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Preface

This volume collects research papers and survey articles by participants and
speakers in the SEAMS School on Dynamical Systems and Bifurcation Analysis
(DySBA), which was held in Penang, Malaysia, from 6 to 13 August 2018. The
event was organized by the School of Mathematical Sciences, Universiti Sains
Malaysia (USM), under the auspices of the Southeast Asian Mathematical Society
(SEAMS), Centre International de Mathématiques Pures et Appliquées (CIMPA)
and Commission for Developing Countries (CDC) of the International
Mathematical Union (IMU). The SEAMS School 2018 on DySBA was designed as
part of a series of mathematics study programmes that aims to provide the
opportunity for an advanced learning experience in the field of dynamical systems
via planned lectures, contributed talks and hands-on workshops. It also aimed to
introduce research-based learning for advanced undergraduate students, postgrad-
uate students and young academics.

The main topics highlighted in SEAMS School 2018 on DySBA were differ-
ential equations and discrete dynamical systems with applications to mathematical
biology. The event brought together both experts and novices in the theory and
applications of dynamical systems and bifurcation analysis. The scientific objective
of this school was to form a research network among ASEAN mathematicians to
collaborate within the broader research community, as well as to open up new
opportunities for researchers to link up and collaborate in these fields. The school
also intended to foster a joint scientific collaboration between the School of
Mathematical Sciences, USM and other international institutions. In general, this
school was the first ever SEAMS school concerning dynamical systems and
bifurcation theory in Malaysia. The successful organization of this event demon-
strates the ability of the School of Mathematical Sciences, USM to participate
actively in research engagement activities and scientific collaboration at the regional
and international levels.

This edited volume is prepared as a first step in the joint collaboration between
ASEAN mathematicians and international researchers to work together in the fields
of dynamical systems and bifurcation analysis. It will serve as a unified survey on
the development and recent progress in research on dynamical systems and

vii



viii Preface

bifurcation from the Southeast Asia region. The authors contributing to the chapters
in this book are also active researchers in these fields. This volume intends to give
an exposure to prospective readers regarding the theoretical and practical aspects of
dynamical systems and bifurcation analysis, as well as recent techniques on
numerical continuation and computational methods. While other existing books in
the field often give more attention on a particular topic in dynamical systems, our
book focuses on the state-of-the-art research on dynamical systems and bifurcation
analysis in a broader sense. This is crucial to ensure that readers can grasp different
concepts in dynamical systems and understand how the techniques from differential
equations, bifurcation analysis and numerical continuation have been employed in
analysing the dynamical behaviours of the models under consideration.

Among the modelling frameworks that have been employed in this volume are
Ordinary Differential Equations (Part 1), Fractional Differential Equations (Part II),
Delay and Partial Differential Equations (Part III) and Discrete Dynamical Systems
(Part IV). This volume also discusses the importance of bifurcation analysis and
some numerical continuation packages that can be used to track both stable and
unstable steady states together with bifurcation points to gain a better understanding
of the dynamics of the systems; these concepts are highlighted in Part V under
Computational Dynamical Systems. Special attention is also given to applications
of dynamical systems and bifurcation analysis in mathematical biology and eco-
logical problems. Several biological examples from recent research are employed as
illustrations. Through these examples, it is shown how the techniques from
dynamical systems and bifurcation theory have been applied to these different
mathematical models in order to answer a range of biologically inspired questions
encompassing topics such as species biodiversity and environmental issues. This
book will be of great interest to researchers, scientists and educators who work in
the fields of differential equations, dynamical systems, bifurcation theory and their
applications.

We would like to thank all participants, course lecturers and invited speakers for
making the school a great success. Thanks to the organizing committee as well for
their great efforts in conducting a well-run school. We are grateful to all of the
authors for their contributions to this volume and to all of the reviewers for their
timely and detailed feedback on the manuscripts. Additionally, we would like to
extend our deepest gratitude to the School of Mathematical Sciences, Universiti
Sains Malaysia, SEAMS, CIMPA, CDC-IMU, Division of Research and
Innovation USM, Department of Higher Education, Ministry of Education Malaysia
and Malaysian Mathematical Sciences Society for their valuable support and
commitment to make the event successful.

