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“If you are an educator and want to efficiently teach collaborative mathematics to your

class, this is the book for you! It is a fun, challenging, and playful way to introduce prob-
lem-based learning by providing all the tools and problems necessary to get started.”

Michaela Hlasek,

Math Teacher and Combinatorics Instructor,

Awesome Math Summer Program 2017

“Awesome Math, appears to be about math, but really has lessons for education in general

and even for re-skilling in the corporate world—an effective approach to educate and pre-

pare the next generation for a YouTube + machine learning world. It gives new meaning to

the phrase ‘the journey is the reward.” The biggest danger? This book could convince you
that math can be fun.”

Raj Varadarajan,

Senior Partner and Managing Director, Boston Consulting Group

“This book is a brilliant road map that delights in its own theorem of authenticity and

relevance. Full of the philosophical groundwork, expert insights, and plenty of practice

problems, Awesome Math: Teaching Mathematics with Problem-Based Learning is a must-read for

any Math or STEM educator concerned with the relevance and joy of a beautiful and expan-
sive discipline.”

Ben Koch,

Co-founder and CEO, Numinds Enrichment

“Awesome Math makes a strong case for ditching rote memorization and turning to collab-

orative problem-solving and mastery-based learning instead. This book is a must-read for

parents and educators in all subject areas who wish to develop their students’ creative and
critical thinking skills.”

Jaime Smith,

Founder and CEO of OnlineG3.com

“The book is an excellent source for educators interested in problem-based learning through

student-centric approach. Students and teachers will find some ‘secrets’ of how math cir-

cles, math competitions, experiences of other math educators, and even math games along

with wonderful and challenging problems can be used for an entire lesson or just as a
mini-unit.”

Dimitar Grantcharov,

Professor at University of Texas at Arlington


http://onlineg3.com

“Through playful problem solving, mastery learning, the three C’s, and more, Awesome
Math challenges the idea of a traditional, teacher-centric classroom. Kathy, Alina, and Titu
are visionaries in the field of math education, and their book has sparked new inspiration
for strategies that I am eager to utilize in my own math classroom.”

Hannah Keener

“Awesome Math emphasizes the importance of collaborative problem solving in a classroom

setting, featuring interesting and carefully chosen concepts and problems that can be used

in a regular classroom and enrichment academic mathematics programs such as math cir-
cles or summer camps.”

Zvezdelina Stankova,

Teaching Professor of Mathematics at University of California at Berkeley

“This inclusive book speaks in voices of the many. It has the irresistible flow of a well-
curated social feed. There are shiny treasures to repost, ‘today-I-learned’ surprises to ponder,
wise checklists to save, heartfelt polemics to debate—and so manykind math friends to meet!”
Dr. Maria Droujkova,

Founding Director of Natural Math

“I believe the most important goal of education is acquiring the ability to learn on your

own. This book is mainly aimed at this goal and will help teachers and students improve
their logical thinking, making them more independent learners and scholars.”

Dr. Krassimir Penev,

Bergen County Academies



Awesome
Math

Teaching Mathematics with
Problem-Based Learning

TITU ANDREESCU
KATHY CORDEIRO
ALINA ANDREESCU

B JOSSEY-BASS

A Wiley Brand



Copyright © 2020 by John Wiley & Sons, Inc. All rights reserved.
Published by Jossey-Bass

A Wiley Brand

111 River St, Hoboken, NJ 07030

www.josseybass.com

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any form or
by any means, electronic, mechanical, photocopying, recording, scanning, or otherwise, except as permitted
under Section 107 or 108 of the 1976 United States Copyright Act, without either the prior written permis-
sion of the publisher, or authorization through payment of the appropriate per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, 978-750-8400, fax 978-646-8600, or on the
Web at www.copyright.com. Requests to the publisher for permission should be addressed to the Permissions
Department, John Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030, 201-748-6011, fax 201-748-6008,
or online at www.wiley.com/go/permissions.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best efforts in pre-
paring this book, they make no representations or warranties with respect to the accuracy or completeness
of the contents of this book and specifically disclaim any implied warranties of merchantability or fitness
for a particular purpose. No warranty may be created or extended by sales representatives or written sales
materials. The advice and strategies contained herein may not be suitable for your situation. You should con-
sult with a professional where appropriate. Neither the publisher nor author shall be liable for any loss of
profit or any other commercial damages, including but not limited to special, incidental, consequential, or
other damages. Readers should be aware that Internet websites offered as citations and/or sources for further
information may have changed or disappeared between the time this was written and when it is read.

