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Preface

Sustainable development, even more—survival of human beings, strongly depends
on aquatic ecosystems, which are exposed to human impacts as they, for example,
ultimately receive all kinds of waste from agriculture, industrial and technological
production. There is also much evidence of poor management of river systems,
being the result of poor understanding of the processes that occur in river streams,
particularly when flow–biota, flow–vegetation and geomorphic settings are taken
into account. Despite huge progress in the field of environmental hydraulics in
recent years, investigations on freshwater ecosystem functioning still require further
research investments. The issues discussed in the present volume analyse some
emerging trends in environmental hydraulics, hoping to contribute towards an
improved understanding of the functioning of rivers and other aquatic systems. This
book embraces studies carried out in the field, in laboratory flumes as well as
computational investigations, often representing truly interdisciplinary research
methodologies.

Together with the authors who contributed to these articles, we sincerely hope
our readers will enjoy these papers, which are the result of the debate led during the
38th International School of Hydraulics. This school, a biannual affair, is tradi-
tionally held in Poland, this time in 21–24 May 2019 at the Dębowa Góra Hotel
situated near Płock, at the picturesque lake surrounded by the forest greenery. This
school has been attended by scholars from all over the world, from thirteen
countries. All papers were presented during the school, thoroughly discussed there,
and all of them were peer-reviewed prior to the school and if needed, also after the
event. The invited speakers at the meeting were Aronne Armanini from University
of Trento, Italy; Alessandra Crosato from IHE Delft Institute for Water Education,
The Netherlands; Subhasish Dey Indian Institute of Technology Kharagpur, India;
Yafei Jia from National Center for Computational Hydroscience and Engineering,
The University of Mississippi, USA; Juha Järvelä from Aalto University, Finland;

xi



Artur Magnuszewski from University of Warsaw, Poland; and Wojciech
Majewski from Institute of Hydroengineering of Polish Academy of Sciences,
Poland; world-class experts in the field and that guaranteed very high level of all the
undertaking.

Warsaw, Poland Monika B. Kalinowska
Paweł M. Rowiński

School Chairs
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Turbulent Length Scales and Reynolds
Stress Anisotropy in Wall-Wake Flow
Downstream of an Isolated Dunal
Bedform

Subhasish Dey and Sankar Sarkar

Abstract This experimental study brings the turbulent length scales and the
Reynolds stress anisotropy into focus in wall-wake flow downstream of an isolated
dunal bedform. The results reveal that wall-wake flow downstream of an isolated
dune possesses a high-turbulence level having its peak value at the dune crest level.
This level lasts up to the vertical distance until the effects of the dune on the flow dis-
appears. Regarding the turbulent length scales, downstream of the dune, the Prandtl’s
mixing length in wall-wake flow is greater than that in undisturbed upstream flow,
while theTaylormicroscale and theKolmogorov length scale are smaller. InReynolds
stress anisotropy analysis, the anisotropy invariant maps demonstrate the data plots
form a looping trend in wall-wake flow. Below the dune crest, the turbulence is char-
acterized with an affinity to show a two-dimensional isotropy, while above the crest,
the anisotropy has a tendency to reduce to a quasi-three-dimensional isotropy.

Keywords Dune · Turbulent flow · Open-channel flow · Turbulent length scales ·
Reynolds stress anisotropy

1 Introduction

Natural turbulent streams often come across bed-mounted solid obstacles of differ-
ent geometries that play an important role in modifying flow characteristics. These
obstacles are often called bluff-bodies in applied hydrodynamics. The presence of a
bed-mounted bluff-body in a streamflow generates wakes at its downstream, called
the wall-wake flow. Depending on the geometry of a bluff-body and the magnitude
of streamflow velocity, the wake flow downstream of the bluff-body sustains up to a

S. Dey (B)
Department of Civil Engineering, Indian Institute of Technology Kharagpur, Kharagpur,
West Bengal 721302, India
e-mail: sdey@iitkgp.ac.in

