
Communications and Control Engineering 

Generalized 
Homogeneity 
in Systems and 
Control

Andrey Polyakov



Communications and Control Engineering

Series Editors

Alberto Isidori, Roma, Italy
Jan H. van Schuppen, Amsterdam, The Netherlands
Eduardo D. Sontag, Boston, USA
Miroslav Krstic, La Jolla, USA



Communications and Control Engineering is a high-level academic monograph
series publishing research in control and systems theory, control engineering and
communications. It has worldwide distribution to engineers, researchers, educators
(several of the titles in this series find use as advanced textbooks although that is not
their primary purpose), and libraries.

The series reflects the major technological and mathematical advances that have
a great impact in the fields of communication and control. The range of areas to
which control and systems theory is applied is broadening rapidly with particular
growth being noticeable in the fields of finance and biologically-inspired control.
Books in this series generally pull together many related research threads in more
mature areas of the subject than the highly-specialised volumes of Lecture Notes in
Control and Information Sciences. This series’s mathematical and control-theoretic
emphasis is complemented by Advances in Industrial Control which provides a
much more applied, engineering-oriented outlook.

Indexed by SCOPUS and Engineering Index.

Publishing Ethics: Researchers should conduct their research from research
proposal to publication in line with best practices and codes of conduct of relevant
professional bodies and/or national and international regulatory bodies. For more
details on individual ethics matters please see:
https://www.springer.com/gp/authors-editors/journal-author/journal-author-
helpdesk/publishing-ethics/14214

More information about this series at http://www.springer.com/series/61

https://www.springer.com/gp/authors-editors/journal-author/journal-author-helpdesk/publishing-ethics/14214
https://www.springer.com/gp/authors-editors/journal-author/journal-author-helpdesk/publishing-ethics/14214
http://www.springer.com/series/61


Andrey Polyakov

Generalized Homogeneity
in Systems and Control

123



Andrey Polyakov
Inria Lille-Nord Europe
Villeneuve d’Ascq, France

ISSN 0178-5354 ISSN 2197-7119 (electronic)
Communications and Control Engineering
ISBN 978-3-030-38448-7 ISBN 978-3-030-38449-4 (eBook)
https://doi.org/10.1007/978-3-030-38449-4

Mathematics Subject Classification (2010): 93-02, 93C10, 93C15, 93C20, 93C25, 93C35, 93C55,
93C73

© Springer Nature Switzerland AG 2020
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

https://doi.org/10.1007/978-3-030-38449-4


To my family



Preface

Homogeneity is a certain invariance of an object (a function, a set, etc) with respect
to a class of transformations called dilations. All linear and a lot of essentially
nonlinear models of mathematical physics are homogeneous (symmetric) in some
sense. Homogeneous models can be utilized as local approximations of dynamical
systems if, for example, linearizion is too conservative, non-informative, or simply
impossible.

Homogeneous control laws appear as solutions to many control problems such
as a minimum time feedback control for the chain of integrators or the high-order
sliding mode design. The homogeneity allows some time constraints in control
systems to be fulfilled by means of a proper selection of the so-called homogeneity
degree. Similar to the linear case, an asymptotic stability of a homogeneous system
implies its robustness (input-to-state stability) with respect to a certain class of
parametric uncertainties and exogenous perturbations.

This monograph studies both finite-dimensional and infinite-dimensional models
of control systems. Part I of the book surveys some mathematical tools required for
an analysis of dynamical models while the second one is devoted to the analysis and
design of homogeneous systems. Elements of set, measure and operator theories as
well as some classical results of functional analysis are presented in Appendix in
order to make the monograph self-contained.

An introduction to homogeneous systems is presented in Chap. 1, where some
important features of homogeneous control and estimation algorithms are dis-
cussed. Chapter 2 considers the finite-dimensional models of control systems. In
particular, ordinary differential equations with discontinuous right-hand sides and
differential inclusions are studied. Elements of the theory of evolution equations in
Banach and Hilbert spaces are presented in Chap. 3. Stability notions and the
common tool of stability analysis (the Lyapunov function method) are surveyed in
Chaps. 4 and 5, where the concepts of finite-time and fixed-time stability (typical for
many homogeneous systems) are studied with details.

