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Preface

WCGO 2019 was the sixth event in the series of World Congress on Global
Optimization conferences, and it took place on July 8–10, 2019 at Metz, France.
The conference aims to bring together most leading specialists in both theoretical
and algorithmic aspects as well as a variety of application domains of nonconvex
programming and global optimization to highlight recent advances, trends, chal-
lenges and discuss how to expand the role of these fields in several potential
high-impact application areas.

The WCGO conference series is a biennial conference of the International
Society of Global Optimization (iSoGO). The first event WCGO 2009 took place in
Hunan, China. The second event, WCGO 2011, was held in Chania, Greece, fol-
lowed by the third event, WCGO 2013, in Huangshan, China. The fourth event,
WCGO 2015, took place in Florida, USA, while the fifth event was held in Texas,
USA. One of the highlights of this biannual meeting is the announcement of
Constantin Carathéodory Prize of iSoGO awarded in recognition of lifetime con-
tributions to the field of global optimization.

WCGO 2019 was attended by about 180 scientists and practitioners from 40
countries. The scientific program includes the oral presentation of 112 selected full
papers as well as several selected abstracts covering all main topic areas. In addi-
tion, the conference program was enriched by six plenary lectures that were given
by Prof. Aharon Ben-Tal (Israel Institute of Technology, Israel), Prof. Immanuel M.
Bomze (University of Vienna, Austria), Prof. Masao Fukushima (Nanzan
University, Japan), Prof. Anna Nagurney (University of Massachusetts Amherst,
USA), Prof. Panos M. Pardalos (University of Florida, USA), and Prof. Anatoly
Zhigljavsky (Cardiff University, UK).

This book contains 112 papers selected from about 250 submissions to WCGO
2019. Each paper was peer-reviewed by at least two members of the International
Program Committee and the International Reviewer Board. The book covers both
theoretical and algorithmic aspects of nonconvex programming and global opti-
mization, as well as its applications to modeling and solving decision problems in
various domains. The book is composed of ten parts, and each of them deals with
either the theory and/or methods in a branch of optimization such as continuous
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optimization, DC programming and DCA, discrete optimization and network
optimization, multiobjective programming, optimization under uncertainty, or
models and optimization methods in a specific application area including data
science, economics and finance, energy and water management, engineering sys-
tems, transportation, logistics, resource allocation and production management. We
hope that the researchers and practitioners working in nonconvex optimization and
several application areas can find here many inspiring ideas and useful tools and
techniques for their works.

We would like to thank the chairs and the members of International Program
Committee as well as the reviewers for their hard work in the review process, which
helped us to guarantee the highest quality of the selected papers for the conference.
We cordially thank the organizers and chairs of special sessions for their contri-
butions to the success of the conference. Thanks are also due to the plenary lec-
turers for their interesting and informative talks of a world-class standard.

The conference was organized by the Computer Science and Applications
Department, LGIPM, University of Lorraine, France. We wish to especially thank
all members of the Organizing Committee for their excellent work to make the
conference a success. The conference would not have been possible without their
considerable effort.

We would like to express our sincere thanks to our main sponsors: Réseau de
Transport d’Électricité (France), Conseil régional du Grand Est (France), Metz
Métropole (France), Conseil départemental de la Moselle (France), Université de
Lorraine (France), Laboratoire de Génie Informatique, de Production et de
Maintenance (LGIPM) - Université de Lorraine, UFR Mathématique Informatique
Mécanique Automatique - Université de Lorraine, and DCA Solutions (Vietnam).

Our special thanks go to all the authors for their valuable contributions, and to
the other participants who enriched the conference success.

Finally, we cordially thank Springer for their help in publishing this book.

July 2019 Hoai An Le Thi
Hoai Minh Le

Tao Pham Dinh
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Abstract. We consider the problem of minimizing a given function
f : R

n −→ R on a regular not empty closed set S. When f attains a
global minimum at exactly one point x∗ ∈ S, for a convenient random
variable X and a convenient function g : R2 −→ R. In this paper, we
propose to use this Representation Formula (RF) to numerically gener-
ate an initial population. In order to obtain a more accurate results, the
Representation Formula has been coupled with other algorithms:

• Classical Genetic Algorithm (GA). We obtain a new algorithm called
(RFGA),

• Genetic Algorithm using Nelder Mead algorithm at the mutation
stage (GANM). We obtain a new algorithm called (RFGANM),

• Nelder Mead Algorithm. We obtain a new algorithm called (RFNM).
All these six algorithms (RF, GA, RFGA, GANM, RFGANM, RFNM)
were tested on 21 benchmark functions with a complete analysis of the
effect of different parameters of the methods. The experiments show that
the RFNM is the most successful algorithm. Its performance was com-
pared with the other algorithms, and observed to be the more effective,
robust, and stable than the others.