S. Sarkar
Physics and Applied Mathematics Unit, Indian Statistical Institute, Kolkata, West Bengal 700108,
India
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2 S. Dey and S. Sarkar

certain distance until the undisturbed upstream velocity profile is eventually recov-
ered. Owing to the importance of bluff-bodies in practical purposes, the wake flow
downstreamof a bluff-body remains a topic of immense importance in applied hydro-
dynamics (Bose and Dey 2016, 2018). Schlichting (1979) was the pioneer to study
the wall-wake flow downstream of a circular cylinder developed by the approach
shear-free flow, providing a similarity theory for the velocity defect profile in the
free wake flow. However, the wall-wake flow downstream of a bed-mounted obsta-
cle under an approach wall-shear flow is more complex being different from the free
wake flow. Limited studies have been carried out to understand the turbulence charac-
teristics downstream of bed-mounted bluff-bodies in both near- and far-wake under
a shear flow. To be specific, Balachandar et al. (2000) and Tachie and Balachandar
(2001) argued that the similarity for velocity profiles in the wall-wake downstream
of a bed-mounted plate could be preserved even in the near-wake flow zone by using
the appropriate velocity and length scales. Shamloo et al. (2001) studied the effects
of hemispherical objects in characterizing the streamwise velocity and Reynolds
shear stress in an open-channel flow. Downstream of a hemisphere, they observed
a recirculation zone, which disappeared after a downstream distance of about twice
the hemisphere diameter. Kahraman et al. (2002) observed that the effects of local-
ized wall-roughness on shallow wake flow downstream of a bed-mounted circular
cylinder are not only confined to the near-wall flow zone, but also govern the entire
turbulence in a shallow wake flow covering up to the half of the flow depth. Some
researchers were also interested to study the vortex shedding in wall-wake flows.
Akilli and Rockwell (2002), Ozturk et al. (2008) and Ozgoren (2006) studied the
near-wake flow downstream of a bed-mounted vertical circular cylinder by particle
image velocimetry (PIV). Akilli and Rockwell (2002) observed that a large-scale
Kármán vortex that contains upward ejections through its core is developed and ulti-
mately becomes a streamwise vortex, inducing a distortion to the free surface. Ozturk
et al. (2008) studied the flow field upstream and downstream of a bed-mounted ver-
tical circular cylinder within the boundary layer involving the interaction among the
primary and the trail of the horseshoe vortices developed at the upstream cylinder
base. On the other hand, Ozgoren (2006) studied the generation of vortical struc-
tures and the turbulence quantities downstream of a bed-mounted vertical circular
cylinder under a uniform flow. They reported that the length of vortex formation
decreases as the Reynolds number increases. Lacey and Roy (2008) studied the tur-
bulent flow downstream of a submerged pebble cluster and observed a dominance
of longitudinal-vertical vortex shedding in the wake of the cluster. Sadeque et al.
(2009) considered the bed-mounted cylinders as bluff-bodies and found that the flow
far from the bed is approximately similar and can be described by the plane wake
flow equation. Further progresses in understanding the wake flow characteristics
downstream of bluff-bodies have been recently made by Dey et al. (2011, 2018a, b,
c), Sarkar and Dey (2015a, b).

Considering an isolated dunal bedform as a bluff-body and studying the flow
characteristics downstream of it, inadequate attention has so far been paid to the
best of the authors’ knowledge. Importantly, the existing knowledge of flow over an
isolated dune is not sufficient in predicting the flow over it, because most of the cases
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were studied for the flow over a series of dunes. For instance, McLean and Smith
(1986) and Nelson and Smith (1989) studied the turbulent flow field over the dunes
and observed the existence of separation zone, reattachment point, wake flow zone,
internal boundary layer, etc. Maddux et al. (2003a, b), who experimentally studied
the turbulent flow over a series of two- and three-dimensional dunes observed that
the three-dimensional dunes possess different turbulence characteristics from the
two-dimensional ones. Based on the laboratory experiments, Best (2005) showed
that the ejections dominate the instantaneous flow field over the crests of the dunes
and the highest instantaneous Reynolds stresses are associated with the ejections and
sweeps.

It is evident from the recent studies by Sarkar and Dey (2015a, b), and Dey
et al. (2018b) that the bluff-bodies have significant impacts on the eddy sizes and
the turbulence anisotropy. To be specific, the turbulent flow contains large number of
eddies,which can be described by their traversing distances by using Prandtl’smixing
length and their sizes by using the Taylor microscale and the Kolmogorov length
scale. In addition, the characterization of turbulent flow requires an understanding
of anisotropy as it provides information on the extent of departure from the isotropy
(Lumley and Newman 1977; Smalley et al. 2002; Keirsbulck et al. 2002; Dey et al.
2019). However, a few studies have been reported to understand the turbulent length
scales andReynolds shear stress anisotropy for the case of an isolated dune.This study
is therefore dedicated to characterize the turbulent length scales and the Reynolds
stress anisotropy in the flow downstream of an isolated dunal bedform mounted on
a rough bed.

