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Preface

Over the past two decades, multi-body dynamics has emerged as one of the major
tools in the design and analysis of complex mechanical system. However, in the
field of robotics, its application is not so comprehensive. Further, multi-legged
robotics is an emerging technology and a lot of research is yet to be done before a
full proof robust system is developed to fulfill the human needs. Most of the
available literature about multi-body dynamic modeling of multi-legged robots is in
form of journal, conference proceedings, monographs, etc. However, only a handful
of books are available online or published in this field. This book deals with
constrained rigid multi-body dynamics. It presents a systematic approach to kine-
matics and coupled multi-body dynamic modeling along with the study of gener-
ating path and gait of a realistic six-legged robotic system locomoting in 3D
Cartesian space on various terrains like sloping surface, staircase, and some
user-defined rough terrains with straight-forward, crab, and turning motion capa-
bilities. The book outlines the most effective way of handling the kinematic and
dynamic constraints and discusses in detail the foot–ground interaction mechanics,
energy efficiency, and stability (both dynamic and static) of a realistic six-legged
robot. Further, the book deals with computer simulations carried out in MATLAB
and subsequent validation using Virtual Prototyping (VP) tools and real experiment.
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Nomenclature

Latin Symbols

AG0G 3�3 Transformation matrix that maps
dynamic reference frame (G) into static global
reference frame (G0)

AG0Ni3 3�3 Transformation matrix that maps
reference frame (Ni3) into reference frame
(G0)

AL0G 3�3 Transformation matrix that maps
dynamic reference frame (G) into TB body
reference frame (L0)

AL0L0 ij 3�3 Transformation matrix that maps
reference frame (L0

ij) into reference frame (L0)

AL00 i3Li3 , AL000 iLi Transformation matrices that map reference
frames (Li3) into reference frame (L00

i3) and
(L000

i3) respectively
Ai is a square matrix, 2 R

3;3

Ae, Be, Au, Bu are combined matrices
Bi is a square matrix, 2 R

3;3

c An auxiliary variable, 2 R
1 8

CB, CL, CT COM of the trunk body, COM of the payload,
aggregate center of mass of the system
respectively

Ck Center of mass of the rigid body ‘k’ of the
hexapod (here, k = 0 designates combination
of trunk body and payload; k = ij designates
link ij, for i = 1 to 6, j = 1 to 3)

Ci COM of the interactive contact volume of the
foot tip with the terrain

Cpi COM of footpad

xv



Cmax Maximum damping
Di is a square matrix, 2 R

3;3

D(q) Coupled mass and inertia matrix of the system
in terms of generalized coordinates

d Diameter of footpad
dij Joint offset distance
e Force exponent (mostly material property and

e > 1 for stiff spring)
Es Specific energy consumption
fK, fU Total summation of known and unknown

forces and moments, respectively
cf Vector of constraint reaction forces and

torques of the joints in terms of Cartesian
coordinates, 2 R

114

f(pG0 ; vG0 ) Vector of applied forces and torques

FG
i ; F

G0
i

Vector of the ground reaction forces at the foot
of leg i with respect to G and G0, respectively

FG0
e Vectors representing the centrifugal, Coriolis,

gyroscopic, and gravitational forces acting on
the combined mass of the trunk body and
payload with respect to frame G0

mFG
i Vector of resultant compliant impact force

with respect to frame G
FG0
Cm

Vector of gravitational forces acting on the
system with respect to frame G0

G Dynamic reference frame corresponding to
XYZ axes system

Go Static global reference frame corresponding to
XYZ axes system

g Acceleration due to gravity
�H An auxiliary variable known as Hessian

matrix, 2 R
18�18

HG0 Total angular momentum of the system
expressed in G0

hc Depth of the centroid of the interactive contact
volume from the plane XY

h0in Height of the terrain at the point of touch by
swing leg i with the ground at nth cycle

hl Vertical height that gives the measure of
energy stability level

Hmin Maximum height of the topography on the
path of the trajectory of swing leg i at nth
cycle

xvi Nomenclature



Δh Clearance between the maximum height of
trajectory (along Z-direction) of swing leg
i and Hmin at nth cycle

i Leg number (here i = 1 to 6)
j Joint number (here j = 1 to 3)
JLCkx; J

L
Cky; J

L
Ckz, J

L
Ckxy; J

L
Ckyz; J

L
Ckzx

Mass moment of inertia of the rigid body ‘k’
of the system about x, y, z, xy, yz, and zx with
respect to frame L0 respectively [here, L = L0

for k = 0; L = L0
ij for k = ij]