Part II of the book deals with the analysis and design of homogeneous control
systems. Linear dilations (Chap. 6) and homogeneous mappings (Chap. 7) are
introduced in finite-dimensional and infinite-dimensional spaces. Some features of
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stability and robustness analysis of homogeneous dynamical systems are discussed
(Chap. 8). Homogeneous control algorithms are designed in Chap. 9. A technique
for a simple upgrade of an existing linear control to a nonlinear homogeneous one is
presented and demonstrated in real experiments. Some issues of a digital imple-
mentation of the homogeneous control systems are studied in Chap. 10. The
homogeneity-based state estimation algorithms are developed in Chap. 11. Finally,
homogeneous optimal control problems are considered in Chap. 12.

I acknowledge my colleagues and friends for their strong support, for fruitful
ideas, suggestions, criticism, and always interesting discussions. I am also very
grateful to my family for their patience and personal sacrifices which they have
given to my work.

Lille, France
November 2019

Andrey Polyakov
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Notation

• N is the set of natural numbers; Z is the set of integers; R is the set of reals;
R ¼ R[f�1g[fþ1g and Rþ ¼ ½0; þ 1Þ; C is the set of complex
numbers.

• I denotes one of the following intervals: ½a; b�, ða; bÞ, ½a; bÞ , or ða; b�, where
a \ b, a; b 2 R , or a ¼ �1, and/or b 2 þ 1.

• A� B denotes the Cartesian product of sets A and B.
• The inner product of vectors x ¼ ðx1; . . .; xnÞ and y ¼ ðy1; . . .; ynÞ from an n-

dimensional Euclidean space is given by x � y ¼ Pn
i¼1 xiyi, where xi and yi are

coordinates of the vectors x and y in an orthonormal basis.
• B is a real Banach space with a norm �k k and H is a real Hilbert space with an

inner product h�; �i.
• spanfe1; e2; . . .; ekg :¼ a1e1 þ . . .þ akek : ai 2 R; i ¼ 1; 2; . . .; kf g, where

ei 2 B.
• S ¼ x 2 B : xk k ¼ 1f g is the unit sphere in B.
• The notation �k kX is utilized if it is necessary to indicate that this is a norm in a

space X.
• LðX; YÞ is the space of linear bounded operators X ! Y , where X and Y are

Banach spaces, and

Ak kLðX;YÞ ¼ sup
u 6¼0

kAukY
kukX and bAcLðX;YÞ ¼ inf

u 6¼0

kAukY
kukX ; A 2 LðX; YÞ:

We also use the notations Ak k and bAc for shortness if a context is clear.
• f1ðf2Þ and f1 � f2 denote the composition of nonlinear operators (functions) f1 and

f2. In the case of linear operators A and B, for simplicity, the brackets and the
sign “�” can be omitted, i.e. AB denote the composition of linear operators A and
B.

• If P ¼ P> 2 R
n�n then P � 0 (resp. �0) means that the matrix P is positive

definite (resp. semidefinite) and P � 0 (resp. �0) means that the matrix P is
negative definite (resp. semidefinite).

• kminðPÞ and kmaxðPÞ denotes minimum and maximum eigenvalues of a sym-
metric matrix P ¼ P> 2 R

n.

xv



• rankðAÞ denotes the rank of A 2 R
m�n.

• trðAÞ denotes the trace of A 2 R
n�n.

• I 2 LðB; BÞ denotes the identity operator in B and In is the identity matrix in
R

n�n.
• divðuÞ ¼ Pn

i¼1
@ui
@zi

for a function u : Rn ! R
n

• r :¼ @
@x1

; . . .; @
@xn

� �
, and D :¼ r � r ¼ divðrÞ ¼ Pn

i¼1
@2

@x2i
—Laplace operator.

• X denotes the closure of the set X of a metric space.
• CðX; YÞ is the space of uniformly continuous functions X ! Y with the

supremum norm, fk k ¼ supx2X f ðxÞk kY , where f 2 CðX; YÞ and X; Y are
normed vector spaces.

• C1
c ðX; RmÞ is the space of infinitely differentiable (smooth) functions having

compact support in X, where X 	 R
m is an open set.