2 Experimental Setup

Experiments were carried out in a re-circulatory rectangular flume of 20 m length,
0.5 m width and 0.5 m depth at the Fluvial Mechanics Laboratory in the Indian
Statistical Institute, Kolkata, India. The flume was facilitated with visual observation
of flow through its transparent sidewalls. A centrifugal pump was used to supply the
inflow discharge, which was measured by an electromagnetic device.

The flume bed that had a bed slope of 0.03%was created rough by gluing gravels.
Uniform gravels of a median size of d50 = 2.49 mm were used for this purpose.
Isolated two-dimensional dunal (triangular) bedforms for Runs 1 and 2, as shown
in Fig. 1, were mounted on the bed at a distance of 7 m from the flume inlet. A
dune is of scalene triangular shape with its length l as the horizontal length of the
triangular base summing the lengths of stoss-side lS and leeside lL, given by l = lS
+ lL (Fig. 2). The dune height hd is the vertical distance of the dune crest from the
bed. The dune was also made rough by using the same gravel sample. Two dunes
were used with height hd = 0.09 m and length l (= lS + lL = 0.24 + 0.16) = 0.4 m
for Run 1 and hd = 0.03 m and l (= lS + lL = 0.24 + 0.06) = 0.3 m for Run
2. Both the runs were performed under the same approach uniform flow condition
with a flow depth of h ≈ 0.3 m and the depth-averaged approach velocity of Ū ≈
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Fig. 1 Photographs of bed-mounted isolated dunal bedforms in the experimental flume

Fig. 2 Schematic of an isolated dunal bedform and velocity profiles
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0.44 m s−1. In both Runs, 1 and 2, the flow depth and approach velocity were slightly
different (about 1.5%) owing to the experimental rearrangements. A Vernier point
gauge with a precision of ±0.1 mm was used to measure the flow depth and the free
surface profile. The approach shear velocity u*, calculated from the bed slope, was
0.030 (m s−1), while the values of u* for Runs 1 and 2, obtained from the Reynolds
shear stress profiles, were 0.027 and 0.025 m s−1, respectively. The flow Reynolds
number and Froude number were 528,000 and 0.256, respectively, for both the runs.
Besides, the shear-particle Reynolds numberR* (= d50u*/ν, where ν is the coefficient
of kinematic viscosity of water) was 74.7 (>70) for both the runs, ensuring the flow
to be turbulent-rough and subcritical. The instantaneous velocities were measured
along the centerline of the flume at different nondimensional streamwise locations
(according to the coordinate system shown in Fig. 2) x/l = −0.5, −0.25, 0, 0.1, 0.2,
0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.1, 1.3, 1.7, 2.1, 2.5, and 3.3 by using a 5 cm
downlooking Vecrtino velocimeter. Here, x is the streamwise distance. The Vecrtino
system had an adjustable sampling volume of 6 mm diameter and 1–4 mm height.
It was operated with an acoustic frequency of 10 MHz and at a sampling rate of
100 Hz. The velocity components u, v, and w were considered in the streamwise
(x), spanwise (y), and vertical (z) directions, respectively. Up to the dune crest,
the lowest sampling height of 1 mm was used, while above the crest, it was set
as 2.5 mm. A sampling duration of 300 s was considered to be sufficient to get the
time-invariant velocity and turbulence quantities. Theminimum signal-to-noise ratio
(SNR) and signal correlation were maintained as 18 and 70%, respectively. After the
measurements, the data were filtered whenever necessary using the acceleration
thresholding method (Goring and Nikora 2002).

3 Time-Averaged Velocity, Reynolds Shear Stress
and Average Turbulence Intensity

Figure 2 presents a schematic of an isolated dunal bedform and the velocity profiles
upstream and downstream of it. The flow is directed from the stoss-side to the leeside.
Therefore, the approach flow before starting the stoss-side of the dune is designated
herein as upstream flow and the flow past the dune as wall-wake flow. Immediate
downstream vicinity of the dune (x = ξ l, where ξ is a factor being less than unity),
the flow is characterized by the reversed flow, called the near-wake flow. Thereafter,
the flow is called the far-wake flow. In Fig. 2, the upper dotted line represents the
boundary layer (u=U) inwall-wake flow and the lower dotted line signifies the locus
of u = 0, where u(z) is the streamwise velocity in wake flow, U(z) is the streamwise
velocity in undisturbed upstream flow and z is the vertical distance measured from
the bed. The far-wake flow having a defect velocity profiles starts recovering, as
the flow travels downstream. Far downstream of the dune, the flow fully recovers
the undisturbed upstream flow, signifying the fully recovered (or fully developed)
open-channel flow.