USM, Penang, Malaysia Mohd Hafiz Mohd
April 2019 Norazrizal Aswad Abdul Rahman
Nur Nadiah Abd Hamid

Yazariah Mohd Yatim
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Mathematical Modeling and Stability )
Analysis of Population Dynamics L

Auni Aslah Mat Daud

Abstract This study provides a brief introduction of important terminologies and
methodologies in the mathematical modelling and stability analysis of the popula-
tion dynamics. As an example, a mathematical model of population dynamics for
thyroid disorder during pregnancy is developed and analysed. The disorders are the
second most common endocrine disorders among women in childbearing age, where
inadequate or excessive amount of thyroid hormones are produced due to various
causes. Thyroid disorders during pregnancy and postpartum can be divided into
three types: hyperthyroidism, hypothyroidism and postpartum thyroiditis. They may
lead to numerous complications to both mothers and foetuses, such as heart failure,
pre-eclampsia, miscarriage, premature birth, and perinatal mortality. The model is
described using a system of first order linear ordinary differential equations. Its sta-
bility is studied using Routh-Hurwitz criteria. It is found that the model has only one
non-negative equilibrium, which is locally asymptotically stable.

Keywords Mathematical model - Thyroid disorders * Equilibrium - Stability
analysis + Routh Hurwitz criteria

1 Introduction

A mathematical model is a representation of a real-world system. Mathematical
modelling is an important mean for analysing the spread and control of diseases,
determining dominant parameters and sensitivities to changes in parameter values.
Mathematical modelling has at least two main objectives. Firstly, the models are
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beneficial in understanding the behaviour of the system under study and the iden-
tification of important parameters in the system, which can then be used to control
the outcome. Secondly, a mathematical model can be employed to predict the future
behaviour (such as weather) or measure the outcomes of experiments that cannot
be performed in reality (too expensive, not reproducible, dangerous, impractical, or
unethical). For example, it would be ethical and non-detrimental for researchers to
kill half the female members of a population to measure the population recovery time
if they do so using mathematical models instead of real populations.

The solution of a differential equation may not be so important if the solution
never appears in the practical, or is only physically realizable under exceptional cir-
cumstances. The equilibrium solutions of the model correspond to configurations in
which the physical system does not change over time and only occur in the real world
if they are stable. Meanwhile, unstable equilibria are not significant and unlikely to
occur in reality because these equilibria can only be observed if the initial condition
is exactly right while slight perturbations in the system or its physical surroundings
will immediately dislodge the system far away from equilibrium.

Biological models often study how the quantities—such as population size
changes over time. Mathematically, changes in continuous variables can be described
using differential equations. For simple and low-dimensional models, the ideal way
to know the values of each variable at all times is by finding the general solution
of the differential equations. However, mathematical models in biology are usually
governed by differential equations which are very difficult or impossible to solve.
Nevertheless, the stability analysis of a model enables us to obtain sufficient infor-
mation about the behavior of the model without finding the explicit solution of the
differential equations. This is important because generally, analyzing a differential
equation qualitatively is much easier than finding its analytical solution.

The objective of this study is to propose a mathematical model which can be
employed to understand and predict how the subpopulations of patients with thy-
roid disorders (namely the number of normal non-pregnant women, the number of
non-pregnant women with thyroid disorders, the number of pregnant or postpartum
women with thyroid disorders without complications and the number of pregnant or
postpartum women with thyroid disorders with complications) change over time. To
achieve this objective, we will formulate a mathematical model for the population
dynamics of the disease using compartmental modelling, and carry out the stability
analysis of its equilibrium point.

Thyroid Disorders

The thyroid gland is an endocrine organ which produce thyroid hormones known
as thyroxine (T4) and triiodothyronine (T3) which are important in regulating
metabolism and development [1]. In pregnancy and postpartum, thyroid disorders
are the second commonest endocrine disorder that may affect women in the form of
hypothyroidism, hyperthyroidism and postpartum thyroiditis. Hypothyroidims is a
condition where there is insufficient thyroid hormone which may be due to iodine
deficiency, anti-thyroid antibodies, iatrogenic effects or congenital anomalies. On
the contrary, an oversupply of thyroid hormones known as hyperthyroidism may
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result from autoimmune disorder, pituitary tumour, thyroid nodule, thyroid cancer,
thyroiditis, multiple pregnancy and molar pregnancy. These conditions may result in
adverse effects to both mothers and foetoses such as maternal heart failure, maternal
hypertension, maternal haemorrhage, preeclampsia, anaemia, placental abruption,
miscarriage, stillbirth preterm delivery, intrauterine growth restriction, low birth
weight, congenital malformation, foetal neurocognitive deficit and foetal thyroid
dysfunction. Postpartum thyroiditis is an autoimmune inflammation of the thyroid
gland after giving birth and is manifested as hyperthyroidism, hypothyroidism or
hyperthyroidism followed by hypothyroidism [2]. If the thyroid dysfunction per-
sists, the patient (depending on the thyroid condition) has higher risks of cardio-
vascular diseases, mental disorders, paralysis, infertility, osteoporosis, thyroid storm
and myxoedema coma (see [1, 3, 4]).