• C1
0 ðX; RmÞ is the space of infinitely differentiable (smooth) functions vanishing

on the boundary of X.
• Let Lp;lðX; RmÞ denotes the Banach space of functions X ! R

m

Lp;lðX; RmÞ :¼ u : uk kp; l\þ1
n o

; l 2 R;

uk kp; l:¼
Z
X
jxjlpjuðxÞjp dx

� �1=p

; 0\p\1;

uk k1; l:¼ ess supðjxjluðxÞÞ; p ¼ 1:

We refer the reader to Appendix for more details about function spaces.
• The Lebesgue space Lp is given by

Lp :¼ Lp; 0

with the norm

uk kp:¼ uk kp; 0 �

• L2ðX; RmÞ is a Hilbert space with the inner product

hu; vi2 ¼
Z
X
uðxÞ � vðxÞdx:

• The Sobolev space HpðX; RmÞ :¼ Hp; 0ðX; RmÞ is a Hilbert space with the
inner product

hu; viHp :¼
Xp
i¼0

hriu; rivi2
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and the norm �k kHp¼
ffiffiffiffiffiffiffiffiffiffiffiffiffih�; �iHp

p
, which is equivalent to the norm �k kHp; 0 .

• Hp
0ðX; RmÞ is the completion of C1

c ðX; RmÞ with respect to �k kHp .
• If X1 	 B and X2 	 B then, by definition, the identity X1 ¼ X2 means X1 	

X2 and X2 	 X1.
• The geometric sum of two sets is denoted by “ _þ ” and given by

M1 _þM2 ¼
[

x12M1; x22M2

x1 þ x2; ð1Þ

where M1 	 B; M2 	 B.
• The product of a scalar a 2 R and a set M 	 B is defined as follows

aM ¼ Ma ¼
[
x2M

ax: ð2Þ

• The product of a set N 	 R and a set M 	 B is defined as follows

N �M ¼
[
a2N

aM: ð3Þ

• An application of an operator f : B ! X to a set M 	 B is given by

f ðMÞ :¼
[
x2M

f ðxÞ: ð4Þ

• BðrÞ :¼ fx 2 B : xk k\rg is the open ball in B of the radius r 2 Rþ with the
center at the origin. Under introduced notations, Bðy; rÞ ¼ y _þBðeÞ is an open
ball of the radius e[ 0 centered at y 2 B.

• @X is the boundary of a set X 	 R
n.

• intðXÞ denotes the interior of a set X 	 R
n, i.e. x 2 intðXÞ if and only if

9r 2 Rþ : x _þBðrÞ 	 X.
• The set consisting of elements x1; x2; . . .; xn is denoted by fx1; x2; . . .; xng.
• The power set (i.e. the set of all subsets) of a set M 	 R

n is 2M .
• spanfe1; . . .eng denotes a linear hull, i.e.

spanfe1; . . .eng ¼ y : y ¼
Xn
i¼1

aiei; 8a ¼ ða1; . . .; anÞT 2 R
n

( )
:

• The convex hull of A 	 B, denoted by coðAÞ, is the smallest convex set con-
taining A. The closed convex hull of A, denoted by coðAÞ, is the smallest closed
convex set containing A.

• The sign function is defined by
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signrðqÞ :¼
1 if q[ 0;
�1 if q\0;
r if q ¼ 0;

8<
: ð5Þ

where r 2 R : �1
 r
 1. If a concrete value of r is not important for con-
siderations, we use the notation sign ðqÞ.

• The set-valued extension of the sign function is given by

signðqÞ :¼
f1g if q[ 0;
f�1g if q\0;
½�1; 1� if q ¼ 0:

8<
: ð6Þ

• xbae :¼ jxjasign½x� is a power operation, which preserves the sign of the number

x 2 R. For example, ð�2Þb2e ¼ �4 and 2b2e ¼ 4.
• The inequalities y\0, y
 0, y[ 0 and y� 0 for y 2 R

n are understood in the
component-wise sense.

• A function r 2 Cð½0; þ1Þ; ½0; þ1ÞÞ belongs to the class K if rð0Þ ¼ 0 and r
is increasing, i.e. t1 
 t2 ) rðt1Þ
 rðt2Þ.

• A function r 2 K belongs to the class K1 if rðtÞ ! þ1 as t ! þ1.
• A continuous function n : Rþ � Rþ ! Rþ belongs to the class KL if

nð�; tÞ 2 K for any fixed t� 0 and nðs; �Þ : Rþ ! Rþ is decreasing to zero for
any fixed s� 0.

• HdðBÞ is a set of d-homogeneous functionals B ! R and degdðhÞ 2 R is a
homogeneity degree of h 2 HdðBÞ.

• F dðBÞ is a set of d-homogeneous functionals B ! R and degdðf Þ 2 R is a
homogeneity degree of f 2 F dðBÞ.
For more details about the given notations, we refer the reader to Appendix.

xviii Notation



Chapter 1
Introduction

This chapter introduces some basics of the theory of homogeneous dynamical sys-
tems. A symmetry of trajectories and convergence rates of homogeneous differential
equations are studied. An evolution of the homogeneity theory is briefly surveyed.
Possible advantages of the homogeneity-based approach to control systems design
are discussed.