6 S. Dey and S. Sarkar

-0.5 0 0.5 1 1.5 2 2.5 3 3.5

x/l

0

0.5

1

1.5

z/h
d

0 1

-0.5 0 0.5 1 1.5 2 2.5 3 3.5
x/l

0

0.5

1

1.5

z/h
d

0 1

(a)

(b)

Fig. 3 Velocity vectors in flows upstream and downstream of an isolated dune in a Run 1 and
b Run 2 (dune geometries not to in same horizontal and vertical scales)

The time-averaged velocity vectors for Runs 1 and 2 are depicted in Fig. 3a,
b, respectively, where the abscissa and the ordinate represent the nondimensional
streamwise distance x/l and vertical distance z/hd , respectively. The magnitude and
the direction of the velocity vectors are (u2 + w2)0.5 and tan−1(w/u), respectively,
where u andw are the time-averaged streamwise and vertical velocities, respectively.
Upstream of the dune (x/l = −0.5), the velocity vectors do not change significantly
in magnitude and direction while approaching from x/l = −0.5 to 0 (starting point
of the stoss-side of dune). However, downstream of the dune, the velocity vectors
change significantly both in magnitude and direction, particularly below the dune
crest. Immediate downstream vicinity of the dune (1 ≤ x/l ≤ 1.75), the velocity
vectors change their directions, signifying a circulatory motion in the near-wake
flow zone. The near-bed velocity vectors in the reverse direction continue up to a
certain distance (x/l ≈ 1.75) in the near-wake flow zone. However, the wall-wake
flows in both the runs start recovering their respective undisturbed upstream flows
with an increase in horizontal distance x/l, attaining approximately the undisturbed
velocity vectors at x/l = 3.3 (or x/hd = 15 and 33 in Runs 1 and 2, respectively).

Figure 4 shows the nondimensional streamwise velocity u/u* profiles in flows
upstream and downstream of an isolated dune at different streamwise distances for
Runs 1 and 2. It is evident that the approach shear flow passing the isolated dune
gets separated to form a reversed flow, in the near-wake flow zone, at the immedi-
ate downstream vicinity of the dune (1 ≤ x/l ≤ 1.75). As the flow moves further
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Fig. 4 Vertical profiles of nondimensional streamwise velocity u/u* at different streamwise
distances for Runs 1 and 2

downstream, the reversed flow disappears establishing the far-wake flow (1.75 < x/l
< 3.3). Far downstream of the dune (x/l ≥ 3.3), the velocity profiles in Runs 1 and
2 recover their respective undisturbed upstream profiles, called the no-wake flow or
fully recovered flow (Sforza and Mons 1970; Sadeque et al. 2009; Dey et al. 2011).
The main feature of u/u* profiles in wall-wake flow is that the velocity gradient,
which is milder and concave below the crest level, changes (forming an inflection
point) at the crest level to become steeper and convex above it. However, the length
of wall-wake flow zone and the distance of recovery of streamwise velocity profile
for an isolated dune are different as compared to those for bed-mounted spherical
obstacles (Dey et al. 2011) and bed-mounted horizontal and vertical cylinders (Dey
et al. 2018a, b, c). The recovery of the streamwise velocity took place at a distance
of 8.5 times the sphere diameter in Dey et al. (2011), while it was at a distance of 20
times the horizontal cylinder diameter in Dey et al. (2018a) and 16 times the vertical
cylinder diameter in Dey et al. (2018b, c). In the present case, the recovery of the
velocity profiles occurred approximately at 3.3 times the dune length or 15 and 33
times the dune height in Runs 1 and 2, respectively. The differences of the down-
stream locations to recover the undisturbed upstream streamwise velocity profiles in
Runs 1 and 2 are attributed to the different geometries of the dunes.