JLCk
, JLPk

Mass moment of inertia matrix of the rigid
body ‘k’ of the system with respect to the
points Ck and Pk, respectively, represented in
the local (body-fixed) frame L [here, L = L0

for k = 0; L = L0
ij for k = ij]

J, _J Jacobian matrix and its derivative,
respectively, for the kinematically transformed
system in terms of generalized coordinates

Jrij , J
0
rij 3 � 6 Jacobian matrices of the inverse

kinematics
_Jrij , _J0rij 3 � 6 Time derivative of the Jacobian matrices

K Characteristic stiffness of the boundary surface
considered in MSC.ADAMS®

k Body part number (here, k = 0 designates
combined trunk body and payload; k = ij
designates link ij)

l Edge or segment of support polygon
considered as the rotation axis

li Leg offset distance, that is, minimum
projective distance between the points at Si
and Pi3

lij Kinematic link length of link ij
l0i3 Minimum distance between rotating axis of

joint i3 and foot-pad center
L0 Body-fixed reference frame located at point P0

on the trunk body
LG0 Total linear momentum of the system

expressed in G0

L0
i, L00

i Reference frames on joint i1 indicating
successive joint states respectively

L0
i1, L00

i1 Reference frames on joint i2 indicating
successive joint states respectively

L0
i2, L00

i2 Reference frames on joint i3 indicating
successive joint states respectively
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Li3, L0
i3, L00

i3, L000
i3 Reference frames located at tip point Pi3 and

parallel to reference frame G; parallel to
reference frame L00

i2; signify reference frame
for crab angle during crab motion; signify
reference frame for turning angle during
turning motion respectively

mB, mL, mij Masses of trunk body, payload, and links ij,
respectively

m Number of divisions of a gait cycle
mb Mobility of the system
MG0

ij
Torque at the jth joint of ith leg,

Mij,min and Mij,max Torque limitations at the jth joint of ith leg
MkðpG0

k Þ Mass matrix of the rigid body ‘k’ in terms of
Cartesian coordinates, 2 R

6;6

M (pG0 ) Combined mass matrix of the system in terms
of Cartesian coordinates, 2 R

114;114

MG0
0

Vector of joint torques acting on the trunk
body and payload (combined)

MG0
e , MG0

ei
Vectors representing the centrifugal, Coriolis,
gyroscopic, and gravitational moments acting
on the trunk body, payload, and leg i with
respect to frame G0 respectively

MG0
i Vector of joint torques of leg i, 2 R

18

MG0 Overall joint torque vector, 2 R
18

n Number of gait cycles
nc Number of kinematic joint constraints
ng Number of grounded legs
O Global origin or point of coincident of the

reference frames G0 and G
p Boundary penetration (�z1) at which

MSC.ADAMS® solver applies full damping
Pav Average power consumption
pGk Vectors of Cartesian coordinates of point Pk

with respect to G0

pG Overall vectors of Cartesian coordinates of the
system with respect to G

pG0 Overall vectors of Cartesian coordinates of the
system with respect to G0

Pk Point representing the origin of the local
reference frame located on the rigid body ‘k’
of the hexapod

PT
r ðx; yÞ, PT

r ðx; zÞ 2 � 3 matrix projectors

xviii Nomenclature



PrðyÞ, PrðzÞ 1 � 3 matrix projectors
q0, qi, q Generalized coordinates of the trunk body, leg

i and overall system respectively
qGC (pG0 ; vG0 ) Vector of centrifugal forces and gyroscopic

terms
Qi Friction coefficient matrix, 2 R

4;3

rL0CLP0
, rL0CTP0

, rL0SiP0
Displacement vector from point P0 to CL, CT,
and Si, respectively represented in reference
frame L0

rL
0
i1

Pi1Si , r
L0 i2
Pi2Pi1

, rL
0
i3

Pi3Pi2
Displacement vectors from point Si to Pi1, Pi1

to Pi2, Pi2 to Pi3, respectively, in their local
reference frames L0

i1, L0
i2 , and L0

i3

rL
0
ij

CijPij

Displacement vector from point Pij to Cij

represented in reference frame L0ij
rGC0O, r

G
CijO, r

G
CmO

Displacement vector from point O to C0, Cij,
and Cm represented in reference frame
G respectively

rGPs
i3O

Displacement vector of the tip point Pi3 of leg
i at any instant of time

rGP0O
Displacement vectors represented in reference
frame G from point O to P0

rGPijO
Displacement vectors represented in dynamic
reference frame G from point O to Pij (for j =
1 to 3)

rGSiO Displacement vectors represented in dynamic
reference frame G from point O to Si