Jossey-Bass books and products are available through most bookstores. To contact Jossey-Bass directly call
our Customer Care Department within the United States at 800-956-7739, outside the United States at 317-
572-3986, or fax 317-572-4002.

Wiley also publishesits books in avariety of electronic formats and by print-on-demand. For more information
about Wiley products, visit www.wiley.com.

Library of Congress Cataloging-in-Publication Data is Available:
9781119575733 (paperback)

9781119575719 (ePDF)

9781119575702 (ePub)

Cover image: Wiley

Cover design: © Nadzeya_Dzivakova/iStock.com

Printed in the United States of America

FIRST EDITION

PBPrinting10 9 8 76 543 21


http://www.josseybass.com
http://www.copyright.com
http://www.wiley.com/go/permissions
http://www.wiley.com

To our awesome community of colleagues, family,
and friends who inspire us daily and made this publication possible.






Contents

ACKNOWIedgGmMEnts......cueeeienreniennienninniennenienieniesseessessesssesssesssesssessssssssesssenes xi
ADOUL the ATEIOTLS cuuuivveeiirteiirreiereeieerneierreesersecesssesssssssssssssssssssssssssssssssssssssssssssses xiii
INETOAUCHION cuuueeenerenneeeneieereecersescesssserssscssssscssssssssssssssssessssssssssssssssssssssssssssssssssns xvii

I. Why Problem Solving?

Chapter 1: Rewards for Problem-Based Approach: Range,

Rigor, and ReSilience ........uiiiiiniiniiniinieniiniiniennieieienieniesnesneensesesses 5
Range IGNites CULIOSILY ....c.couiuiiiimiiiiiiiiiiiciiscies st S
Rigor Taps Critical ThINKING .....ccccviiiiiiiiii s 9
Resilience Is Born Through CreatiVity ... sssasssssssssssssssneas 10

Chapter 2: Maximize Learning: Relevance, Authenticity,

AN USEIUINESS ..oeeeeeeeeieeeieeeeeeeeeeeeeeeeeteeeeeeeseessssssssssssssssssssssssssssssssssssssssssssssssssssssnnns 13
STUAENT REIEVATICE ...ttt ettt ettt esasteasssaesesetesesesesesesena 13
Mathematical RELEVAIICE. .......ccuiuivieeeeeeeeteeeeeevetete ettt st ae sttt e st esesesesesesesesesesesessesasaes 14
Mathematical Relevance: The Math Circle Example.......ccccooviiiiiiicininiiiicecsccececcses 16
CULTICUIUM RELEVAIICE. ...ttt ettt ettt sasa e sa e sastsaetetetesesesesesesena 18
Authenticity: The Cargo Cult SCIeNCe TIaAP.....ccocueueimiieieiiiiciiieicieiiesissieissssse e seesens 21
AUTheNTICILY 1N LEAITIIIG c..ouvuieeiiiieiiiicieietie et 22
USEIUINESS .ottt ettt ae e st e ast et et et esesesesesesesesesensssesasesasasenasann 25
Chapter 3: Creating a Math Learning ENvironment ..........uecueeneoneoneeneene 27
Know Yourself: EGO and GIace.......cccouiiiiiiiiiiiiciicieiicis s ss s sssssses 27
KNOW YOUT SEUABIIES w.oovvvvveeeeeeeeee ettt ettt ve et s e s st s s s es s sasasasasasssaesetetesesetesesesesesenenan 30
Know YOUr APProach ... 35




\ 41l CONTENTS

Chapter 4: What Is the Telos? ......cucvieniinuinniinieniiniiniiniennnienneniennenneeneene 47
Autonomy to SOIve YOUT PrODIEMS ..ot sessene 47
Mastery Through INQUILY ... 48
Purpose With COMPETITIONS. ....c.cuuiuiuiuiiiiiciseicieeetieeie ittt saes 50
QUAALANTS OF STCCESS evvriverieieiricirietr ettt ettt sttt sttt sttt eas e s s s e e e e s eeassseaesssaen 52

Chapter 5: Gains and Pains with a Problem-Based

CULTICUIIIN . ciiiiiiiiiiieieieeeeeeeeeeeeeeeeeeeteeeeseeesessssssssssssssssssssssssssssssssssssssssssssssssssssnsnnns 57
TRACKIEIS 1.ttt ettt ettt ettt sttt n ettt sttt st et s sttt s et s e tane 58
SEUARIIES ettt sttt s st et st s s e st et et s s eses st st ssesea st essaeseas s et ssssea st etetesens s ererenen 61
PAT@IIES oottt ettt ettt a et b e b n b et et en et e st s en e e s e st e s entebe st se st beneeseneetn 67

