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Preface

This book is written so the reader with little knowledge on mathematics and without
experience in control theory can start from the beginning and go directly through
the logical evolution of the topics. If the reader has advanced knowledge on
mathematics, is fluent on abstract algebra, linear algebra, etc., will be able to read
this book a little faster, even so, the reader must study the mathematics sections
of the book, to make sure he is familiar with any special notation that we have
presented. If the reader only knows about mathematics but has no experience in
natural sciences or engineering, he must not be discouraged for the occasional use
of examples and vocabulary of other fields (physical models or others). If the reader
knows a little about control theory, maybe from previous courses of engineering or
physics, it is possible that he will have to work slightly more at the beginning to get
used to the ideas and notations in modern mathematics. When the reader is in a
section that contains some mathematics that are new to him, it is required of the
reader to study the examples, to do many exercises and to learn the new subject as if
he has taken a course of it. At the end of the book, the reader will know not only
control theory but also a little about useful mathematics. Whatever the previous
experience the reader has, he will find in the book some topics that are needed to be
learned for this particular area. As well, the book shows in a simple way some
elementary concepts of mathematics such as basic algebraic structures (sets, groups,
rings, fields, differential rings, differential fields, differential field extensions, etc.,
that is to say elements of commutative algebra and algebraic geometry in general)
for the introduction to the theory of nonlinear control seen from a differential and
algebraic point of view. Enough material has been included, rigorous proofs and
illustrative exercises of each subject, as well as some examples and demonstrations
are left to the reader for the good understanding of the chapters of the book. In the
selection of material for this book, the authors intended to expound basic ideas and
methods applicable to the study of differential equations in theory of control. The
exposition is developed in such a way that the reader can omit passage that turn out
to be difficult for him. The content of this book constitutes a tool that can be read by
not only mathematicians, engineers and physicists but also all users of the theory of
differential equations and theory of control. Control theory has become into a
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scientific discipline and of engineering that seems destined to have an impact in all
aspects of modern society. First studied by mathematicians and engineers now it is
increasingly present on areas of physics, economy, biology, sociology, psychology,
etc. What is control theory and why is so important for a wide variety of special-
ities? Control theory is a set of concepts and techniques that are used to analyze and
design various kinds of systems, independently from their physical nature and
special functions. The most important aspect of control theory is the development of
a quantitative model that describes the relation and interaction of a cause and effect
between the variables of a system. This means that the language of control theory is
mathematical and any serious attempt to learn control theory must be accompanied
of mathematical precision and its comprehension. We have attempted, at writing
this book, to make a pedagogic introduction to control theory that is accessible to
readers with little background beyond linear and abstract elemental algebra and
matrix theory while begin motivating for those mathematician readers with more
sophisticated theoretical knowledge. As result, the book is more autonomous and
less specialized. This book begins with the study of elementary set and map theory
being a little bit abstract. Chapters 2 and 3 on groups theory and rings respectively
are included because of their important relation to the linear algebra, the group of
invertible linear maps (or matrices) and the ring of linear maps of a vector space
being perhaps the most amazing examples of groups and rings. We deal with
homomorphisms and Ideals as well as in Chap. 3 we mention some properties of
integers. Also it is well known that group theory at its inception was deeply con-
nected to algebraic equations. The success of the theory of groups in algebraic
equations led to the hope that similar group-theoretic methods could be a powerful
arsenal to attack the problems of differential equations. Still more, Ritt and Kolchin
tackled the problem form the differential and algebraic point of view (Chap. 10 of
control theory from point view of differential algebra). Chapter 4 is devoted to the
matrices theory and the linear equations systems. Chapter 5 gives some definitions
of permutations, determinants and inverse of a matrix. In Chap. 6 is tackled in
notion of vector in real Euclidian space and in general vector space over a field,
bases and dimension of a vector space as well as sums and direct sums. In Chap. 7
we treat with linear maps or linear transformations, Kernel and image of a linear
map, dimensions of kernel and image, in addition, the application in linear control
theory of some abstract theorems such as the concept of kernel, image and
dimension of space are illustrated. Chapter 8 we shall consider the diagonalization
of a matrix and the canonical form of Jordan. In Chap. 9 we attack elementary
methods of solving differential equations and finally in Chap. 10 we treat the
nonlinear control theory from the point of view of differential algebra.

Mexico City, Mexico Rafael Martinez-Guerra
Oscar Martinez-Fuentes
Juan Javier Montesinos-Garcia
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Chapter 1 ®)
Mathematical Background oo

Abstract This chapter focuses on the basic concepts and algebra of sets as well
as a brief introduction to the theory of functions and the well known principle of
mathematical induction. All this background will be needed as a tool to understand
the theory of linear algebra and differential equations as set forth in the following
chapters.