Thyroid disorders may happen to anyone at any age. A woman can only be preg-
nant during the childbearing age. A woman may acquire the disorder prior to or
during her childbearing age and the condition may be treated, depending on the
causes. Thyroid disorders during pregnancy and postpartum may be a chronic condi-
tion (where the disorder is present before the pregnancy or postpartum) or acquired
during the pregnancy and postpartum period. As stated above, the condition may
give rise to complications in some women. Similarly, the condition may be treated,
depending on the causes. Once the postpartum period ends, the women may or may
not continue to have the thyroid disorder, depending on the causes and treatments
received (see [1-4]).

2 Methodology

2.1 Mathematical Modelling

In this study, the modeling process begins with the construction of the flow diagram.
It is a means of illustrating the model population, which is compartmentalized into
state variables. In a flow diagram, the boxes indicate the state variables while the
movement of people in the population is indicated by arrows. An ordinary differential
equation refers to an instantaneous rate of change in a state variable with respect to
the independent variable (time). The flows shown as arrows are calculated using the
terms on the right-hand side of the equations: a flow out of a box is taken away from a
state variable and is a negative term while a flow into a box is added and is a positive
term, as discussed in Appendix A. Some parameters will be introduced to represent
the proportionality rates of the flows.
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2.2 Stability Analysis

An equilibrium point s stable if the system near to the equilibrium point will approach
to that equilibrium point while a system is unstable if the system near to the equi-
librium point moves away from that equilibrium point [5]. In this study, the stability
analysis is conducted using Routh-Hurwitz criteria, which is discussed in detail in
Appendix C.

3 Results and Discussion

3.1 Model

The flow diagram which describes the population dynamics for thyroid disorders
during pregnancy is shown in Fig. 1. There are four dependent variables which rep-
resent different stages of the disease, namely the number of normal non-pregnant
women A(t), the number of non-pregnant women with thyroid disorders B(t), the
number of pregnant or postpartum women with thyroid disorders without complica-
tions C(¢) and the number of pregnant or postpartum women with thyroid disorders
with complications D(¢). There are nineteen constant parameters in this study, with
values between 0 and 1, representing the following per capita rates or probability per
unit time (except Pand Q which represent the numbers of individuals per unit time):
1 : death due to causes other than thyroid disorders,

T : pregnant/postpartum women with thyroid disorders who die due to thyroid
disorders complications,

k : pregnant/postpartum women with thyroid disorders who die due to
thyroid disorders,

p : non-pregnant women with thyroid disorders who die due to thyroid disorders,

P : women entering the childbearing age population without thyroid disorders,

Q : women entering the childbearing age population with thyroid disorders,

v4 : women of subpopulation A leaving the childbearing age population,

v : women of subpopulation B leaving the childbearing age population,

ve : women of subpopulation C leaving the childbearing age population,

vp : women of subpopulation D leaving the childbearing age population,

« : normal women in childbearing age having thyroid disorders,

0 : non-pregnant women with thyroid disorders in childbearing age becoming preg-
nant with thyroid disorders,

¢ : normal women in childbearing age having thyroid disorders during preg-
nancy/postpartum period,

T : non-pregnant women with thyroid disorders recovering from thyroid disorders,
7 : pregnant/postpartum women with thyroid disorders recovering from them in non-
pregnant state,
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Fig. 1 Flow diagram of the population dynamics for thyroid disorders during pregnancy

( : pregnant/postpartum women with thyroid disorders who continue to have them
in non-pregnant state,

o pregnant/postpartum women with thyroid disorders having complications during
pregnancy/postpartum period,

€ : pregnant/postpartum women with thyroid disorders with complications recovering
to become normal non-pregnant women after postpartum period,

w : pregnant/postpartum women with thyroid disorders with complications recov-
ering from complications but continue to have thyroid disorders in non-pregnant
state.