II. Teaching Problem Solving

Chapter 6: Five Steps to Problem-Based Learning .........c.ceceeeevesuensuesnecsnennnnns 75
Start with Meaningful Problems..........ccccciiiiiicc s 75
Utilize Teacher RESOUITES .......cuciuiuiiiiiiicieiiticici et 79
Provide an Active Learning ENVIFONMENT ... sssssssssssssse s sssssnes 91
Understand the Value of MISTAKeS.........c..ocuiiiiiciiiciciiiceiieceesie st sse s ssesaees 97
Recognize That Everyone Is Good at Math ..o 99

Chapter 7: The Three Cs: Competitions, Collaboration,

COMIMUILLY . .uteiiiieieiiieeiiiteeenteecitieeesteeesstteessiseeessssessssssesssssssessssssessssassssssassssas 103
COMPLLILIONS w.ovvoviveiteiiiitie ettt a bbbt 103
COllADOTATION ..ottt 107
COMUMUINILY <ottt s 117
Aspire to Inspire: Stories from Awesome EdUCATOLS .........c.ouuvuiiiiiiiiniiccciceccie e 121
Chapter 8: Mini-UnILS .....ccceveiieieniienienicnieniienienienienieniessessessessesssessesssessessaes 147
Relate/Reflect/Revise QUESTIONS .....c.vurueurereererteresereaeeseseiseeetseseeesseases s esessssess s sssssssesssssesstssasssssssssssnssssases 147
Roman Numeral ProDIemS ..o 148
CrYPLArTtiIMETIC oo 151
Squaring Numbers: Mental Mathemartics .......ccouiiiiciniiniicieieeieitieesie s saeseseaessessesiesaenes 155
The Number of Elements of @ FINite Set........cc.cooiiiriiiiieciiccc s 157
MAZIC SQUALES ...ttt e 159
TOOthpPicks Math... ..o 163
PICK’S TREOT@IML ...ttt 165
Equilateral versus EQUIANGUIAL.........coiiiiiiiiiic s 168
Math And CRESS ...t e 170

Area and Volume 0f @ SPhere ... e 172



III. Full Units

Chapter 9: Angles and Triangles ........couceeienenienieniinienienienneniennensennenseennes 177
Learning ODJECTIVES ... 177
DfINITIONS ..ottt 177
Angles and Parallel Lines.........cooiiiiiiiiiieccccecie s sssss s sssoes 177
SUIMIMIALY oottt bbb e R R bRt a st bR s s cae bt eas 180
Chapter 10: Consecutive NUMDerS......couiiiiniinninninnicniiniiniennenneeneenieneens 185
Learning ODJECTIVES .........ccuuiuiiiiiiiciiicicieiieise st 185
DIEEINITIONS ..ottt et 185
Chapter 11: Factorials! ......ciiiiiiiniiniinieniiniinienninieienieniesneeneensensens 191
Learning ODJECTIVES ... 191
DfINIEIONS ..ottt 191
Chapter 12: Triangular Numbers........ceeiiieninieniiienicienicienicseneenenee 199
Learning ODBJECTIVES .........ccuuiuiiiiiciiieiicicieiieice st 199
DIEEINITIONS ..ottt 199
Chapter 13: Polygonal Numbers .........cucuenienniinniinninnieniennienniennnennneenneennes 205
Learning ODJECTIVES ... 205
DfINIEIONS ..ottt 205
Chapter 14: Pythagorean Theorem Revisited...........cccoeeuevueneeveenieesneneennenne. 213
Learning ODBJeCTIVES ..ot 213
DIEEINITIONS ..ottt 213
Pythagorean TREOIEML. . ...t 214
ReCLANGUIAT BOXES......ucveiiiririiiiiiiii ittt 214
BULer BIICKS ..ot 216
As5esSMENt PrODIRMIS .......ouiiiiiiiciic s 219
Chapter 15: SeqUEINCES.....cuueiieiniiniiniensiensiennieesieeseesiessesssesssesssessssssssssssesssesss 221
Learning ODJECTIVES ... 221
DEfINIEIONS ..ottt 221
Introduce a GeOMELric PrOZIeSSION. ......cc.uuiimuiiuiuiiiiiiiciieiicieciiciecesess s ss s essseses 222
Chapter 16: Pigeonhole Principle..........coenienninniiniiniensiensiensiennnenneeneennenns 227
Learning ODJECTIVES ... 227
DEfINIEIONS ..ottt 227
Chapter 17: Viviani’s Theorems .........cieeieienieienicnienicnienecnienienseneessennees 235
Learning ODBJeCTIVES ..ot 235

