
Trends in Mathematics

Varsha Daftardar-Gejji

Editor

Fractional 
Calculus and 
Fractional 
Differential 
Equations





Trends in Mathematics

Trends in Mathematics is a series devoted to the publication of volumes arising from
conferences and lecture series focusing on a particular topic from any area of
mathematics. Its aim is to make current developments available to the community as
rapidly as possible without compromise to quality and to archive these for reference.

Proposals for volumes can be submitted using the Online Book Project Submission
Form at our website www.birkhauser-science.com.

Material submitted for publication must be screened and prepared as follows:

All contributions should undergo a reviewing process similar to that carried out by
journals and be checked for correct use of language which, as a rule, is English.
Articles without proofs, or which do not contain any significantly new results,
should be rejected. High quality survey papers, however, are welcome.

We expect the organizers to deliver manuscripts in a form that is essentially ready
for direct reproduction. Any version of TEX is acceptable, but the entire collection
of files must be in one particular dialect of TEX and unified according to simple
instructions available from Birkhäuser.

Furthermore, in order to guarantee the timely appearance of the proceedings it is
essential that the final version of the entire material be submitted no later than one
year after the conference.

More information about this series at http://www.springer.com/series/4961

http://www.birkhauser-science.com
http://www.springer.com/series/4961


Varsha Daftardar-Gejji
Editor

Fractional Calculus
and Fractional Differential
Equations



Editor
Varsha Daftardar-Gejji
Department of Mathematics
Savitribai Phule Pune University
Pune, Maharashtra, India

ISSN 2297-0215 ISSN 2297-024X (electronic)
Trends in Mathematics
ISBN 978-981-13-9226-9 ISBN 978-981-13-9227-6 (eBook)
https://doi.org/10.1007/978-981-13-9227-6

© Springer Nature Singapore Pte Ltd. 2019
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This book is published under the imprint Birkhäuser, www.birkhauser-science.com by the registered
company Springer Nature Singapore Pte Ltd.
The registered company address is: 152 Beach Road, #21-01/04 Gateway East, Singapore 189721,
Singapore

https://doi.org/10.1007/978-981-13-9227-6
http://www.birkhauser-science.com


Foreword

It gives me immense pleasure to write the foreword for the volume edited by
Prof. Varsha Daftardar-Gejji with contributions from eminent researchers in the
fields of fractional calculus (FC) and fractional differential equations (FDEs). These
are the most important and prominent areas for research which have emerged as
interdisciplinary branch of mathematical, physical, biological sciences and engi-
neering. This book provides a systematic, logical development of modern topics
through the articles by eminent scientists and active researchers working in this area
all over the globe.

Fractional calculus has a history of more than 300 years, while modelling of
various phenomena in terms of fractional differential equations has gained
momentum since the last two decades or so. There is an upsurge of research articles
in the areas of FC and FDEs. This book is appealing and unique in this context as it
encompasses numerical analysis of fractional differential equations, dynamics and
stability analysis of fractional differential equations involving delay, variable-order
fractional operators along with chapters on engineering applications. Moreover, the
fractional analogues of classical Poisson processes, analysis of fractional differential
equations using inequalities and comparison theorems are dealt with in a concise
manner in this book.

Bologna, Italy Francesco Mainardi
University of Bologna
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Preface

Fractional calculus (FC) and fractional differential equations (FDEs) have emerged
as the most important and prominent areas of interdisciplinary interest in recent
years. FC has a history of more than 300 years, yet its applicability in different
domains has been realised only recently. In the last three decades, the subject
witnessed exponential growth and a number of researchers around the globe are
actively working on this topic. The Department of Mathematics at Savitribai Phule
Pune University (SPPU) organised a national workshop on fractional calculus in
2012, which was the first workshop in India that exclusively focussed on fractional
calculus. This workshop attracted researchers of pure and applied mathematics,
statisticians, physicists and engineers from all over India, working in fractional
calculus and related areas. Deliberations in that workshop have been appeared
earlier as a book titled Fractional Calculus: Theory and Applications which was
very well received.