1.1 Introduction to Set Theory

Definition 1.1 A set A is any collection of objects called elements of A that is well
defined (same nature) [1-4]:

A= {ala a,as, ..., an—l»an}

e a; € A denotes qg; is an element of set A.
e x ¢ A denotes x is not an element of set A.

Hereinafter, capital letters, S, T, ... denote sets and each of the elements of a set is
denoted by a lowercase letters, x, y, ..., etcetera.

Example 1.1 LetN = {1, 2, ...} the set of natural numbers (positive integers), Z =
{....=3,-2,-1,0,1,2,.. } the setof integers, Q = {4 | a, b € Z, b # 0} the set
of rational numbers and R the set of real numbers. It is clear that —5 € Z, % S

Q. V23 eR, 7w ¢ N, /23 ¢ Z.

According to the number of elements of each set, the set can be finite or infinite.
For example, if we consider the set of grains of sand in the world, although the
amount is very large and possibly we could never finish counting, this set is finite.
The numbers set are infinite. The set with no elements is called empty set [5-8].
This set is unique and it is represented by . On the other hand, a finite set consisting
of one element is called singleton.

Remark 1.1 ¥ and {@} are totally different. The first one is a set without elements,
whereas the another set is a singleton with the unique element that is @.
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2 1 Mathematical Background

Definition 1.2 Let A, B two set. It is said that A is a subset of B, A C B (or B
D A),if and only if every element of A is element of B,i.e.,.a € A = a € B, Va €
A. (If A # B we call A a proper subset of B).

According to this new concept, note that if a € A then we can to write an equiv-
alent notation for this fact, i.e. {a} C A. Other examples of subsets are given by the
following chain of inclusions: N € Z € Q C R C C, the larger field, C is called an
extension field of R, similarly R is an extension field of Q, this concept will have
relevance in Chap. 10.

Remark 1.2 Let A an arbitrary set, then the empty set satisfies # C A for all set A.
To prove this fact, let us suppose that the statement is false. It is false only if ¢ has
an element that does not belong to A. Since ¥ has not elements, then is not true and
therefore ) C A for every A.

Remark 1.3 Let A, B, C any set, according to the Definition 1.2,

e A C A. This property states that the inclusion is reflexive (every set is a subset of
itself).

e The inclusion is antisymmetric. This property is written as follows: A C B and
B C Athen A = B.

e If AC Band B C C then A C C, i.e., the inclusion is transitive.

The condition of equality between two sets is given from the following axiom.

Property 1.1 (Axiom of extension): Two sets are equal if and only if they have the
same elements.

The axiom of extension states that if A and B are set suchthat A C Band B C A
then A and B have the same elements and therefore A = B. This is the more general
form to prove the equality between two set and this is the necessary and sufficient
condition. Note that equality is symmetric, i.e., if A = B then B = A. In particular,
when A = A it said that equality is reflexive. Finally, the relationship of equality is
transitive. This property is analogous to the property of transitivity for subsets, i.e.,
A =Band B =Cthen A =C [10-12].

1.1.1 Set Operations and Other Properties

Sometimes, when we have two set, A and B that are not necessarily equals, it is
necessary to define a third set whose elements are given by the above sets. So that, it
is necessary to define an operation in the sets with that feature. Before the definition
is established, an important axiom that determines these new operations:

Property 1.2 (Axiom of unions): For every collection of sets there exists a set that
contains all the elements that belong to at least one set of the given collection.



1.1 Introduction to Set Theory 3

Although is complicated to define a set namely universe, that contains every set,
in the next definition we will suppose that there exists a set (non empty) that contains
a finite number of sets.

Definition 1.3 Let A, B two subsets of a set S. The union of two sets A and B is
the set
AUB={seS|seAors e B}

where, we say s € AU B ifand only if s € A, s € B or s is in both sets.

The other important operation is the intersection between two sets, defined as
follows.

Definition 1.4 Let A, B two subsets of a set S. The intersection of two sets A and
B is the set
ANB={s€S|seAands € B}

where, we say s € AN Bifandonlyifs € Aands € B.

Remark 1.4 These operations can be generalized for more sets. Let {A,},<; a col-
lection of subsets of S, then:
o | JA,={seS|seA,forsomea €I, Iis an index set}

ael

e A, ={seS|seA,foralla € I, Iisanindex set}
ael

In any application of set theory, all sets that intervene can be considered as subsets
of a fixed set. This set is called universal set (or simply universe) and it is denoted
by % .

Definition 1.5 Let the universe %/ and an arbitrary subset A of %, the complement
of set A respect to %, to the set of all elements that do not belong to A but that
belong to % [11, 13].

In analogous manner the union an intersection operations have some particular
properties. We establish the following assertion. Note that each assertion should be
demonstrated.

1. Associativity

e AUBUC)=(AUB)UC
e ANBNC)=(ANB)NC

2. Commutativity

e AUB=BUA
e ANB=BNA

3. Distributivity

e AUMBNC)=(AUB)N(AUC)
e AN(BUC)=(ANB)UANC)
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4. Idempotency

e AUA = A forall set A.
e AN A = A forall set A.