D INIEION ettt ee et e et eaeetes et ese st ssestsseatesentenetes et esentesentesenteeeneeseneaseneeseneaseneateneeseneatenentenentene 235



Chapter 18: Dissection Time.......cicienniensrensensenseennensnenssenssesssessssssssssssesssess 239
Learning ODJECTIVES ......vuuiuuvuieiieieeiieieieeitieiesiesi ettt et nes 239
DIEEINITIONS ...t 239
Chapter 19: Pascal’s Triangle........ucienienieniennienniinninnienienieniennnessneeseesnens 245
Learning ODJECTIVE ...t 245
SUIMIMATY ...ttt b ettt 249
Chapter 20: Nice NUMDeTS......coiiniiniiniinieniiniiniiinicieienieniesnesneensesens 255
Learning ODJECTIVES ......ccuiuvuieiieieeiiiireiesisieie ittt nes 255
DIEEINITIONS ...t 255



Acknowledgments

Special thanks to Navid Safaei and Alessandro Ventullo for their time in reviewing the
mathematical content for this book.
— Titu and Alina

My heartfelt appreciation goes to my closest community, my family, for their support, advice,
and contributions to this effort. To my busband, David, whose ideas and insights have added
value not only to this book, but to our family for over 25 years. To my oldest son, Jacob, for
his incredible gift of explaining complex concepts elegantly and easily, which belped improve
sections of the book. To my youngest son, Adam, for bis content corrections and positive
support that kept me on track and enjoying the process. And lastly, to my mother-in-law,
Sandy, and my sister, Kelly, for being early readers and emotional support. Thank you.

— Kathy

We’d like to thank Amy Fandrei, our executive editor, for ber kind guidance and for providing
us with the opportunity to share our love of problem-based learning. Many thanks also to
Pete Gaughan, the content enablement manager for this project, who belped us every step of
the way to create a quality publication.

— Titu, Kathy, and Alina

3






About the Authors

r. Titu Andreescu has been coaching, teaching, and training students and teachers

for most of his exemplary career. Starting as a high school mathematics teacher in

Romania and later in the United States, Titu became coach and leader of the United
States International Mathematics Olympiad team, director of the Mathematical Association
of America’s AMC tests (American Mathematics Competitions), and an associate professor
at University of Texas at Dallas in the Science and Mathematics Education department
training mathematics teachers. His passion for problem solving and mathematics teaching
has extended to the following noteworthy accomplishments.

AwesomeMath Summer Program is a premier mathematics camp held on the cam-
puses of the University of Texas at Dallas, Cornell University, and the University of
Puget Sound. Awesomemath.org

AwesomeMath Academy provides enrichment opportunities for students seeking a
strong problem-solving-based curriculum with classes offered in North Texas and
online. AwesomeMathacademy.org

AwesomeMath Year-Round is a correspondence-based program that provides
students with further opportunities to broaden their mathematical horizons,
particularly in those fields from where Olympiad problems are drawn. https://www
.awesomemath.org/year-round-program/

XYZ Press (separate business entity affiliated with AwesomeMath) is the publication
company that was started in 2008 to more efficiently bring problem-solving books
to market. https://www.awesomemath.org/shop/about-xyz-press/

Mathematical Reflections is a free online journal aimed at high school students,
undergraduates, and everyone interested in mathematics. https://www.awesomemath
.org/mathematical-reflections/



http://awesomemath.org
http://awesomemathacademy.org
https://www.awesomemath.org/year-round-program/
https://www.awesomemath.org/year-round-program/
https://www.awesomemath.org/shop/about-xyz-press/
https://www.awesomemath.org/mathematical-reflections/
https://www.awesomemath.org/mathematical-reflections/

»s\/Al ABOUT THE AUTHORS

Purple Comet! Math Meet has been “fun and free since 2003.” This annual, inter-
national, online, team mathematics competition is designed for middle and high
school students. http://purplecomet.org/

Metroplex Math Circle is a free program that was designed to attract gifted stu-
dents and educators in the Dallas/Fort Worth area to provide an avenue outside
the standard curriculum to develop their mathematical and problem-solving skills.
Further, the circle offers access to math competitions for students (in 2017-2018
school year, approximately 150 students participated in the AMC 8, 10, 12, and
AIME competitions) each year who may not be able to participate in their schools.
Metroplexmathcircle.org.