_rGP0O, €r
G
P0O

Translational velocity and acceleration vectors
of point P0 respectively, represented in
reference frame G

_rGPijO, €r
G
PijO

Translational velocity and acceleration vectors
of point Pij respectively, represented in
reference frame G

rG0
CmO

Displacement vector from point O to Cm

represented in reference frame G0

rG0
Cm=l

Vector from line P13P53 to COG with respect
to frame G0 and is orthogonal to line P13P53

r0G0

Cm=l
Vector obtained by rotating vector rG0

Cm=l
about

line P13P53, until it lies in plane I (vertical
plane which includes the line P13P53, that is
edge l)

_rG0
PijO, €r

G0
PijO

Translational velocity and acceleration vectors
of point Pij respectively, represented in
reference frame G0

Nomenclature xix



Si Origin or point of coincident of the reference
frames L0

i and L00
i associated with joint i1

s0, sc0 Linear and angular stroke of the trunk body
respectively

sT Total distance travelled during locomotion
sfw Full swing stroke of Leg i
s000 Distance covered by the trunk body per

division per duty cycle
t0 Start time of the trunk body motion
t1 Time at which velocity of trunk body reaches

maximum
t2 Time at which the trunk body starts

decelerating
t3 End time of the trunk body motion
ts3
�
�
n

End time of the swing leg motion for the nth
cycle

tsstart Start time of the swing leg motion
tsend End time of the swing leg motion
TG0
i

Vectors of moments at the foot of leg i with
respect to G0

TG0
Cm

Resultant moment acting at COG

u Velocity vector of the overall system in terms
of generalized coordinates

_u Acceleration vector of the overall system in
terms of generalized coordinates

vNi3
xy Slip velocity

vs Stiction transition velocity
vd Friction transition velocity
vG0
k

Velocity vector of the rigid body ‘k’ of the
system measured with respect to G0 in the
Cartesian system

vref Reference velocity
vt0 Initial rate of change of displacement (linear or

angular) of the trunk body with respect to
point P0 is considered to be,

vt1 Maximum rate of change of displacement
(linear or angular)

W Symmetric positive definite matrix, 2 R
18;18

z Distance function of the impact
z1 Trigger distance (vertical) between COM of

foot-pad (Cpi) and edge of foot-pad (H)
_z Derivative of z to impact

xx Nomenclature



Greek Symbols

aG, bG, hG Angles representing slope, banking, initial position of the robot on
the terrain, respectively

a0, b0, h0 Angular displacement of trunk body along X-, Y-, and Z- directions
with respect to frame L0, respectively

hi1, bi2, bi3 Angular displacement of joint i1 located at Si, joint i2 located at Pi1,
joint i3 located at Pi2, respectively

c Fixed angle between frames L0 and L0
i

/ Twisted angle of the coxa
w Bounding angle between li3 and l0i3
Wl Angle between r0G0

Cm=l
and unit vector ẑ

Xl Angle between rG0
Cm=l

and r0G0

Cm=l

hc Crab angle
hLi3i3

Turning angle
es Slip angle
ls Coefficient of static friction
ld Coefficient of dynamic friction
f Friction angle
di Angle of inclination of the flat surface of the footpad with respect to

reference frame G
v Angle subtended by the impact force mFG

i with the point Ci

s Vector of ground reaction forces/ moments and coupled joint torques
k Vector of the Lagrange multipliers, 2 R

nc

G0xij, G0 _xij Vector of angular velocity and angular acceleration of the link ij
represented in frame G0, respectively

D0
a and D0

d First derivatives of Δa and Δd, respectively, with respect to time
Δt Duration of acceleration and deceleration of the trunk body

Abbreviations

3D Three-dimensional
ADAMS Automated dynamic analysis of mechanical systems
CAD Computer-aided design
CAE Computer-aided engineering
CATIA Computer-aided three-dimensional interactive application
COG Center of gravity
COM Center of mass
DF Duty factor
DGSM Dynamic gait stability measure
DH Denavit–Hartenberg
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DOF Degrees of freedom
FBD Free body diagram
NE Newton–Euler
NESM Normalized energy stability margin
QP Quadratic programming
VP Virtual prototyping
ZMP Zero moment point
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