As a continuation of this, in 2017, we organised a national conference on
fractional differential equations bringing together researchers in FDEs for academic
exchange of ideas through discussions. Many active scientists from all parts of the
country participated in this conference. It covered a significant range of topics
motivating us to take up this endeavour. The present book comprises excellent
contributions by the resource persons in this conference besides invited contribu-
tions from experts abroad, who willingly contributed. This book gives a panoramic
overview of the latest developments and is expected to help new researchers
entering this vast field.

The book comprises eight chapters which cover numerical analysis of FDEs,
fractional Poisson processes, variable-order fractional operators, fractional-order
delay differential equations and related phenomena including chaos, impulsive
FDEs, inequalities and comparison theorems in FDEs. Moreover, artificial neural
network and FDEs are also discussed by a group of engineers. New transform
methods such as Sumudu transform methods are presented, and their utility for
solving fractional partial differential equations (PDEs) is discussed.
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The book is written keeping young researchers in mind who are planning to
embark upon the research problems in FC and FDEs and related topics. There are
many aspects that are still open for pursuing further research. If this book motivates
some readers to venture into these areas, the aim of the endeavour will be fulfilled.

I am very grateful to all the researchers who have made wonderful contributions
to this volume. My sincere thanks to Springer India Pvt. Ltd. for publishing this
beautiful book. I also take this opportunity to thank the authorities of SPPU and my
colleagues at the Department of Mathematics. Last but not least, my sincere thanks
to my parents, husband and children for their unfailing support throughout.

Pune, India Varsha Daftardar-Gejji
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Numerics of Fractional Differential
Equations

Varsha Daftardar-Gejji

Abstract Fractional calculus has become a basic tool for modeling phenomena
involving memory. However, due to the non-local nature of fractional derivatives,
the computations involved in solving a fractional differential equations (FDEs) are
tedious and time consuming. Developing numerical and analytical methods for solv-
ing nonlinear FDEs has been a subject of intense research at present. In the present
article, we review some of the existing numericalmethods for solving FDEs and some
new methods developed by our group recently. We also perform their comparative
study.

1 Introduction

Fractional calculus (FC) is emerging as an unavoidable tool to model many phenom-
ena in Science and Engineering [1, 2]. Fractional differential equations (FDEs) play
a pivotal role in formulating processes involving memory effects. This realization is
rather recent and during the past 3–4 decades there is an upsurge of intense activity
exploring various aspects of FC and FDEs. Compared to integer-order differential
equations, the FDEs open up great opportunities for modeling and simulations of
multi-physics phenomena, e.g., seamless transition from wave propagation to dif-
fusion, or from local to non-local dynamics. Due to the extra free parameter order,
fractional-order based methods provide an additional degree of freedom in optimiza-
tion performance. Not surprisingly, many fractional-order based methods have been
used in image processing [3], image denoising, cryptography, controls, and many
engineering applications very successfully.
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There existmany inequivalent definitions of fractional derivatives albeitRiemann–
Liouville and Caputo derivatives are most popular. Analysis of FDEs involving these
derivatives has been studied extensively in the literature [4–6]. Various analytical
methods have been developed for solving nonlinear fractional differential equations
such as Adomian Decomposition Method [7], New Iterative Method [8], Homo-
topy perturbation method, and so on. In these decomposition methods, solutions are
obtained without discretizing the equations or approximating the operators. As these
decomposition methods yield local solutions around initial conditions, for study-
ing long-time behavior of the solutions of FDEs one has to resort to numerical
methods. An important objective for developing new numerical methods is to study
fractional-ordered dynamical systems and related phenomena such as bifurcations
and chaos. For simulation work in fractional-ordered dynamical systems, accurate
and time-efficient numerical methods are required. Due to the nonlocal nature of
fractional derivatives, FDEs are computationally expensive to solve. So developing
time-efficient, accurate, and stable numerical methods for FDEs is currently an active
area of research.