1.1 Homogeneity Versus Linearity

1.1.1 Dilation Symmetry

Symmetry is a type of invariancewhen somecharacteristics of an object donot change
under a certain set of transformations. It occurs in many branches of mathematics.
The simplest example of a symmetry can be found in the geometry as an invariance of
geometric figures with respect to rotations, translations, or dilations. It is well known
that both the size and the shape of the figure are invariant with respect to rotations
and translations while the dilation does not change only the shape (see Fig. 1.1).

The symmetry of shapes with respect to dilations can be discovered for level sets
of the so-called homogeneous functions. The symmetry of a function f with respect
to the uniform dilation of its argument

x → λx,

where λ > 0 is the scaling factor, is known as homogeneity:

f (λx) = λ f (x), ∀λ > 0, ∀x .
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Fig. 1.1 Dilation and
rotation symmetries

In other words, homogeneity is a dilation symmetry. All linear functions are homo-
geneous with respect to the uniform dilation. In this chapter, it is shown that homo-
geneous nonlinear mappings are rather similar to linear ones. However, they have
their own specific features which could be useful for an advanced control system
design.

In the eighteenth century, a homogeneity with respect to the uniform dilation
(known also as the standard homogeneity) was studied by Leonhard Euler. His notion
of homogeneity is well known today in the context of the so-called homogeneous
polynomials.

Definition 1.1 A function f : Rn → R
n is said to be standard homogeneous if

there exists a number ν ∈R such that

f (λx)=λν f (x), ∀λ>0, ∀x ∈ R
n.

The number ν is called the homogeneity degree of the function f .

According to this definition, any linear function has the homogeneity degree 1,
but the quadratic one

x = (x1, x2)
� f→ x21 + x1x2 + x22

is homogeneous of the degree 2. The level sets of f are ellipsoids centered at the
origin. They are symmetric with respect to the uniform dilation.

Euler’s homogeneous function theorem given below is one of the famous results
underlying the modern theory of homogeneous systems.
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Theorem 1.1 A continuously differentiable function f : Rn → R is homoge-
neous of a degree k if and only if ∂ f

∂x x = k f (x), x ∈ R
n.

From this theorem, in particular, we conclude that the homogeneity of a func-
tion is inherited by its derivatives. In fact, the dilation symmetry can be inherited
by other mathematical objects induced by homogeneous functions. For example,
solutions of homogeneous differential equations and inclusions are also symmetric
(homogeneous) in a certain sense.

1.1.2 Homogeneous Differential Equations

Let us consider the simplest scalar ordinary differential equation (ODE) with the
standard homogeneous right-hand side

ẋ = −xν, t > 0, ν = p/q,

where p is an odd integer and q is an even natural number. Its solution with the initial
condition x(0) = x0 ∈ R is given by

x(t, x0) = x0

(1+(ν−1)t |x0|ν−1)
1/(ν−1) .

Hence, we easily derive the symmetry of solutions with respect to the simultaneous
dilation of the initial condition and the time variable t :

x
(
λ1−ν t,λx0

) = λx (t, x0) , λ > 0.

Notice that the time scaling factor depends on the homogeneity degree ν. In fact,
it is easy to check that the mentioned symmetry of solutions can be established for
any standard homogeneous differential equation. In Chap.8 this result is proven for
a more general class of systems, which are homogeneous in a generalized sense.

Theorem 1.2 Let f : Rn → R
n be a continuous standard homogeneous vector

field of a degree ν ∈ R such that the Cauchy problem

ẋ = f (x), x(0) = x0 ∈ R
n

admits a solution x(t, x0) defined for all t > 0. Then
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x(λ1−ν t,λx0) = λx(t, x0), λ > 0,

where x(·,λx0) is a solution to the same problemwith the scaled initial condition
x(0) = λx0.

Homogeneity simplifies analysis and design of nonlinear control systems since the
homogeneous vector fields have many properties similar to linear ones. For example,
x = 0 is always an equilibrium of a continuous homogeneous system. If there exists
another equilibrium x∗ �= 0, then the setM = {x ∈ R

n : x = λx∗,λ > 0} is, at least,
weakly invariant and f (x) = 0 for all x ∈ M . In the case of linear systems, the set
M is a linear subspace.