The Math Rocks curriculum, developed by Dr. Andreescu in 2008-2010, is still going
strong in the Plano, Texas, school district for elementary and middle school stu-
dents. The success of the curriculum has resulted in its extension to over 45 public
elementary and 15 middle schools. http://k-12.pisd.edu/currinst/elemen/math/
MathRocksInformation.pdf.

For Kathy Cordeiro, innovation, problem solving, and team collaboration have been
the leading constants throughout her varied career. A degree in communications, coupled
with an MBA, has given Kathy a unique skill set to create and market customized educa-
tion initiatives, in business and/or academia, which allows her customers and students to
reach their goals and realize success. Kathy began her own enrichment school, Eudaimonia
Academy (2006-2012), where she coached math teams, taught a philosophy/creative
writing course, and co-led speech and debate teams.

Kathy is the marketing and communications director for the AwesomeMath organiza-
tion. In this role, she has had various speaking engagements as well as managed multiple
communication channels online, where she discusses mathematics education with parents,
teachers, students, and businesses.

Beyond being connected with multiple math groups, Kathy is also a part of a network
that includes parents, teachers, and students, such as

® AwesomeMath parents, students, alumni

® Purple Comet supervisors/teachers

® Davidson Young Scholars, parents, and alumni
® Mathematics organizations

® Homeschool groups

Alina Andreescu was born and raised in Romania, at a time when mathematics edu-
cation was exceptionally strong. She participated successfully in Romanian mathematics
competitions. She completed her finance degree in the United States and later obtained an
M.A. in management with emphasis on leadership. Alina was never afraid of change and
challenges, embarking on lifetime journeys from moving to the United States to becoming
a successful cofounder and leader of the AwesomeMath and XYZ Press organizations.


http://purplecomet.org/
http://metroplexmathcircle.org
http://k-12.pisd.edu/currinst/elemen/math/MathRocksInformation.pdf
http://k-12.pisd.edu/currinst/elemen/math/MathRocksInformation.pdf

ABOUT THE AUTHORS 4%

As operations director of the AwesomeMath programs for the past 12years, Alina has
been integral in every facet of creating the opportunities/resources that fulfill the mission
of providing enriching experiences in mathematics for intellectually curious learners. She
fosters a community of staff; students, and instructors that values critical thinking, crea-
tivity, passionate problem solving, and lifetime mathematical learning. Since the Awesome-
Math community is international, she must meld a diverse background of individuals into
a thriving learning environment.






Introduction

n writing this book, we hope to lead you to what you already know: that problem-based

learning is an effective method for raising tomorrow’s thinkers by collaborating over

interesting and relevant problems. Through the AwesomeMath Summer Program,' the
inspiration for this book, we’ve had the privilege to work with thousands of the brightest
minds from around the globe for over 10 years. We’ve seen first-hand the leaps in skills,
growth of curiosity, and joy of problem solving that arises when individuals are immersed
in a kind, collaborative, and challenging environment where students create positive life-
long memories and form valuable friendships.

So, how do you raise out-of-the-box thinkers in a check-the-box world? Teaching is an
opportunity to inspire and guide, but that means diverging from the conformity required
in today’s education system and allowing students to take intellectual risks and, yes, fail.
The outdated criterion of identifying top students through grades is flawed; it’s evaluating
someone’s worth based on an outcome and not the process, which sets up situations where
students avoid intellectual risks so they can maximize grades. Students aren’t learning how
to think, work together, or find challenging opportunities.

Furthermore, they aren’t being prepared to face the current challenges in today’s workforce, which
values innovation, leadership, collaboration, resilience, and critical thinking. We need students who can
do more than solve mere exercises for a check mark; they need to be able to tackle difficult problems and
also be able to notice problems worthy of solving by seeking patterns, reframing information, and
asking the right questions. Students are all different and have different strengths to offer
in every setting. We need to value them for who they are with a student-centric approach as
opposed to evaluating them with standardized conformity and false metrics.

When Randy Pausch gave his Last Lecture at Carnegie Mellon University,” he explained
that the moment someone lowers their expectations for what you can accomplish, they’ve
stopped caring about you. Students need to have challenges that we, as educators, know
they can overcome and master. When we allow students to work toward mastery instead of
grades, then the journey becomes about the process and not the outcome. This approach,
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however, requires facilitators, helpers, and guides along the way so that each student can
recognize their value and be their best version.

Problem-based learning approaches education with a deep respect for the value, abilities,
and strengths of each student by raising expectations beyond the standard and providing
guidance in a supportive environment.