Present article intends to give an overview of the numerical methods that are
currently used in the literature. Section 2 gives basics and preliminaries. In Sect. 3,
fractional Adams predictor–corrector method (FAM) has been presented. Section 4
deals with the new predictor–corrector method developed by Daftardar-Gejji et al.
[9]. In Sect. 5, predictor–corrector method introduced by Jhinga and Daftardar-Gejji
has been introduced along with its error estimate [10]. In Sect. 6, some illustrative
examples have been presented which are solved by all the three methods, and a
comparative study is made in the context of time taken, accuracy, and performance
of themethod for very small values of the order of the derivative. Finally, conclusions
are drawn in the last section.

2 Fractional Calculus: Preliminaries

2.1 Definitions

Riemann–Liouville fractional integral of order α > 0 of a function f (t) ∈ C[a, b]
is defined as

I α
a f (t) = 1

Γ (α)

∫ t

a
(t − s)α−1 f (s)ds. (1)

Caputo fractional derivative of order α > 0 of a function f ∈ Cm[a, b], m ∈ N is
defined as

cDα
a f (t) = 1

Γ (m − α)

[∫ t

a
(t − s)m−α−1 f (m)(s)ds

]
= I m−α

a Dm f (t),

m − 1 < α < m, (2)

where Dm f (t) = dm f (t)
dtm , cDm

a f (t) = Dm f (t).
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2.2 Properties of the Fractional Derivatives and Integrals

1. Let f ∈ Cm[a, b], m − 1 < β ≤ m, m ∈ N and α > 0. Then

a. I α
a ( cDβ

a f (t)) = cDβ−α
a f (t), if α < β.

b. I β
a ( cDβ

a f (t)) = f (t) − ∑m−1
k=0

f (k)(a)

Γ (k+1) (t − a)k .

2. For α, β > 0 and f (t) sufficiently smooth,

a. if α ∈ N, then
cDβ

a (I α
a f (t)) = I (α−β)

a f (t). (3)

b. For α < β,m − 1 ≤ α < m, n − 1 ≤ β < n,

cDβ
a (I α

a f (t)) = cDβ−α
a f (t) +

n−m∑
k=0

f (k)(a)

Γ (k + 1 + α − β)
(t − a)k+α−β. (4)

3. For α > 0, n ∈ N,
cDα

a (Dn
a f (t)) = cDn+α

a f (t). (5)

2.3 DGJ Method

Daftardar-Gejji and Jafari [8] introduced a newdecompositionmethod (DGJmethod)
for solving functional equations of the form

y = f + N (y) (6)

where f is a known function and N (y) is a nonlinear operator from a Banach space
B → B.

Equation (6) represents a variety of problems such as nonlinear ordinary differen-
tial equations, integral equations, fractional differential equations, partial differential
equations, and systems of them.

In this method, we assume that solution y of Eq. (6) is of the form:

y =
∞∑
i=0

yi . (7)

The nonlinear operator is decomposed as

N

( ∞∑
i=0

yi

)
= N (y0) +

∞∑
i=1

{
N

(
i∑

k=0

yk

)
− N

(
i−1∑
k=0

yk

)}
(8)
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=
∞∑
i=0

Gi , (9)

where G0 = N (y0) and Gi =
{
N

(∑i
k=0 yk

)
− N

(∑i−1
k=0 yk

)}
, i ≥ 1.

Equation (6) takes the form

∞∑
i=0

yi = f +
∞∑
i=0

Gi . (10)

yi , i = 0, 1, ... are then obtained by the following recurrence relation:

y0 = f,

y1 = G0,

y2 = G1,

...

yi = Gi−1,

...

(11)

Then
(y1 + y2 + · · · + yi ) = N (y0 + y1 + · · · + yi−1), i = 1, 2, . . . ,

and

y = f +
∞∑
i=1

yi = f + N

( ∞∑
i=0

yi

)
.

The k-term approximation is obtained by summing up first k-terms of (11) and is
defined as

y =
k−1∑
i=0

yi . (12)

Bhalekar andDaftardar-Gejji [11] have done the convergence analysis of thismethod.
Theorems regarding convergence of DGJ method are stated below [11].