Keywords: Global optimization · Genetic algorithm · Representation
formula · Nelder Mead algorithm

1 Introduction

In the context of the resolution of engineering problems, many optimization algo-
rithms have been proposed, tested and analyzed in the last decades. However,
optimization in engineering remains an active research field, since many real-
world engineering optimization problems remain very complex in nature and
quite difficult to be solved by the existing algorithms. The existing literature
presents intensive research efforts to solve some difficulty points, which remains
c© Springer Nature Switzerland AG 2020
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still incompletely solved and for which only partial response has been obtained.
Among these, we may cite: handling of non convexity - specially when optimiza-
tion restrictions are involved, working with incomplete or erroneous evaluation
of the functions and restrictions, increasing the number of optimization variables
up to those of realistic designs in practical situations, dealing with non regular
(discontinuous or non-differentiable) functions, determining convenient starting
points for iterative methods. Floudas [5] We observe that the difficulties con-
cerning non-convexity and the determination of starting points are connected:
efficient methods for the optimization of regular functions are often deterministic
and involve gradients, but depends strongly on the initial point - they can be
trapped by local minima if a non convenient initial guess is used. Alternatively,
methods based on the exploration of the space of the design variables usually
involve a stochastic aspect - thus, a significant increase in the computational cost
- and are less dependent of the initial choice, but improvements in their perfor-
mance request combination with deterministic methods and may introduce a
dependence on the initial choice. This last approach tends to the use of hybrid
procedures involving both approaches and try to benefit from the best of each
method - by these reasons, the literature about mixed stochastic/deterministic
methods has grown in the last years [2]. Those hybrid algorithms perform better
if the initial point belongs to an attraction area of the optimum. This shows the
importance of the initial guesses in optimization algorithm [8]. Hence, we would
like in this paper to use a representation formula to provide a convenient initial
guess of the solution. Let S denote a closed bounded regular domain of the n-
dimensional Euclidean space R

n, and let f be a continuous function defined on
S and taking its values on R. An unconstrained optimization problem can be
formulated, in general, as follows:

x∗ = Arg min
x∈S

f(x) , (1)

In the literature, representation formulas have been introduced in order to char-
acterize explicitly solutions of the problem 1. In general, these representations
assume that S contains a single optimal point x∗ (but many local minima may
exist on S). For instance, Pincus [9] has proposed the representation formula:

x� = lim
λ→+∞

∫
S

x e−λf(x)dx
∫

S
e−λf(x)dx

.

More recently, the original representation proposed by Pincus has been refor-
mulated by Souza de Cursi [3] as follows: let X be a random variable taking its
values on S and g : R2 −→ R be a function. If these elements are conveniently
chosen, then

x∗ = lim
λ→+∞

E (X g (λ, f(X)))
E (g (λ, f(X)))

(2)

The formulation of Pincus corresponds to g (λ, s) = e−λs, what is a convenient
choice. The general properties of X and g are detailed, for instance, in [4]. An
extension to infinite dimensional situations can be found in [4]. In this work,
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we propose the use of the representation given by Eq. (3) hybridized with the
Nelder Mead algorithm and a genetic algorithm, for the global optimization of
multimodal functions.

2 Hybrid Simplex Search with Representation Formula
and Genetic Algorithm

Hybrid methods have been introduced to keep the flexibility of the stochastic
methods and the efficiency of the deterministic one. In our paper, the hybrid
method for solving optimization problems is a coupling of the representation
formula proposed by Pincus [9] and Nelder Mead algorithm and genetic algo-
rithm. The representation formula is used first to find the region containing the
global solution, based on the generating of finite samples of the random variables
involved in the expression and an approximation of the limits. For instance, we
may choose λ large enough and generate a sample by using standard random
number generators.
The generation of points can be done either using a normal distribution or a
Gaussian one. In the case of Gaussian distribution, when a trial point generated
lies outside S, it has been projected in order to get admissible point.
In order to obtain a more accurate results, it is convenient to use the improve-
ment by the following algorithms:

– Classical Genetic Algorithm (GA). We obtain a new algorithm called
(RFGA).

– Genetic Algorithm using Nelder Mead algorithm at the mutation stage
(GANM). We obtain a new algorithm called (RFGANM).

– Nelder Mead Algorithm. We obtain a new algorithm called (RFNM).

2.1 Representation Formula

As previously observed, if f attains its global minimum at exactly one point x∗

on S, we have

x∗ = lim
λ→+∞

E (X g (λ, f(X)))
E (g (λ, f(X)))

, (3)

where g : R
2 −→ R is continuous and strictly positive, s −→ g : (λ, s) is

strictly decreasing for any s ∈ f(S) and λ > 0, while X is a convenient ran-
dom variable. These conditions are fullfilled, for instance, when X is uniformly
distributed or gaussian and g (λ, s) = e−λs (what corresponds to the classical
choice of Pincus). We use these particular choices in the sequel.