The main goals of this book are as follows:

® To show that a problem-based curriculum is an effective way to teach mathematics
to students of all levels and backgrounds and prepares them to be creative thinkers
in an ever-changing world.

® To train educators on how to employ a problem-based curriculum in their class-
rooms by creating a collaborative, kind, and engaging environment where each stu-
dent can be guided to be their best version.

® To provide the curriculum plans and interesting problems that allow educators to
successfully train their students to think with a problem-solving mindset.

Here are the top five characteristics of a problem-based learning curriculum as detailed
in this book:

1. It is student-centric as opposed to teacher-centric. Lectures are kept as brief as pos-
sible and students are the drivers in the process while teachers are the facilitators
of learning.

2. It is highly collaborative because when you engage in the trade of ideas,
everyone improves.

3. It is scalable so that problems are in a range to reach all levels of students and pro-
mote their individualized growth.

4. It relies heavily on range, rigor,; and resilience to encourage curiosity, critical thinking,
and creativity.

5. It is FUN! If the teacher and students have the correct mindset of playful math-
ematics and growth in a supportive environment, then they look forward to the
lessons and don’t resist extra challenge.
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A typical adult gorilla 1s 5ft tall and weighs 400 pounds. If King
\mmmnk ’ Kong is 20ft tall, how much does he weigh approximately? This

problem is about basic measurements; however, many students get

it wrong by rushing to provide an answer without thinking about
what really is being asked. Many will quickly respond, “1,600 pounds,” which 1s
completely illogical if they have a sense of weight.

Only 1,600 pounds for such an enormous gorilla? A typical black and white
cow weighs that much! A hippopotamus can weigh up to 4,000 pounds. While
this is a simple exercise rather than a complicated problem, it illustrates a larger
problem in mathematical thinking.

When mathematics pedagogy is reduced to checking a box, guessing an
answer, or completing repetitive exercises, then students are rewarded for quickly
reaching a solution over thoughtfully working through a problem.

-

Solution

You know the height difference (one dimension), but you need to translate that
to the difference in volume (three dimensions) of the gorillas. If King Kong is four
times bigger in each of the three dimensions (4 times taller, 4 times wider, and
4 times longer) than the average gorilla, that equals 400 multiplied by 4 multiplied

L by 4 multiplied by 4, i.e., 400 x (20/5)% =25 600 pounds. )

Notes

1. https://www.awesomemath.org/what-is-awesomemath
2. Randy Pausch, Last Lecture: Achieving Your Childhood Dreams, Carnegie Mellon University, Decem-
ber 20, 2007, https://www.youtube.com/watch?v=ji5_MgqicxSo.
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SECTION I

Why Problem Solving?

In this section:

® Rewards for a Problem-Based Approach: Range, Rigor, and Resilience
® Maximize Learning: Relevance, Authenticity, and Usefulness

® Creating a Math Learning Environment

® What Is the Telos?

® Gains and Pains with a Problem-Based Curriculum

Today’s kids are busier than ever! Juggling their schedules inside and outside of school
requires major planning, and as a result, enticing them to focus in a mathematics class can
be difficult. That is not to say that they are incapable of deep thought, but rather, asks how
mathematics can compete with all the other distractions that life throws their way. What
makes activities such as sports or video games so much more appealing? How can we con-
struct a mathematics environment so that students are engaged with the subject and work
together to achieve a superior understanding for mathematics?

The common thread is playful problem solving. Play is an integral part of life. Even as
adults, we love to play and compete and solve problems with friends. You can challenge
yourself to move up levels and share your experiences with peers - plus, there is no fear of
losing, whereas in mathematics, there is fear. Fear of appearing stupid, fear that if you are
slow to understand that you just aren’t good at math, fear that doing poorly in math means
you won’t get into college. We need to erase that fear and help kids take thought risks with
problem solving.

-
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Let’s say that Steve is playing a video game with a friend and loses a boss
battle. Will he give up and say, “Well, I guess I'm bad at video games, so I'll
stop playing”? Of course not. He’ll try a different strategy or ask his friend for
advice or go online and watch YouTube videos. What makes the difference
between perseverance and giving up? Mathematics education can be just as playful and
allow students to compete by solving meaningful problems while working as a team, but
that means the stakes need to change, and instead of teachers as judges, saying a student’s
individual work is good or bad, is missing steps, is B work and not A work, they need to
shift into being coaches who guide their students to being the best versions of themselves.