The flow diagram in Fig. 1 is transformed to a system of first order linear ordinary
differential equations. The mathematical model is governed by the following system
of differential equations:

dA
Z:P—MA—Z/AA—O(A—§A+TB+’I7C+€D (1)
dB
Z=Q—yBB—pB—}—BC—(SB—uB—l—ozA—TB+u)D 2)
dc
E:{A—nC—{-éB—ﬂC—UC—/-iC—VCC—,uC 3)
dD
E:aC—wD—TD—VDD—uD—eD 4

with initial conditions A (0) = Ay, B (0) = B;, C (0) = Cyand D (0) = D,,.
Note that the terms in Egs. (1)—(4) which involve the per capita rates are the products
of probability per unit time and one of the state variables, which represents the
number of individuals.

Since Eqgs. (1)—(4) represent interaction between individuals in the population,
it makes sense to state that all the parameters involved are non-negative. It is also
pertinent to show that all the state variables of the model are non-negative for all
time. Hence, we have the following theorem (see the proof in Appendix D):
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Theorem 1 The solution set {A, B, C, D} of Egs. (1)—(4) with non-negative initial
conditions A (0) = Ay, B(0) =By, C(0)=Cyand D (0) = D, remains non-
negative for all time t > 0.

4 Stability Analysis

By taking Eqs. (1)—(2) equal to zero and solve the resulting equations simultaneously
we found that the equilibrium point (A*, B*, C*, D*) as follow:

MN?*Q (Mnd +¢c0d+ NMY)
—MNP (NMf36 + Nwod — MN?S)
[(Mn&+eocé — NMR) (NMjB6 + Nwod — MN2S) —
(MN?a+ NMBE+Nwo€) (Mnd + 06 + NMT)]

A* =

B —MN?Q — (MN?a+ NMBE+Nwog) A*
B (NMpBs + Nwos — MN2S)

_ EA* + OB
- N

C*

oC*
M

D* =

where
R=p+ va + a + &,

S=vp+p+0+7T+ p,
N=n+pB+ o0+ k+ vc+ p,
M=w+ 17+ vp+ p+ e

Conducting the stability analysis of the equilibrium point (A*, B*, C*, D*) using
Routh-Hurwitz criteria for n = 4, the equilibrium point is asymptotically stable if

a>0,i=1,2,3,4
ajarasz > a% + alza4
where a;, i =1, 2, 3, 4 are the coefficients in the characteristic polynomial,

|75 = M| = M+ a1 + X + a3\ + ay
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where ) are the eigenvalues, [ is the matrix identity, and J* is the Jacobian matrix
of the model, evaluated at the equilibrium point.

The model in this study can be helpful to the policy makers in setting the aim
for each parameter in order to achieve certain targets for the number of patients.
The parameter values of the developed model can be estimated using the available
data from the literature, in the context of Malaysia in order to forecast the number
of patients in Malaysia. These parameter values can also be estimated for any other
domain in the world using the corresponding prior data for that particular domain.
Using appropriate estimated parameter values, one may predict the number of patients
for all stages of the disease for the coming few years for any geographical domain.

5 Conclusion

In this study, a mathematical model that describes the population dynamics of thyroid
disorders during pregnancy has been formulated. The model was governed by a sys-
tem of linear first order ordinary differential equations. The equilibrium point of the
proposed model is determined and it is asymptotically stable. It is important to note
that the research of equilibrium point and stability analysis in this study were found
directly by hand. Therefore, in future, an interactive tool can be developed by mod-
elers (for example, using computational tools such as Wolfram MATHEMATICA)
for non-modellers to experiment scenarios and visualize the possible consequences
under various actions.

Acknowledgements This research is funded by the Ministry of Higher Education, Government
of Malaysia under the Research Acculturation Grant Scheme (RAGS 57108). The results of the
study were partially presented during The 4th International Conference on Mathematical Sciences
(ICMS4) on November 15-17, 2016 at Palm Garden Hotel, Putrajaya, Malaysia and the SEAMS
School on Dynamical Systems and Bifurcation Analysis (DySBA)on August 6-13, 2018 at Uni-
versiti Sains Malaysia (USM), Penang, Malaysia.