From the latter theorem, we immediately conclude that any local property (e.g.
local stability and the existence of solutions for small initial data) can always be
expanded globally. Similar to linear systems, the robustness (input-to-state stability)
of a homogeneous system can be granted by its stability in the disturbance-free case
(see Chap.8 for more details). Table1.1 compares some properties of linear and
nonlinear homogeneous control systems. All mentioned (and many other) properties
are studied in this monograph for homogeneous systems in both finite-dimensional
and infinite-dimensional spaces.

Homogeneity degree allows some additional qualitative analysis of ODEs to be
done easily. For instance, finite-time or practical fixed-time stability can be derived
from the homogeneity degree. Indeed, if ν = 1/3 then the solution of the scalar
homogeneous system ẋ = −xν is given by

Table 1.1 Some properties of linear and homogeneous systems

Linear system
ẋ = Ax
A ∈ R

n×n

Homogeneous system
ẋ = f (x)
f (λx) = λν f (x)

Trajectory scaling x(t,λx0) = λx(t, x0) x(t,λx0)=λx(λν−1t, x0)

Stability
Local ⇔ Global

� �

Lyapunov function Quadratic
V = x�Px,
P 	 0

Homogeneous (quadratic-like)
V = x���(x)P �(x)x,
P 	 0, �(λx) = �(x) ∈ R

n×n

Stability ⇒ Robustness
(Input-to-state stability)

ẋ = Ax + Dw
w ∈ L∞

ẋ = f (x,w), w ∈ L∞,

f̃ = ( f
0

)
—homogeneous

Convergence rate Exponential Finite-time (ν < 1)
Exponential (ν = 1)
Fixed-time (ν > 1)

Consistent discretization
preserves the convergence rate

� �
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x(t, x0) =
⎧
⎨

⎩

(
|x0| 2

3 − 2
3 t

) 3
2
if t ∈

[
0, 3

2 |y0|
2
3

)
,

0 if t ≥ 3
2 |x0|

2
3 .

Obviously, it converges to zero in a finite time T (x0) = 3
2 |x0|2/3. However, if

ν > 1 then each trajectory of the system converges into any neighborhood of the
origin in a fixed time independent of the initial condition, namely,

|x(t, x0)| < r, ∀t >
1

rν−1(ν − 1)

for any x0 ∈ R and any r > 0. In fact, these properties can be established in a more
general case. Namely, if the origin of a homogeneous system is asymptotically stable
then each trajectory of the system

(a) vanishes in a finite time provided that ν < 1;
(b) converges to zero exponentially if ν = 1;
(c) converges to a neighborhood of the origin in a fixed time independent of the

initial condition.

1.1.3 Homogeneous Approximations

An approximation by a homogeneous function (homogeneous approximation) can be
utilized for a local analysis of a dynamical system if linearization is non-informative
or simply impossible. For example, the system ẋ = −x3 + x5 is locally uniformly
asymptotically stable. This system does not admit the local asymptotic stability
analysis by the first-order approximation since the linearization at the origin is ẋ = 0.
However, the homogeneous approximation ẋ = −x3 allows us to make the correct
conclusion about the local asymptotic stability of the original system.

As an example of a locally homogeneous model, which does not admit a lin-
earization, let us consider a mechanical system consisting of a rigid body moving
laterally on a contact surface and in a viscous environment (fluid). The simplest
real-life example of such a mechanical system is a car moving on a flat road.

Let z(t) be the position of the center of mass of the body in an inertial frame at
time t ∈ R. The equation describing a motion of this system has the form

ż(t) = v(t), m v̇(t) = F(t), t > 0, z(t) ∈ R,

where v(t) is the velocity, m is the mass of the body, and F is the sum of external
forces.

Let us consider only the deceleration phase of the motion assuming that at the
initial instant of time this mechanical system has some nonzero velocity ż(0) =
v(0) �= 0. Dissipation of the energy is caused, basically, by two external forces:



6 1 Introduction

• the drag force (fluid resistance) is proportional to the velocity squared [1]

Fdrag(t) = −kdrag v
2(t) sign(v(t)),

where kdrag > 0 is the coefficient of fluid (air) resistance and the sign function is
given by

sign(ρ) =
⎧
⎨

⎩

1 if ρ > 0,
0 if ρ = 0,

−1 if ρ < 0;

• the dry friction force is nearly independent of the velocity and can be modeled as
follows (see e.g. [2])

Fdry(t) = −kdry sign(v(t)),

where kdry > 0 is the coefficient of dry friction.