Figure 5 displays the vertical profiles of nondimensional Reynolds shear stress
(RSS) τ/u2∗ in flows upstreamand downstreamof an isolated dune at different stream-
wise distances for Runs 1 and 2. Here, τ is the Reynolds shear stress relative to mass
density ρ of water, defined by −u′w′. Upstream of the dune (x/l = −0.5), the τ/u2∗
profiles in both the runs follow approximately a linear law, where the peak values in
τ/u2∗ profiles appear in near the bed, decreasing linearly with an increase in vertical
distance and approaching to zero at the free surface. However, downstream of the
dune, the τ/u2∗ profiles start with a finite value from the bed and increase with an
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Fig. 5 Vertical profiles of nondimensional Reynolds shear stress τ/u2∗ at different streamwise
distances for Runs 1 and 2

increase in vertical distance until they attain their peaks at the dune crest. Then, they
decrease, as one goes toward the free surface. The peaks in τ/u2∗ profiles progres-
sively diminish with an increase in downstream distance. However, far downstream
of the dune (x/l = 3.3), the τ/u2∗ profiles in both the runs follow the undisturbed
upstream profiles of the respective runs, confirming a stress recovery. It can be con-
cluded that at a given vertical distance, the RSS in wall-wake flow is greater than
that in undisturbed upstream flow owing to the fluid mixing in wall-wake flow zone.

The vertical profiles of average turbulence intensity Iav at different streamwise
distances for Runs 1 and 2 are shown in Fig. 6. The average turbulence intensity Iav
is used to assess the overall turbulence level. It is expressed as Iav = (2q/3)0.5/U1;
where q is the turbulent kinetic energy (TKE) [= 0.5(u′u′ + v′v′ +w′w′)], u′u′, v′v′,
and w′w′ are the Reynolds normal stresses relative to ρ in streamwise, spanwise and
vertical directions, respectively, and U1 is the local time-averaged resultant velocity
[=(u2 + v2 + w2)0.5]. In case of a pipe flow, the ranges Iav = 0.05–0.2, 0.01–0.05
and <0.01 represent the high-turbulence, medium-turbulence and low turbulence,
respectively (Russo and Basse 2016; Basse 2017). However, these ranges are deemed
to be applicable to the turbulent flow in an open channel as well.

The vertical profiles of Iav at different streamwise distances show that upstream
of the dune (x/l = −0.5), the Iav starts with a bed induced high-turbulence level
from the near bed, but as the vertical distance increases, the Iav profiles gradually
reduces to medium and then to low turbulence range. However, downstream of the
dune, the Iav profiles start with a high-turbulence level close to the bed, but after a
brief decrease, the Iav profiles increase sharply with vertical distance, attaining their
peak values at the dune crest. It indicates the maximum value in high-turbulence
level owing to an intense fluid mixing. Above the crest, the Iav profiles decrease with
an increase in vertical distance and above z/hd = 1.5, the Iav profiles fall sharply to
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Fig. 6 Vertical profiles of average turbulence intensity Iav at different streamwise distances for
Runs 1 and 2

follow the upstream profiles of respective runs. Importantly, the peaks of Iav taking
place at the dune crest give an indication of the occurrence of the maximum TKE at
the crest. The present findings are in conformity with the observations of Sarkar et al.
(2016), who also found that the maximum TKE occurs at the crests of the protruding
array of large gravels owing to the fluid mixing at the crest. In essence, the wall-wake
flow possesses a high-turbulence level having a peak at the crest level indicating an
intense fluid mixing. The high-turbulence level continues up to the vertical distance
of 1.5 times the dune height, and beyond that the effects of the dune vanish.

4 Turbulent Length Scales

The turbulent fluid flow comprises the eddies that are dynamically self-perpetuate,
as the fluid flows. The eddies collapse unremittingly from the largest scale to the
smallest one, initiating from the intrinsic flow instabilities (Pope 2000). While the
size and the travelling space of individual eddies are hard to determine uniquely,
it is however feasible to delineate the length scales by characterizing the behavior
of eddies. Remarkably, Prandtl (1925) was the innovator of the mixing-length con-
cept that elucidates the mixing phenomenon by the turbulent eddies in a fluid flow
stemming from the fluid momentum interchange in a macro-scale. The Prandtl’s
mixing-length thus indicates the travelling space of eddies. On the other hand, the
turbulent length scale is a physical quantity to describe the behavior of the large
energy-containing eddies in a turbulent flow. The large eddies in the flow account
for most of the transport of momentum and energy. If a larger eddy collapses, its
kinetic energy is transmitted to the smaller eddies in an energy cascade process. By
contrast, when small eddies merge, as they often do in a mixing process, the TKE is
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transmitted to the larger eddies. The length scale of larger eddies is controlled by the
physical boundaries of a flow, while the length scale of smaller eddies can be defined
by the TKE dissipation rate and the kinematic viscosity of fluid in terms of the Taylor
microscale and the Kolmogorov length scale. The former refers to the length scale
in the inertial subrange and the latter to the dissipation range (Pope 2000; Jovanović
2004; Dey 2014).