While teachers want each student to excel, in reality, great teachers work on improving
the abilities of their entire class every day, spotting areas that are weak, celebrating strengths,
and being a cohesive unit. When all of those areas come together, then success will happen.
Children are not outcomes and need to be guided by a great educator to think critically and
creatively.

Currently, math education in middle and high schools is a series of exercises with
easily obtained answers, e.g., find the perimeter of a square, training students to do what a
computer can do better. Problem solving goes much deeper and taps into what makes us
human, namely, multiple creative approaches with a string of steps to solving meaningful
and interesting problems. It takes the shift away from outcome-based learning (grades/test
scores, rank, grade point average [GPA]), which is a fixed-mindset approach, to learning for
mastery, where students challenge themselves to improve every day (growth mindset).

What exactly is problem solving? Even mathematicians and researchers haven’t come
up with a definitive answer, but in this book, we believe problem solving has the following
characteristics:

Problems take several steps to solve.

More than one approach can be used to arrive at a complete solution.

Good problems lend themselves well to collaboration with peers.
Meaningful problem solving promotes flexibility of thought and innovation.

Mathematical learning and reasoning are integral to the process of problem solving.

Problem solving is about working around obstacles to understand the unknown.

Problem solving is the strategy, and math competitions are the vehicle to train your
math class to be stellar thinkers. Since the current school curriculum delivers a narrow
path of mathematics knowledge, climbing aboard the math competition train will expose
students to a greater array of topics, including discrete mathematics, an area that incorporates
both number theory and combinatorics (counting and probability). Discrete math, along
with finite mathematics and linear algebra, are necessary to work in the modern world
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of computing. Mathematical mod-
eling and a strong understanding of
statistics is also critical. The level of
deep thinking required to solve hard
problems in the areas of discrete
mathematics, algebra, geometry, and
the areas in between (e.g., geometric
inequalities), transfers to future
careers in STEM (science, technology,
engineering, mathematics) fields, and
beyond. Mathematics competitions
provide exposure to all these topics
while working with peers to solve
challenging problem:s.

Justas every football player cannot
be the quarterback, not every student
is going to excel in the same way with
mathematics competitions, but this
brings us back to the focus being
placed on the process and not the out-
comes. The reason to engage in math
competitions is to have something
to work toward where each student
can get a little better every day and
be motivated in a collaborative and
supportive environment. Some stu-
dents may enjoy working through
lots of different types of problems
while others may prefer to look at the
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4. What Were Your School
-* Experiences Like in Your
to Your Love of
Problem Solving?

Dr. Branislav Kisa¢anin: When I was growing
up In former Yugoslavia, during the 1980s,
math and physics competitions were well
organized and students were encouraged
to participate. Competitions were held at
school, city, regional, and national level,
and from there teams were sent to the
International Mathematics Olympiad
(IMO) and the International Physics Olym-
plad (IPhO). Except for the school level, all
competitions involved some kind of travel
with like-minded kids, and that was a big
part of it all for me. Thanks to these com-
petitions, I met many life-long friends (my
fellow students and my future college
professors) and visited wonderful places
in former Yugoslavia: Postojna cave and
Portoroz in Slovenia, Sarajevo in Bosnia,
Decani, with its famous fourteenth-
century monastery, and the Danube’s
Djerdap Gorge in Serbia.

methods employed and want to write their own problems based on their discoveries. Every
type of student can play an important role in your mathematics class, and as the teacher,
you want to look at every student as a collection of strengths as opposed to a collection of
weaknesses that need to be fixed.

Regardless of the role a student chooses, all students grow their skills faster when col-
laborating toward a common goal than they would on their own, because when you engage
in the trade of ideas, everyone improves.

The learning environment for the game is critical to bringing out the best in the players
and the rewards are range, rigor, and resilience.






CHAPTER 1

Rewards for Problem-Based
Approach: Range, Rigor, and
Resilience

Range Ignites Curiosity

As educators, we understand the importance of depth and breadth in learning. For
beginning piano players, listening to a concert pianist perform can ignite curiosity and
inspire them to practice more. In mathematics, there seems to be a reticence to hear the
symphony for fear that it will be too much, too soon, and by limiting the range, we limit
curiosity and growth.