A more general friction model also may contain some linear terms (proportional to
the velocity). We skip them for simplicity of analysis since they will not change any
conclusion about local homogeneity degrees and convergence rates of the system.

The sum of external forces F(t) can be represented as follows

F(t) = Fdrag(t) + Fdry(t) = − (
kdry + kdrag v

2(t)
)
sign(v(t)),

and the differential equation describing an evolution of the velocity of the body has
the form:

mv̇(t) = − (
kdry + kdrag v

2(t)
)
sign(v(t)).

It is not difficult to show that v = 0 is the equilibrium of the latter equation, which
is globally asymptotically stable, v(t) → 0 as t → +∞. The solution of this ODE
can be found explicitly as

v(t) = tan

(

arctan(|v(0)|) −
√
kdry kdrag

m
t

)

sign(v(0)).

This immediately implies v(t) = 0 for t ≥ m arctan(|v(0)|)√
kdry kdrag

. The function arctan is glob-

ally uniformly bounded. We conclude that independently of the initial velocity, the
motion of the body terminates no later than the following instant of time

Tmax = mπ

2
√
kdry kdrag

.

The model of the friction force F is not homogeneous function of v, but locally
(close to the origin or close to infinity) it is. Namely,

F ≈ −kdrysign(v) as v → 0 and F ≈ −kdragv
2sign(v) as v → ∞.
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In other words, the approximation of F at zero is a homogeneous function with the
degree 0, but the approximation at infinity is a homogeneous function with the degree
2. The first term allows us to conclude a finite-time convergence of v(t) to zero for
small initial conditionswhile the secondoneguarantees afixed-time convergence into
a neighborhood of zero for large initial conditions. Such a combination yields a fixed-
time deceleration of the mechanical system independently of the initial velocity. This
property is also known as the fixed-time stability (or the fixed-time convergence) [3].

1.2 Generalized Homogeneity

1.2.1 Weighted Dilations

The standard homogeneity considered above has been introduced by means of the
uniform dilation x → λx , λ > 0. It is clear that if we change the dilation rule then
another type of homogeneity can be defined. The weighted dilation (introduced by
V. I. Zubov in 1958, [4]) of the vector x = (x1, x2, ..., xn)� ∈ R

n is the simplest case
of the so-called generalized (nonuniform) dilation:

(x1, x2, . . . , xn) → (λr1x1,λ
r2x2, . . . ,λ

rn xn),

where λ > 0, as before, is the scaling factor and the positive numbers r1, r2, · · · , rn
are the weights, which specify dilation rates along different coordinates. If r1 = r2 =
... = rn = 1 then the weighted dilation becomes uniform. The introduced transfor-
mation of coordinates

x → Λx

is a linear mapping R
n → R

n defined by the dilation matrix

Λ =

⎛

⎜⎜
⎝

λr1 0 ... 0
0 λr2 ... 0
... ... ... ...

0 0 ... λrn

⎞

⎟⎟
⎠ .

The symmetry (homogeneity) of a scalar-valued functionwith respect to theweighted
dilation can be identified analogously to the uniform case.
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Definition 1.2 A function f : Rn → R is homogeneous with respect to the
weighted dilation Λ if

f (Λx) = λν f (x), x ∈ R
n, λ > 0,

where ν ∈ R is the homogeneity degree.

The weighted dilation extends the class of homogeneous functions under consid-
eration. For example, the polynomial function

(x1, x2)
f→ x21 + x1x

2
2 + x42

is homogeneous with respect to the weighted dilation (x1, x2) → (λ2x1,λx2), but it
is not homogeneous with respect to the uniform one (x1, x2) → (λx1,λx2).

Definition 1.3 A vector field f : Rn → R
n is said to be weighted homoge-

neous if
f (Λx) = λμΛ f (x), x ∈ R

n, λ > 0,

where μ ∈ R is a homogeneity degree of the vector field f .

Notice that, due to the nonuniformity of the weighted dilation, the definition
of the weighted homogeneous vector field R

n → R
n differs from Definition 1.1.

However, it can be shown (see Chap.7) that any weighted (in fact, even a more
generalized) homogeneous system is topologically equivalent (homeomorphic) to a
standard homogeneous one. Consequently, it demonstrates the same properties like
the symmetry of solutions, the equivalence of local and global properties, the finite-
time convergence for μ < 0, and the practical fixed-time convergence for μ > 0.