4.1 Prandtl’s Mixing Length

Prandtl (1925) argued that in a turbulent shear flow, the eddies forming the fluid
parcels generate and then degenerate to exchange their momentum after travelling
an average distance, termed the mixing length (also well-known as Prandtl’s mixing
length). The process of generation and degeneration of eddies perpetuates as long as
the fluid flows at a high Reynolds number. According to the Prandtl’s mixing-length
theory, the mixing-length lp is expressed as

l p(z) = (−u′w′)0.5

dū/dz
(1)

The nondimensional Prandtl’s mixing-length lp/d50 as a function of nondimen-
sional vertical distance z/hd at different nondimensional streamwise distances x/l for
Runs 1 and 2 is plotted in Fig. 7. Upstream of the dune (x/l= −0.5), the lp/d50 profiles
increase almost linearly with an increase in vertical distance obeying lp = κz, where
κ is the von Kármán constant (=0.4). Downstream of the dune (x/l ≥ 1), the lp/d50

Fig. 7 Vertical profiles of nondimensional Prandtl’s mixing length lp/d50 at different streamwise
distances for Runs 1 and 2
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profiles increase sharply with an increase in vertical distance, attaining their peak
values at z/hd ≈ 0.5–0.6. Then, they decrease to a second lowest critical value at the
dune crest (z/hd ≈ 1) and, thereafter, gradually increase, as one goes toward the free
surface. It is clearly noticeable that at a given z, the mixing-length lp in wall-wake
flow is greater than that in undisturbed upstream flow. The increased values of lp/d50
gradually disappear with an increase in downstream distance. Far downstream of the
dune (x/l = 3.3), the lp/d50 profiles in both the runs become almost similar to their
corresponding undisturbed upstream profiles displaying a recovery ofmixing-length.
It can be concluded that at a given vertical distance, the average travelling distance
of turbulent eddies in wall-wake flow is greater than that in the undisturbed upstream
flow. The reason is accredited to an increased RSS and a reduced velocity gradient
in wall-wake flow.

4.2 Taylor Microscale

The Taylor microscale λ represents the eddy size in the inertial subrange of the
Kolmogorov spectrum of velocity fluctuations being the pertinent length scale of the
pure turbulence. It is expressed as

λ =
(
15νσu

ε

)0.5

(2)

where σ u is the streamwise Reynolds normal stress relative to ρ, given by u′u′, and ε

is the TKE dissipation rate. In this study, the ε was estimated from the Kolmogorov
second hypothesis, as was done by Dey and Das (2012).

The vertical profiles of nondimensional Taylormicroscaleλ/d50 at different nondi-
mensional streamwise distances x/l are presented in Fig. 8. Upstream of the dune,
the λ/d50 profiles gradually increase with an increase in vertical distance up to z/hd
≈ 1.25 and thereafter become almost invariant to the vertical distance, as one goes
toward free surface. Downstream of the dune, the λ/d50 profiles increase gradually
with vertical distance up to z/hd ≈ 0.75, and then decrease sharply up to the dune
crest. Above the crest, they again start increasing and becoming almost invariant to
vertical distance as one goes toward the free surface. It is however evident that at a
given z, the Taylor microscale λ in wall-wake flow is smaller than that in undisturbed
upstream flow. As the downstream distance increases, the effects of the duneweaken;
and far downstream of the dune (x/l = 3.3), the λ/d50 profiles in both the runs regain
their corresponding undisturbed upstream profiles. In conclusion, at a given vertical
distance, the length scale of turbulent eddies in the inertial subrange in wall-wake
flow is smaller than that in undisturbed upstream flow. The reason is ascribed to an
enhanced TKE dissipation rate in wall wake flow.
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Fig. 8 Vertical profiles of nondimensionalTaylormicroscaleλ/d50 at different streamwise distances
for Runs 1 and 2

4.3 Kolmogorov Length Scale

In the dissipation range, the viscosity dominates and the TKE is dissipated into heat.
The dissipation of TKE takes place at a length scale of the order of the Kolmogorov
length scale η, which is expressed as

η =
(

ν3

ε

)0.25

(3)

Figure 9 shows the vertical profiles of nondimensional Kolmogorov length scale
η/d50 at different nondimensional streamwise distances x/l for Runs 1 and 2. In
general, the characteristics of η/d50 profiles are almost similar to λ/d50 profiles with
difference in magnitudes. At a given vertical distance, the Kolmogorov length scale
in wall-wake flow is approximately 1/10 times the Taylor microscale.