Finally, I would like to express my gratitude to Salilah Saidun and Kritika Manimaran, who
have contributed in this study.

6 Appendixes

Appendix A: Formulating ODEs Based on a Flow Diagram

The state variables are depicted by the boxes in the flow diagram while the arrows
illustrate the movement of people between different states in the population. The
flows shown as arrows are calculated using the terms on the right-hand side of the
equations: a flow pointing out of a box is taken away from a state variable and is a
negative term while a flow pointing into a box is added and is a positive term [6].
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Fig. 2 An example of a flow diagram

Riocopglcjole

d——+ﬁ uX + aX + pY §=—,uY— aX —pY

Fig. 3 The resulting governing ODEs (corresponding to the flow diagram in Fig. 2)

Some constant parameters are introduced adjacent to the arrows to represent the
proportionality rates of the flows.

An illustration of an example of a flow diagram is provided in Fig. 2, while the
formulation of differential equations (the governing equations of the model) based
on the flow diagram is shown in Fig. 3.

where [ is the birth rate,  is the death rate, « is the transformation rate from
X (1) to Y (¢) and p is the transformation rate from X (¢) to Y (t).

Appendix B: The Computation of Equilibrium Point

Consider a mathematical model governed by a system of differential equations:

d

;tl = fi(x1,x2,.. %)
d

% = folx1,x2,.. Xn)
dx,

o = fu(x1,x2,.. Xn)
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By definition, the equilibrium values of the model are all values that cause the vari-
ables to remain unchanged, or mathematically:

G, X2, .., X)) =0
LGN, X2, .., X)) =0
fu (31, X2, ..., %) =0
The equilibrium point (Xj, X5, ..., X,) is obtained by solving the equations above

simultaneously or using any methods of solving system of equations in linear algebra.

Appendix C: The Stability Analysis Using Routh Hurwitz
Criteria

In this study, we will study a multiple variables model with continuous time. There-
fore, the stability analysis is performed using the following steps:

Step 1: Calculating a Jacobian matrix.

af d d
O_Q(xh X2, '“’xn) 87]02](-x1’ X2, "'7xn) annl(xlv X2, ""xn)
of of of
("j_xlz('xlv X2, --wxn) a_xzz(xla X2, ...,.X,,) W:(xlv X2, "'1-xﬂ)
J =
6-fﬂ 6 n Bfﬂ
S CINECHNUNE DI RTINS
where %(xl, X2 ..., Xy) is the partial derivative of f; with respect to its variable,
]
xj(,j=1,2,..., n).

Step 2: Find the Jacobian matrix.
The Jacobian matrix is evaluated at the equilibrium values, X|, X2, ..., X,. A local
stability matrix, J = J|,,_5 =%, .. x,=x is obtained. Then find the characteristic

polynomial using det (f -\ ) = 0, where [ is the identity matrix, and rewrite in
the following form:

PN =N4+a) """+ +a, 1\ a,

with real coefficients q; fori =1, 2, ..., n.
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Step 3: Use Routh-Hurwiz criteria.
The n Hurwitz matrices are defined as follow:

a1l 00---0
aama 1 -0
H1=(a1),Hz=<Z;;2>,andHn= asasazay --- 0
0000 --a,

Note thatif j > n,thena; = 0. If and only if all detH; > Owith j =1, 2, ..., n,
then P () has roots that are negative or have negative real part and hence the equilib-
rium point is said to be asymptotically stable. The Routh-Hurwitz criteria for poly-
nomials of degree, n = 4 are [7]: a; > 0, a3 > 0,a4 > 0, and ajaya3 > a3 + ajas.

Appendix D: Proof of Theorem 1

Given that the initial conditions A (0) = Ay, B (0) = By, C (0) = Cyand D (0) =
D, are non-negative. It is clear from Eq. (1) that

dA
E+[§+ 4 v+ alAt) =0,

so that,

% [Aexp €+ p+v+a) 1] =0. (AD)

Integrating (A1) with respect to ¢, gives
A)y=A0)exp[—(E+ p+pr+a)t] >0, Vr=>0.

