rΔt where r is the length of r⃗. By definition the rate of change of
the angle 𝜙 (i.e. 𝜙̇) has the same positive sense as the angle itself. It is clear that 𝜙̇r is the
“tip speed” one would expect from an object of length r rotating with angular speed 𝜙̇.

The angular velocity is itself a vector quantity since it must specify both the angular speed
(i.e. magnitude) and the axis of rotation (i.e. direction). In Figure 1.1, the speed of rotation
is 𝜙̇ and the axis of rotation is perpendicular to the page. This results in an angular velocity
vector,

𝜔⃗ = 𝜙̇ k⃗ (1.4)

where the right handed set of unit vectors, (𝚤⃗, 𝚥⃗, k⃗), is defined in Figure 1.2. Note that it is
essential that right handed coordinate systems be used for dynamic analysis because of the
extensive use of the cross product and the directions of vectors arising from it. If there is a
right handed coordinate system (x, y, z), with respective unit vectors (𝚤⃗, 𝚥⃗, k⃗), then the cross
products are such that,

𝚤⃗ × 𝚥⃗ = k⃗

𝚥⃗ × k⃗ = 𝚤⃗

k⃗ × 𝚤⃗ = 𝚥⃗.

Using this definition of the angular velocity, the motion of the tip of vector r⃗, resulting
from the angular change in time Δt, can be determined from the cross product

(𝜔⃗ × r⃗)Δt

which, by the rules of the vector cross product, has magnitude,

|𝜔⃗||r⃗|Δt = 𝜙̇rΔt

1 The convention used here is that a vector with an overdot such as ⃗̇r is used to represent the rate of change
of magnitude of the vector and the overdot is not to be interpreted as a shorthand method of signifying the
total derivative of the vector. For a scalar function there is only a magnitude and the overdot will represent
its rate of change.
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1.2 Performing Kinematic Analysis 5

Figure 1.2 Even 2D problems are 3D.

r(t+Δt)⇀

𝜔 = 𝜙 k⇀ ⇀·

ϕ

q(t)⇀

i
⇀

k
⇀

j
⇀

r(t)⇀

dqm
⇀

dqd
⇀

and a direction that, according to the right hand rule2 used for cross products, is perpendic-
ular to both 𝜔⃗ and r⃗ and, in fact, lies in the direction of dq⃗d.

Combining these two terms to get q⃗(t) and substituting into Equation 1.3 results in,

dr⃗
dt

= lim
Δt→0

⃗̇rΔt + (𝜔⃗ × r⃗)Δt
Δt

= ⃗̇r + 𝜔⃗ × r⃗. (1.5)

The time derivative of any vector, r⃗, can therefore be written as,

dr⃗
dt

= ⃗̇r
⏟⏟⏟

rate of change
of magnitude
of the vector

+ 𝜔⃗ × r⃗
⏟⏟⏟

rate of change
of direction
of the vector

.

(1.6)

It is important to understand that the angular velocity vector, 𝜔⃗, is the angular velocity
of the coordinate system in which the vector, r⃗, is expressed. There is a danger that the
rate of change of direction terms will be included twice if the angular velocity of the vector
with respect to the coordinate system in which it measured is used instead. The example
presented in Section 1.3 shows a number of different ways to arrive at the derivative of a
vector which rotates in a plane.

1.2 Performing Kinematic Analysis

Before proceeding with examples of kinematic analyses we state here the steps that are
necessary in achieving a successful result. This first step in any dynamic analysis is vitally
important. The goal is to derive expressions for the absolute velocities and accelerations of the
centers of mass of the bodies making up the system being analyzed. In addition, expressions
for the absolute angular velocities and angular accelerations of the bodies will be required.

2 Let the cross product of two vectors, A⃗ and B⃗, be the vector, C⃗

A⃗ × B⃗ = C⃗.

According to the right hand rule, the direction of C⃗ is the direction aligned with the thumb of your right
hand if you point that hand in the direction of A⃗ and curl your fingers towards B⃗.
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It is at this first step of the analysis that degrees of freedom are defined and constraints on
relative motion between bodies are satisfied.

For this general description of kinematic analysis, we assume that we are analyzing a
system that has multiple bodies connected to each other by joints and that we are attempting
to derive an expression for the acceleration of the center of mass of a body that is not the
first in the assembly.

The procedure is as follows.

1. Find a fixed point (i.e. one having no velocity or acceleration) in the system from which
you can begin to write relative position vectors that will lead to the centers of mass of
bodies in the system.