Our AwesomeMath Enrichment programs are filled with students whose

schools placed a ceiling on their mathematics education and they are seek-

ing outside resources. Sometimes, this is because the school is concerned

that if students are accelerated too quickly, they won’t have the maturity to
truly understand what is being taught. Other times, the school is concerned that if stu-
dents move two or three levels ahead, by the time they are seniors they will have run out
of classes to take. Another common reason our parents provide is that the school thinks
it will be too much information for the student at too young an age and will spoil their
performance in future classes. With a problem-based curriculum, there is no ceiling on
learning and there is ample depth and breadth of subjects to keep students challenged
throughout their lifetime. The real danger of not giving students adequate challenge and
range to satiate their curiosity is that they will turn off on mathematics and learning
altogether. Students need to hear the beauty and art that is mathematics to kindle their
joy of learning.

5
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‘:y, Why Is a Collaborative Problem-Based Approach Worthwhile?

i o Dr. Emily Herzig: Collaboration in the classroom has many benefits.
Research has demonstrated that active learning improves performance
on exams, and the effect is especially large for disadvantaged students. Currently,
education is not equitably accessible to all students, with students from under-
served populations and first-generation college students in particular facing addi-
tional obstacles to entering, navigating, and excelling in higher education. Thus,
collaborative learning in the classroom could be key to closing the achievement gap
and allowing capable but underprepared students to reach greater success in math.

Furthermore, a collaborative and problem-based approach gives younger stu-
dents a more accurate impression of what higher-level math entails. Students too
often carry the belief that success in math is based in rote memorization and dril-
ling problems. While those skills are certainly useful for efficiently carrying out
the basic mechanics of solving problems, it is equally important that students are
able to formulate and interpret more complex problems, and work with their col-
leagues to develop and execute problem-solving strategies. Arguably, this process is
also what makes math such an enticing subject. A focus on collaborative problem
solving is a great way to attract students to and prepare them for careers in math.

Community il Outreach

Even the terms used for learning piano and learning mathematics are different: Students
play piano and work on math problems. There needs to be a fundamental shift in approach
and exposure to a range of problems that are harder and more interesting so that students
can see where math can take them. So much of math education today is about waiting:

® Wait until high school, and then what you’ve been learning in middle school will
be useful.

® Wait until college, and then what you’ve been learning in high school will be useful.
® Wait until you learn topic x before you can see the beauty of topicy or z or beyond.

® Wait until you learn a subject, like geometry, in isolation before you have the ability
to learn how it connects and contributes to other areas such as algebra, engineering,
art, science, etc.

Andsoon....

A mathematician, like a painter or poet, is a maker of patterns. If his patterns are more
permanent than theirs, it is because they are made with ideas.
G.H. Hardy

Students need to work together to weave a pattern of ideas with what they know and can
add more as their knowledge base grows. To fully appreciate the full tapestry of mathe-
matics is not by adding one color of thread at a time, but weaving a picture with various
thread colors within a group of learners who are just as excited by the beauty as you are.
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Collaborative problem-based learning holds the key to unlocking abilities and
mathematical growth. The collaboration nurtures interpersonal skills, leadership traits,
and conflict resolution, while providing interesting problems gives students a common
goal to work toward where they can connect and share ideas. Students can see the fun and
beauty in mathematics, start to play, and see where math can take them long term.

A fun problem that works well in a group is the following:

six 2x 2 squares from the sides of an 8 x 12 rect-

The diagram shows a polygon made by removing ’_‘

angle. Find the perimeter of this polygon.

The answer is 60. The square removed from the
lower-right corner of the rectangle does not
change the perimeter of the polygon, but when
each of the other five squares is removed, the
perimeter is increased by 4. Thus, the perim-
eter of the polygonis 2x8+2x12+5x4 =16+
24+20=60."

Students are allowed to be transported by a musical symphony before understanding
individual notes, so why not provide the symphony of mathematics and introduce students
to its wonders and challenges? Parents and educators will read books beyond a student’s
personal reading level so that they can hear the richness of language and be exposed to more
intricate sentence structure. There are so many wonderful places an enriching math educa-
tion can take you.

When educating young math students, you can let them know that they are the cap-
tains of their ship, but as their navigator, you can guide them to really interesting destina-
tions and expose them to a wider range of mathematics.

ot ’ FOHOWiI’lg are some ideas for increasing range in a mathematics program:
\599391.
¥ a0

" Logic problems. Thinking through these problems primes the brain for
mathematical reasoning.

Combinatorics. This discrete mathematics field involves counting and probability.

The mathematics of science. Solving, for example, real-world physics problems
adds range and connectivity across academic disciplines.

Mind benders and puzzles. These are a fun way to introduce mathematical con-
cepts, such as magic squares.

Game theory. Utilize mathematical modeling to understand the strategies
employed by rational game players (decision makers).

Computational linguistics. Apply computational analysis to language and speech
for linguistic phenomena.

And so much more!