Theorem 1 If N is C∞ in a neighborhood of y0 and

||N (n)(y0)|| = sup
{
N (n)(y0)(h1, h2, . . . , hn) : ||hi || ≤ 1, 1 ≤ i ≤ n

} ≤ L ,

for some real number L > 0 and for any n and ||yi || ≤ M < 1
e , i = 1, 2, . . . , then∑∞

i=0 Gi is absolutely convergent and moreover,

||Gn|| ≤ LMnen−1(e − 1), n = 1, 2, . . . . (13)
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Theorem 2 If N is C∞ and ||N (n)(y0)|| ≤ L < 1/e, ∀n, then the series
∑∞

i=0 Gi

is absolutely convergent.

3 Fractional Adams Method (FAM)

Consider the initial value problem (IVP) for 0 < α < 1:

cDα
0 x(t) = f (t, x(t)), x(0) = x0, (14)

where cDα
0 , denotes Caputo derivative and f : [0, T ] × D −→ R, D ⊆ R. For solv-

ing Eq. (14) on [0, T ], the interval is divided into l subintervals.
Let h = T

l , tn = nh, n = 0, 1, 2, . . . , l ∈ Z
+. Then

x(tn) = x0 + 1

Γ (α)

∫ tn

0
(tn − τ)α−1 f (τ, x(τ ))dτ. (15)

Consider an equispaced grid t j = t0 + jh, with step length h. Let x j denote the
approximate solution at t j and x(t j ) denotes the exact solution of the IVP (14) at t j .
Further denote f j = f (t j , x j ).

I α f (tn, x(tn)) = 1

Γ (α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1 f (s, x(s))ds

≈ 1

Γ (α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1 f (tk, x(tk))ds

= hα

n−1∑
k=0

bn−k−1 f (tk, x(tk)),

where bk = 1

Γ (α + 1)
[(k + 1)α − kα].

Hence xn = x0 + hα

n−1∑
k=0

bn−k−1 fk . (16)

Equation (16) is referred as fractional rectangle rule.
Implicit Adams quadrature method (using trapezoidal rule) gives the following

formula. On each subinterval [tk, tk+1], the function f (t) is approximated by straight
line

f̃ (t, x(t)) |[tk ,tk+1] = tk+1 − t

tk+1 − tk
f (tk, x(tk))+

t − tk
tk+1 − tk

f (tk+1, x(tk+1)).
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In view of this approximation

I α
0 f (tn, x(tn)) ≈ 1

Γ (α)

n−1∑
k=0

∫ tk+1

tk

(tn − t)α−1 f̃ (t, x(t)) |[tk ,tk+1] dt

= hα

n∑
k=0

an−k f (tk, x(tk)),where

a j =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1

Γ (α + 2)
if j = 0,

( j − 1)α+1 − 2 jα+1 + ( j + 1)α+1

Γ (α + 2)
if j = 1, . . . , n − 1,

(n − 1)α+1 − nα(n − α − 1)

Γ (α + 2)
if j = n.

Hence xn = x0 + hαan f0 + hα

n∑
j=1

an− j f (t j , x j ). (17)

Equation (17) is referred as fractional trapezoidal rule.
Thus, fractional rectangle rule and fractional trapezoidal rule form a predictor–

corrector algorithm. A preliminary approximation x p
n (predictor) is made using Eq.

(16), which is substituted in Eq. (17) to give a corrector. This method is also known
as fractional Adams method [12], and used for simulations of FDEs extensively.

x p
n = x0 + hα

n−1∑
j=0

bn− j−1 f (t j , x j ), (18)

xcn = x0 + hαan f0 + hα

n−1∑
j=1

an− j f (t j , x j ) + hαa0 f (tn, x
p
n ).

(19)

Order of the method is said to be p when the error can be shown to have O(h p) as
h → 0 for step length h > 0. Order of the method is often regarded as a benchmark
for comparing methods.

The error in the FAM [12] behaves as Max j=0,1,...,n

∣∣x(t j ) − x j

∣∣ = O(h p), where
p = min{2, 1 + α}.

4 New Predictor–Corrector Method (NPCM)

Though FAM is extensively used in the literature, for carrying out simulations
pertaining to fractional-ordered dynamical systems, one needs more time-efficient
numerical methods as solving FDEs involves memory effects. In pursuance to this,
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Daftardar-Gejji et al. [9] have proposed a new predictor–corrector method (NPCM).
This method is developed as a combination of fractional trapezoidal rule and DGJ
decomposition. We describe this method below.