Weighted homogeneous models frequently appear in control theory and applica-
tions. For example, the classical minimum time control problem

T → min
u

subject to

{
ẋ1 = x2,
ẋ2 = u,

u ∈ L∞((0, T ),R) such that |u(t)| ≤ 1,
x1(T ) = x2(T ) = 0
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has the solution (see, e.g. [5] or Chap.12) in the form of the weighted homogeneous
feedback

u = −sign(|x2|x2 + 2x1).

Indeed, u(λ2x1,λx2) = u(x1, x2), i.e. u is the weighted homogeneous function with
the zero degree.

Theweighted dilations and theweighted homogeneity inRn allow some important
results to be obtained about

• the global expansion of a local stability and the existence of homogeneous Lya-
punov functions [4, 6];

• controllability, stabilizability, and observability of nonlinear systems [7–10];
• controllers and observers design [11–18];
• robustness analysis of both delay-free [15, 19, 20] and time-delay systems [21,
22];

• the high-order sliding mode algorithms [23–25].

Below, for simplicity, the scaling factor λ > 0 is given by λ = es with s ∈ R,
where e = 2.71828 . . . is the Euler number.

In this case, the weighted dilation becomes

x → d(s)x, s ∈ R,

where

d(s) =
(

er1s 0 ··· 0
0 er2s ··· 0··· ··· ··· ···
0 0 ··· ern s

)
, ri > 0.

1.2.2 Linear Dilations in Banach Spaces

As shown above, once a homogeneity of the right-hand side of ODEwith respect to a
group of transformations (dilations) is established, many properties of the nonlinear
system can be studied easily. In fact, similar conclusions can be made for systems of
ordinary differential inclusions [23, 24] and infinite-dimensional dynamical models
[26, 27].

The crucial point of the homogeneity-based analysis is a selection of a dilation
group d(s), s ∈ R. Generalized dilations in R

n are studied in [28–30], where the
dilation is generated by a C1 vector field. In this book we deal with groups of
linear dilations, which can be easily defined even in a Banach space B as a strongly
continuous group d of linear bounded operators

x → d(s)x, x ∈ B, s ∈ R,
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where d(s) ∈ L(B,B) and s ∈ R is the group parameter. The theory of strongly
continuous semigroups and groups is well developed for evolution systems inBanach
and Hilbert spaces (see e.g. [31, 32] or Chap.3 for more details).

Groups of linear dilations are studiedwith details in Chap. 6. Here we just mention
that, to be a dilation, the group d must satisfy some limit property [33], e.g.

‖d(s)x‖ → 0 as s → −∞

and
‖d(s)x‖ → +∞ as s → +∞,

where x ∈ B\{0}.
Notice also that any continuous group of linear dilations in Rn can be defined by

means of the matrix exponential

d(s) = esGd =
+∞∑

i=0

siGi
d

i ! ,

where s ∈ R is the group parameter andGd ∈ R
n×n is an anti-Hurwitz matrix, which

is called the generator of the dilation d.
Linear dilation in R

n includes the uniform dilation and the weighted dilation
(considered above) as particular cases. In the two-dimensional case, the differences
between uniform, weighted, and linear dilations are illustrated in Fig. 1.2, where
the so-called homogeneous curves {d(s)x : s ∈ R} for the following three dilation
groups

d1(s) = es I, d2(s) =
(
e2s 0
0 es

)
, d3(s) = esGd

are schematically depicted.

Fig. 1.2 d1(s)—uniform
dilation, d2(s)—weighted
dilation, and d3—linear
dilation



1.2 Generalized Homogeneity 11

In the general case, the generator Gd of a dilation inBmay be a linear unbounded
operator.

Example 1.1 As an example of the linear dilation in the Banach space B =
L2(R,R), we consider

(d(s)u)(x) = esu(e−s x), s ∈ R

for u ∈ B and x ∈ R. In Chap.7 it is shown that d is, indeed, a dilation in B. More-
over, simple calculations show that the differential operator A = ∂

∂x is homogeneous
(symmetric) with respect to the dilation d in the following sense

Ad(s)u = e−sd(s)Au.

All linear and many nonlinear models of mathematical physics are homogeneous.
The heat, wave, Saint-Venant, Burgers, Korteweg–de Vries (KdV), and Navier–
Stokes equations are examples of homogeneous (in a generalized sense) systems
in Banach spaces.