A numerical implementation can be performed by taking a large fixed value
of λ in order to represent the limit λ → +∞. In order to prevent an overflow, λ
should be increased gradually up to the desired value and it may be convenient
to use positive functions f (for instance, by adding a constant to the original f).
A finite sample of X is generated, according to a probability P - this consists
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simply in generating N admissible points (x1, x2, ..., xN ) ∈ S - and estimations
of the means are used to approximate the exact means, what leads to

x∗ � x∗
c =

N∑

i=1

xi g (λ, f(xi))

n∑

i=1

g (λ, f(xi))

3 Test Bed

To demonstrate the efficiency and the accuracy of the hybrid algorithms, 21
typical benchmark functions of different levels of complexity and multimodality
were chosen from the global optimization literature [6].
One hundred runs have been performed for each test function to estimate
the probability of success of the used methods. The used test functions are:
Bohachevsky 1 BO1, Bohachevsky 2 BO2, Branin function BR, Camel func-
tion CA, Cosine mixture function CO, DeJoung function DE, Goldstein and
price function GO, Griewank function GR, Hansen function HN, Hartman 3
function HR3, Hartman 6 function HR6, Rastrigin function RA, Rosenbrock
function RO, Shekel 5 SK5, Shekel 7 SK7, Shekel 10 SK10, Shubert 1 func-
tion SH1, Shubert 2 function SH2, Shubert 3 function SH3, Shubert 4 function
SH4 and Wolfe nondifferentiable function WO.

4 Numerical Results

In this section we focus on the efficiency of the six algorithms, i.e. Representation
Formula (RF), Classical Genetic Algorithm (GA), Representation Formula with
GA (RFGA), Genetic Algorithm using Nelder Mead algorithm at the mutation
stage (GANM), Representation Formula with GA and Nelder Mead (RFGANM),
and Representation Formula with Nelder Mead (RFNM).

A series of experiments have been done to make some performance analysis
about them. To avoid attributing the optimization results to the choice of a
particular conditions and to conduct fair comparisons, we have performed each
test 100 times, starting from various randomly selected points in the hyper rect-
angular search domain.

The used parameters in genetic algorithm are: Population size: from 2 to
50, the mutation rate is set to 0.2, the selection method is rank weighting, the
stopping criteria are maximum iteration (set to 2000 for GA) and the maximum
number of continuous iterations without improving the solution, and it is set to
1000 for GA.

Concerning NM we adopted the standard parameters recommended by the
authors, the used stoping criteria are: Maximum function evaluation, maxfun =
50000, maximum of iteration, maxiter = 10000, termination tolerance on the
function value tolf = 10−5 and termination on the tolerance on xtolx = 10−6.
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Extensive experimentations concerning the effect of different parameters have
been performed: influence of the Pincus function, influence of the population size
for GA, influence of the sample size for RF and comparison with others methods.
Because of the limitation of space, only a few experiments are presented, chosen
in order to illustrate significant aspects.

The following abbreviations are introduced to lighten the text:
TestF: Test Function; Dim: Dimension; PopGA: Genetic algorithm popula-

tion size; SS: Sample size used in RF; SR: Success rate; SD: Standard deviation;
CPUT: CPU Time (in seconds); NEvalF: Number of function evaluations; The
reported results are in terms of the rate of successful optimizations (SR), the
standard deviation, the CPU time and the average of the function evaluation
number. The term SR is the number of successful run i.e. when the algorithm
generates a solution with a required accuracy, where the ’required accuracy’ is a
given maximum value that is calculated as the absolute difference between the
solution found and the global optimum divided by the global solution (when it
is non zero). The chosen accuracy for all the tests is 10−4.

4.1 Influence of the Pincus Function

In the representation formula, the Pincus expression corresponds to g (λ, s) =
e−λs, which is a convenient choice. In our experiments, four other descent func-
tions (continuous and strictly decreasing) have been used for solving the bench-
mark functions with the proposed algorithms: 1

λ s3 , 1
λ ln(s) ,

e−λ

s3 , and 10(−λ s).

The tests show that the choice of the function has no significant effect on
the solution quality and algorithms performance, a small difference in terms of
execution time has been observed.