Consider the initial value problem given in Eq. (14)

cDα
0 x(t) = f (t, x(t)), x(0) = x0, 0 < α < 1.

Equation (15) can be discretized as follows.

x(tn) = x(0) + hα

n∑
j=0

an− j f (t j , x j )

= x(0) + hα

n−1∑
j=0

an− j f (t j , x j ) + hα

Γ (α + 2)
f (tn, xn).

(20)

The solution of Eq. (20) can be approximated by DGJ method, where

N (x(tn)) = hα

Γ (α + 2)
f (tn, xn). (21)

We apply DGJ method to get approximate value of x1, as follows:

x(t1) = x1 = x0 + hαa1 f (t0, x0) + hα

Γ (α + 2)
f (t1, x1), (22)

x1,0 = x0 + hαa1 f (t0, x0),

x1,1 = N (x1,0) = hα

Γ (α + 2)
f (t1, x1,0),

x1,2 = N (x1,0 + x1,1) − N (x1,0).

The three-termapproximationof x1 ≈ x1,0 + x1,1 + x1,2 = x1,0 + N (x1,0 + x1,1).
This gives a new predictor–corrector formula as follows:

y p
1 = x1,0, z p1 = N (x1,0),

xc1 = y p
1 + hα

Γ (α + 2)
f (t1, y

p
1 + z p1 ).

x(t2), x(t3), . . . can be obtained similarly.
Daftardar-Gejji et al. [9] have proposed this new predictor–corrector method

(NPCM), which is derived by combining fractional trapezoidal formula and DGJ
method [8] and it leads to the following formula:
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y p
n = x0 + hα

n−1∑
j=0

an− j f (t j , x j ),

z pn = hα

Γ (α + 2)
f (tn, y

p
n ),

xcn = y p
n + hα

Γ (α + 2)
f (tn, y

p
n + z pn ),

where

a j =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1

Γ (α + 2)
if j = 0,

( j − 1)α+1 − 2 jα+1 + ( j + 1)α+1

Γ (α + 2)
if j = 1, . . . , n − 1,

(n − 1)α+1 − nα(n − α − 1)

Γ (α + 2)
if j = n.

Here y p
n and z pn are called as predictors and xcn is the corrector. Here x j denotes the

approximate value of solution of Eq. (20) at t = t j . This is called three-step iterative
method for solving nonlinear equation (20).

Error Estimation in NPCM

Let cDαx(t) ∈ C2[0, T ], T > 0, then max0≤ j≤l | x(t j ) − x j |= O(h2).
Comment: For 0 < α < 1, the error estimate for the case cDαx(t) ∈ C2[0, T ] in
the FAM is of the order O(h1+α), whereas for NPCM O(h2). Hence NPCM in this
case gives more accuracy.

4.1 Stability Regions

It is further noted that both FAM and three-term NPCM are strongly stable methods.
Comparison of the stability regions of NPCM and FAM is given below [13]. It should
be noted that the NPCM is more stable than FAM (Figs. 1, 2, 3 and 4).

S1: Stability region of FAM, S2: Stability region of NPCM

4.2 NPCM for System of FDEs

The NPCM can be generalized for solving following system of fractional differential
equations. Consider the following system of FDEs, for αi > 0, 1 ≤ i ≤ r :
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Fig. 1 α = 0.3

Fig. 2 α = 0.5

cDα1
0 u1(t) = f1(t, ū(t)), u(k1)

1 (0) = u(k1)
10 , k1 = 0, 1, 2, . . . , 
α1� − 1,

cDα2
0 u2(t) = f2(t, ū(t)), u(k2)

2 (0) = u(k2)
20 , k2 = 0, 1, 2, . . . , 
α2� − 1,

...

cDαr
0 ur (t) = fr (t, ū(t)), u(kr )

r (0) = u(kr )
r0 , kr = 0, 1, 2, . . . , 
αr� − 1.

(23)