In this monograph, we show that an analysis of evolution systems can be based on
the concept of the generalized homogeneity, which is useful for the control systems
design and purely theoretical problems of the systems science (e.g. a global expansion
of regularity of nonlinear evolution equations).

1.3 From Linearity to Homogeneity in Control Systems

A quality of any control system is estimated by some quantitative indexes (see e.g.
[34–36]), which reflects control precision, optimality of transient motions, energetic
effectiveness, robustness of the closed-loop system with respect to disturbances, etc.
From a mathematical point of view, the design of a “good” control law is a multi-
objective optimization problem. The mentioned objectives frequently contradict to
each other, e.g. a time optimal feedback control could not be energetically optimal
but it may be efficient for a disturbance rejection [5]. Moreover, some criteria cannot
be even clearly mathematically formulated (e.g. simplicity of the practical imple-
mentation and tuning). The control practice frequently relaxes mathematical criteria
for simplicity. An adjustment of a guaranteed (small enough) convergence time can
be considered instead of the minimum time control problem. An exact convergence
of systems states to a set-point could be relaxed to a convergence into a sufficiently
small neighborhood of this point.

A well-tuned linear controller, such as PID (Proportional–Integral–Differential)
algorithm, guarantees a good enough control quality in many practical cases [34].
However, the theory of linear control systems reaches its peak of maintenance and
further improvements of a control performance using the same linear strategy seems
impossible. Being a certain generalization of the linearity, the homogeneity could



12 1 Introduction

provide some additional tools for improvement of the control quality. In this context,
it is important to know which features of homogeneous systems may be useful for
advanced analysis and design of control systems.

1.3.1 Convergence Rates of Homogeneous Algorithms

Finite-Time and Fixed-Time Stabilization

Finite-time and fixed-time stability could be utilized if a control or estimation algo-
rithm must guarantee a convergence in a prescribed time. The typical example is a
missile (or antimissile) control problem since the control plant simply does not exist
after the missile explosion. A control algorithm, which guarantees an asymptotic
convergence without any tuning of the convergence time, is not appropriate for this
case.

Stability properties of homogeneous and locally homogeneous systems discussed
above allow us to propose a simple way to fulfill some time constraints in control and
estimation systems. For example, to stabilize a state in a fixed time independently
of the initial condition, a stable closed-loop system needs to be homogeneous of a
positive degree “close to infinity” and homogeneous of a negative degree close to
the origin. This idea can be illustrated on the simplest scalar example

ẋ(t) = u(t), t > 0, x(0) = x0,

where x(t) ∈ R is the state variable and u(t) ∈ R is the control signal. The control
aim is to stabilize this system at the origin such that the condition |u(x)| ≤ 1 must
be fulfilled for |x | ≤ 1.

• The classical approach gives the standard linear proportional feedback algorithm

ulin(x) = −x,

which guarantees an asymptotic (in fact, the exponential) convergence to the origin
of any trajectory of the closed-loop system:

|x(t)| = e−t |x0|.

• The globally homogeneous feedback of the form

u f t (x) = −√|x |sign[x]

stabilizes the system at the origin in a finite time:

x(t) = 0, for t ≥ T (x0).
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The convergence time T depends on the initial condition x(0) = x0, in particular,
T (x0) = 2

√|x0| for the considered control law. Obviously, T (x0) tends to infinity
as |x0| tends to infinity.

• The fixed-time stabilizing controller can be selected locally homogeneous in the
form:

u f xt (x) =
{−|x |1/2sign[x] if |x | ≤ 1,

−|x |3/2sign[x] if |x | > 1.

It stabilizes the system in a fixed time, namely,

x(t) = 0, t ≥ 4

for any x0 ∈ R.

The results of numerical simulations for the considered controllers are presented
in Figs. 1.3, 1.4, and 1.5. They confirm that the fixed-time controller is always faster
than the linear one while the finite-time controller shows a faster convergence rate
only close to the origin (in the zone |x | < 1).

Finite-Time and Fixed-Time Estimation

The finite-time stability of homogeneous systems can also be utilized for an
observer’s design. Indeed, let us consider the simplest observation problem

⎧
⎨

⎩

ẋ1 = x2,
ẋ2 = u,

y = x1
t > 0,

where x1, x2 ∈ R are system states, u ∈ R is a known input, and y ∈ R is a measured
output. The aim is to estimate the unknown state variable x2 in a finite time.
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Fig. 1.3 Trajectories of the exponentially stable system with u(t) = ulin(x(t)) in linear and loga-
rithmic scales