5 Reynolds Stress Anisotropy

In an isotropic turbulence, the velocity fluctuations in a turbulent fluid flow are
independent of the axis of reference and invariant to the rotation of axis. It implies
the Reynolds normal stresses to be identical, e.g. σ x = σ y = σ z, where (σx , σy, σz) =
(u′u′, v′v′,w′w′). Therefore, the statistics of instantaneous fluid motion at a point
correspond to a pure chaotic motion having no preferential direction. On the other
hand, in an anisotropic turbulence, the velocity fluctuations u′

i [= (u′, v′,w′) for i =
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Fig. 9 Vertical profiles of nondimensional Kolmogorov length scale η/d50 at different streamwise
distances for Runs 1 and 2

(1, 2, 3)] in a turbulent fluidfloware directionally preferred; andhence, theReynolds
normal stresses are not identical.

The Reynolds stress anisotropy remains an important feature in the realm of many
natural and industrial flow characteristics, where the notion of isotropic turbulence
breaks down. The Reynolds stress anisotropy tensor aik is defined as aik = u′

i u
′
k −

(2/3)qδik (Rotta 1951), where q = u′
i u

′
i/2 and δik is the Kronecker delta function,

defined as δik(i �= k) = 0 and δik(i = k) = 1. In nondimensional form, the Reynolds
stress anisotropy tensor aik is expressed as bik[= aik/(2q)] = u′

i u
′
k/(2q) − δik/3.

In essence, the bik remains a symmetric and traceless tensor ranging from −1/3
to 2/3 and vanishes for an isotropic turbulence (bik = 0). The contribution from
the Reynolds stress relative to the TKE corresponds to the sign of each diagonal
component in bik . Figure 10a, b illustrate the vertical profiles of Reynolds stress
anisotropy tensor components bik at different streamwise distances for Runs 1 and
2, respectively. Downstream of the dune, the b11 and b22 components suggest the
wall-wake flow yields less anisotropic turbulence in streamwise direction and more
in spanwise direction below the crest. On the other hand, the b33 component produces
more anisotropic turbulence in the lower half and less in the upper half of the dune, as
compared to their undisturbed upstream values. However, the b13 component, which
signifies the ratio of RSS to TKE, exhibits little change in wall-wake flow. For all
bik components in both the runs, they display a kink at the crest level. However, a
recovery is evident, as downstream distance increases.

To portrait the degree and the nature of Reynolds stress anisotropy, it is quite
convenient to introduce the second and third principal invariants, I2(=−bikbik /2)
and I3(=bijbjkbki/3), respectively. Since the bik is a traceless tensor, the first invariant,
I1(=bii), becomes zero. A quantitative description of total Reynolds stress anisotropy
is ascertained by plotting −I2 against I3, termed anisotropy invariant map (AIM).
In an AIM, the feasible turbulence states are confined to the space bounded by the
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Fig. 10 Vertical profiles of Reynolds stress anisotropy tensor bik at different streamwise distances
for a Run 1 and b Run 2

left-curved, the right-curved and the top-linear boundaries, forming a triangle, called
the Lumley triangle (Fig. 11). The left-curved and the right-curved boundaries, being
symmetric about the plane-strain limit (I3 = 0), evolve from the isotropic limit (I2
= I3 = 0), obeying a generic relationship as I3 = ±2(−I2/3)3/2. On the other hand,
the top-linear boundary follows I3 = −(9I2 + 1)/27. The current understanding of
the states of Reynolds stress anisotropy has so far been achieved on the basis of
two different perspectives—the shape of turbulent eddies (Reynolds and Kassinos
1995) and the shape of ellipsoid that the Reynolds stress tensor forms (Simonsen
and Krogstad 2005). To be specific, Simonsen and Krogstad (2005) provided a clar-
ification concerning the traditionally used terminologies to describe the states of
anisotropy founded on the concept of the shape of turbulent eddies. They concluded