2. Define a position vector that goes from the fixed point, through the first body, to the next
joint in the system. This is the position of the joint relative to the fixed point.

3. Determine how many degrees of freedom, both translational and rotational, are required
to define the motion of the relative position vector just defined. The degrees of freedom
must be chosen to satisfy the constraints imposed by the joint that connects this body to
ground.

4. Define a coordinate system in which the relative position vector will be written and deter-
mine the angular velocity of the coordinate system.

5. Repeat the previous three steps as you go from joint to joint in the system, always being
careful to satisfy the joint constraints by defining appropriate degrees of freedom.

6. When the desired body is reached, define a final relative position vector from the joint
to the center of mass.

7. The sum of all the relative position vectors will be the absolute position of the center
of mass and the derivatives of the sum of vectors will yield the absolute velocity and
acceleration of the center of mass.

1.3 Two Dimensional Motion with Constant Length

Figure 1.3 shows a rigid rod of length, 𝓁, rotating about a fixed point, O, in a plane. An
expression for the velocity of the free end of the rod, P, relative to point O is desired.

By definition, the velocity of P relative to O is the time derivative of the position of P
relative to O. This position vector is designated p⃗P∕O and is shown in the figure.

In order to differentiate the position vector, we must have an expression for it and this
means we must first choose a coordinate system3 in which to work. For a start, we can
choose a right handed coordinate system fixed in the ground. The set of unit vectors
(𝚤⃗0, 𝚥⃗0, k⃗0) is such a system. The angular velocity of this coordinate system is zero (i.e.
𝜔⃗0 = 0⃗) since it is fixed in the ground.

An expression for the position of P relative to O in this system is,

p⃗P∕O = 𝓁 cos 𝜃𝚤⃗0 + 𝓁 sin 𝜃𝚥⃗0. (1.7)

3 Three dimensional sets of unit vectors shown in two dimensional figures such as Figure 1.3 will be
shown with the positive sense of the vector out of the plane represented by a curved arrow using the right
hand rule (e.g. k⃗0 in Figure 1.3).
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1.3 Two Dimensional Motion with Constant Length 7

Figure 1.3 A rigid rod rotating about a fixed
point.

θ

P

PP/O
⇀

k0
⇀

k1
⇀

O

j0
⇀

j1
⇀

i0
⇀

i1
⇀

We apply Equation 1.6 to p⃗P∕O to get,

𝑣P∕O = d
dt
(p⃗P∕O) = ⃗̇pP∕O + 𝜔⃗0 × p⃗P∕O

= d
dt
(𝓁 cos 𝜃𝚤⃗0 + 𝓁 sin 𝜃𝚥⃗0) + 0⃗ × (𝓁 cos 𝜃𝚤⃗0 + 𝓁 sin 𝜃𝚥⃗0). (1.8)

In this coordinate system, it is clear that there is a rate of change of magnitude of the vector
only and the velocity of point P relative to O after performing the simple differentiation is,

𝑣P∕O = −𝓁𝜃̇ sin 𝜃𝚤⃗0 + 𝓁𝜃̇ cos 𝜃𝚥⃗0 = 𝓁𝜃̇(− sin 𝜃𝚤⃗0 + cos 𝜃0 𝚥⃗0). (1.9)

Another derivation of the velocity of P relative to O might use the system of unit vectors
(𝚤⃗1, 𝚥⃗1, k⃗1) that are fixed in the rod. The advantage of using this system is that the position
vector is easily expressed as,

p⃗P∕O = 𝓁𝚤⃗1. (1.10)

Note that the length of this vector is a constant so that the total derivative must come
from its rate of change of direction. The angular velocity of the coordinate system is equal
to the angular velocity of the rod since the coordinate system is fixed in the rod. That is,

𝜔⃗1 = 𝜃̇k⃗1 (1.11)

and the velocity of P relative to O is therefore4,

𝑣P∕O = d
dt
(p⃗P∕O) = ⃗̇pP∕O + 𝜔⃗1 × p⃗P∕O = (𝓁̇𝚤⃗1) + (𝜃̇k⃗1) × (𝓁𝚤⃗1). (1.12)

Since 𝓁 is constant, 𝓁̇ = 0, and the final result is,

𝑣P∕O = (𝜃̇k⃗1) × (𝓁𝚤⃗1) = 𝓁𝜃̇𝚥⃗1. (1.13)

4 Readers are encouraged to review the rules for cross multiplication of vectors.