Similarly, it can be shown that B (t) > 0, C(¢) > 0, D(¢) > 0 for all time ¢ > 0.
This completes the proof.
It is crucial to note that Eqgs. (1)—(4) will be analyzed in a feasible region D given
by
D={(A,B,C,D)eR| :A+B+C+D=N},

which can be easily verified to be positively invariant with respect to Egs. (1)-(4), In
what follows, the model is epidemiologically and mathematically well posed in D.

(see [8)).
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Optimal Harvesting Regions of a Polluted | m)
Predator-Prey Fishery System L

Tau Keong Ang, Hamizah M. Safuan, Ummu Atigah M. Roslan
and Mohd Hafiz Mohd

Abstract The present paper examines a predator-prey fishery system by taking into
account the toxin released by the fish which can lead to polluted system. Both preda-
tor and prey fish species obey the logistic population growth with their respective
environmental carrying capacities. In the proposed model, both fish species produce
toxins that contribute to mutual infection which is detrimental to each other. Different
harvesting efforts are applied on the predator and prey fish populations, respectively.
The equilibria existed in the model are studied together with the local stability proper-
ties. We consider the threshold conditions which trigger the bifurcation that occurred
in the steady states. The global stability properties of coexistence equilibrium are
studied by constructing an appropriate Lyapunov function. Bendixson-Dulac cri-
terion is applied to rule out the existence of limit cycle in the system. From the
bifurcation analysis, the dynamical behaviors of the system are observed as well as
the persistence and extinction properties. It is shown that harvesting parameters are
most likely to drive a fish population towards extinction compared to toxicant param-
eters which are less influential. Regions of optimal harvesting strategies were found
to guarantee the persistence of both fisheries. Finally, the existence of a bionomic
equilibrium solution has been examined with three possible cases.

Keywords Fishery - Prey-predator - Harvesting - Toxicant + Bionomic
equilibrium
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1 Introduction

Due to the developing global concerns on the management strategies to eradicate the
problems of over-exploitation and over-utilization of natural resources, ecological
modelling is proved to be one of the efficient and economic approaches to investigate
the possible cause and effect [1, 2]. Natural resource such as fishery is an essential
source of protein to human being. However, the depletion of fisheries has distressed
the ecological balance and the effects can be detrimental if the resource becoming
scarce and eventually extinct.

In population ecology, the interaction between a species and the associated envi-
ronments is one of the crucial elements to consider since the dynamical behaviors
of the species is strictly dependent on the environment. The presence of toxin is
claimed to have a hazardous effect on the population’s mortality rate and some of the
pioneering work on the toxic in population models were studied by Chattopadhyay
[3] and Samanta [4]. Both researchers proposed a two competing species model with
toxin produced by two competitors. The toxin produced can be harmful to each other
and the ratio of toxin is a decisive factor for the stability properties exhibited in the
system. The abnormal level of toxic substances can induce critical fluctuation on the
dynamics from both the biological and ecological perspectives, causing the system
to become unstable.

As the impacts of pollutant are getting immediate attention in population dynam-
ics, numerous research were done to investigate the behaviors or dynamics caused
by toxin in a more specific terrestrial community and also the aquatic environment.
For instance, a series of research works were done by Huang et al. [5, 6] that empha-
sized on the dynamics of fish population in the presence of pollutants. Both research
showed the changes in dynamics of fishery models in the presence of contaminated
environment, as compared to the conventional fishery models. Both qualitative and
quantitative approaches showed the consistent result that the concentration of toxin
is the key factor for the population persistence.

On the other hand, the commercial values of fishery resources had drawn the
interest of researchers on the farming effects of fish population. Kar and Chaudhuri
[7] explored the exploitation of fisheries by developing a competing fishery model
which is influenced by toxicity while Das et al. [8] contributed his idea on harvest-
ing activities of predator-prey fishery model. Similar research was studied by Ang
et al. [9]. The research [7-9] examined the properties of equilibria in the system and
found that harvesting activities can give rise to great impacts both biologically and
economically to the fishery systems.

The principal aim of the present research is to work on the dynamical nature of
a toxin-polluted fishery model where mutual infection occurs among the predator
and prey fish populations. Both the predator and prey fish species are subjected to
nonlinear logistic growth rate with different harvesting efforts. Bifurcation analysis
is performed with respect to the harvesting parameters to determine the influence
of harvesting activities on the persistence and extinction properties. In the present
work, we found that the effect of harvesting is more significant than that of toxin in
inducing the state that lead to the extinction of the fish population.