4.2 Influence of the Population Size Used in GA

To examine the effect of the population size on the solution quality as well as
the computational efforts for acquiring the optimal solution using GA, GANM,
RFGA and RFGANM, eight levels of size (2, 4, 6, 8, 12, 16, 20 and 50) are exam-
ined and the experimental results are reported in Table 1 for GA and GANM
methods and Table 2 for RFGA and RFGANM. The sample size for RF depends
on the function dimension: SS = 60 for Dim = 1 or 2, SS = 100 for Dim = 3,
SS = 300 for Dim = 4 or 5, and SS=500 for Dim =6 or 10. One of the general
observations is that as the population size increase, all of them require more
time (more number of function evaluations) and tend to find better solution, as
indicated by smaller standard deviation and bigger success rate. In the case of
more complex problem (case Rosenbrock functions) the GA and RFGA failed to
find a solution with the required accuracy (SR = 0%) even for PopGA = 200.
A slight improvement is obtained by the representation formula (RFGA).
A worsening of the solution obtained by GA is observed for GANM (except
for SK10, BO2, GR and RO). The results obtained by RFGANM are the best
in term of success rate (SR=100% for PopGA=50) with additional number of
function evaluation.
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Table 1. Influence of the population size for GA and GANM

TestF Dim PopGA GA GANM

SR SD CPUT NEvalF SR SD CPUT NEvalF

SH4 4 12 60% 2,13E-02 0,35 23 613 4% 2,68E-01 14,88 213 782

SH4 4 20 94% 2,13E-02 0,43 39 860 19% 3,16E-01 25,05 360 290

SH4 4 50 100% 5,77E-06 0,72 98 557 77% 1,11E-01 74,01 1 060 096

SK10 4 12 27% 3,52E-01 0,80 23 812 83% 2,08E-01 68,77 218 926

SK10 4 20 33% 3,33E-01 0,88 39 762 94% 1,22E-01 120,73 381 753

SK10 4 50 61% 3,31E-01 1,12 95 898 100% 5,64E-08 341,22 1 079 693

BO2 2 12 24% 1,07E-01 0,23 20 562 100% 5,72E-11 0,29 6 359

BO2 2 20 53% 1,06E-01 0,25 31 919 100% 2,68E-11 0,48 10 824

BO2 2 50 85% 7,61E-02 0,37 72 035 100% 3,47E-12 1,24 28 147

CA 2 12 93% 1,00E-04 0,24 20 489 98% 1,11E-01 3,39 64 233

CA 2 20 100% 1,39E-05 0,28 33 515 100% 3,72E-08 5,74 109 435

CA 2 50 100% 6,06E-06 0,43 77 729 100% 3,72E-08 15,85 303 313

CO 4 12 100% 1,16E-05 0,30 23 818 29% 2,46E-01 1,87 35 774

CO 4 20 100% 1,22E-06 0,35 39 336 65% 2,02E-01 1,91 38 478

CO 4 50 100% 1,09E-06 0,56 93 199 100% 6,88E-08 2,41 54 340

GR 5 12 0% 1,87E-01 0,33 23 998 93% 4,17E-02 24,97 376 071

GR 5 20 1% 1,75E-01 0,39 39 884 99% 1,46E-02 42,64 642 752

GR 5 50 44% 1,18E-01 0,67 102 050 100% 1,95E-13 113,94 1 716 703

HN 2 12 81% 5,06E-02 0,27 21 712 52% 2,62E-01 4,69 80 671

HN 2 20 94% 3,85E-02 0,32 36 018 76% 1,29E-01 8,29 142 888

HN 2 50 100% 3,19E-06 0,47 82 607 99% 1,76E-02 22,37 384 416

RA 2 12 27% 5,05E-03 0,22 19 169 51% 1,24E+00 1,35 26 337

RA 2 20 64% 3,62E-04 0,26 32 278 67% 6,11E-01 1,57 31 274

RA 2 50 93% 1,11E-04 0,34 67 520 98% 1,40E-01 1,61 35 270

RO 10 12 0% 3,45E+01 0,33 24 012 100% 7,88E-12 44,78 683 973

RO 10 20 0% 3,37E+01 0,40 40 020 100% 5,49E-12 75,83 1 161 545

RO 10 50 0% 2,92E+01 0,69 102 050 100% 2,99E-12 200,54 3 071 508

WO 2 12 1% 4,63E-02 0,23 20 512 100% 0,00E+00 2,04 39 624

WO 2 20 6% 2,59E-02 0,25 31 105 100% 0,00E+00 3,55 69 076

WO 2 50 43% 1,07E-02 0,37 70 768 100% 0,00E+00 9,42 183 422

4.3 Influence of the Sample Size for RF

To investigate the effect of the simple size used in the representation formula on
searching quality of the hybrid algorithms, we choose six level of sample sizes
(SS = 60, 100, 500, 1000, 2000 and 5000) and we set the value of population size
to 6. The experiments results are reported in Table 3. Because of the limitation of
space, only 10 test functions are presented, chosen in order to illustrate significant
aspects.

We observe that the success rate and the number of function evaluation
increase with the sample size. The RF method failed in almost the tests (SR =
0% in the most cases) except in the case of HR3 function (SR = 100% for SS =