5. De Morgan’s laws
e (AUB) = A°N B¢
e (ANB)° = A°U B¢

To prove each one of the claims, it is necessary to establish the equality between
both sets. That is to say, we prove the two inclusions:

A=B & ACBandBCA

For example, for the case of associativity of union, we have the following proof. Let
x € AU(BUCQC),then

xeAUBUC)&sxeAorxe (BUCQC)
SxeAorxe BorxeC
S xe(AUB)orxeC
S xe(AUB)UC

Thus AU(BUC)=(AUB)UC.
At the end of this section, we will establish a proposition with more properties.
Now, we establish the following definition.

Definition 1.6 Let A, B subsets of a set S. A and B are said to be disjoint if they
have not elements in common, that is to say: A N B = .

Note, that this definition can be extended to any family of sets: A family of sets is
pairwise disjoint or mutually disjoint if every two different sets in the family are
disjoint (A;, Aj e o/,i,j €I, A;NA; =0).

Another important operation is the difference between two sets, defined as follows.

Definition 1.7 Let A, B subsets of a set S. The difference of the sets A and B is
the set of all elements of set A that are not belong to the set B, i.e.,

A\B=A—-B={seS|scA,s¢Bl=ANB"

where B¢ denotes the complement of B.

Example 1.2 Let K ={1,2,3,4,5},L ={1,2,3,4,5,6,7, 8}, and
M=1{1,2,3,4,5,6,7,8,9,10, 11, 12}. Note that K C L C M. According to the
difference of sets, we have that
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L—K=16,7,8}
M—L=19,10,11, 12}
M—K=1{6,7,8,9,10,11, 12}

Note as these sets are related by the union between them, and by their number of
elements denominated cardinality of the set, i.e.:

M—-K=M-L)U(L-K)

and 7 =card(M — K) = card(M — L) + card(L — K) = 4 + 3. This idea will
be generalized and stated in Chap. 10 as a theorem for a tower of fields and their
transcendence degree.

Remark 1.5 According to the above definition, the complement of a set A can be
written as follows:

A={x|xeUandx ¢ A} =U\ A
that is, the difference of the universe with the set A.

The properties of difference of set are the following:

1. Foreveryset A, A\ A = 0.
2. Foreveryset A, A\ @ = A.
3. Foreveryset A, \ A =0.
4. Let A and B are nonempty sets. f A — B=B — Athen A =B

The latter property can be demonstrated as follows. By definition, we have

A—B={x|xe€Aandx ¢ B}
B—A={x|xeBandx ¢ A}

If A— B = B — A then every element of A \ B is an element of B \ A, but in the
set A \ B there are only elements of A. In the same manner, all element of B \ A
is an element of A \ B but in the set B \ A there are only elements of B, therefore,
A =B.

1.2 [Equivalence Relations

Definition 1.8 Let A a nonempty set. A relation in A is a subset R of A x A.

Remark 1.6 We write a ~ b if (a, b) € R.
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Definition 1.9 A relation R in A it is said to be:

1. Reflexive,ifa ~a Yae A
2. Symmetric,ifa ~b=b~a Va,be A
3. Transitive, ifa ~bandb~c=a~c VYa,b,ce A

Definition 1.10 A relation R in A it is said to be equivalence relation if R is
reflexive, symmetric and transitive [14, 15].

Example 1.3 Let A =7Z.Leta, b € A. Itsaid to be a and b have the same parity, if
a and b are both even or are both odd. We say that a and b are related, a ~ b, if a
and b have the same parity. Indeed, this is a equivalence relation:

ea~a<x (—1D)*=(-1%a—a=0iseven.

ea~b& (- =)o =)=-1)sb~a

ea~b& (—1)=(—1)?and b ~ ¢ & (—1)” = (—1)°. By virtue of the proper-
ties of equality, we have (—=1)¢ = (=1)® = (=1)¢. Therefore a ~ c.

Definition 1.11 Let m, n € Z. It is said that m divides n if there exists g € Z such
that n = mq. In other words, m is a factor of n or n it is a multiple of m.

Remark 1.7 The notation for divisibility of numbers is the following:

o If m divides n, we write m | n.
e In other case, i.e., if m not divides n, we write m 1 n.

Definition 1.12 Letn € N, a, b € Z. It said to be a is congruent with » module »
if n | (b —a). We write a = b mod n. The congruence module 7 is a equivalence
relation.

Definition 1.13 Inclusion is not an equivalence relation. Note thatN C ZbutZ ¢ N
(C is not symmetric).

Definition 1.14 Let ~ an equivalence relation in A. The equivalence class ofa € A
is denoted by the following set:

C=lal={xeA|x~a}

The elements of [a] are the elements of A that are related with a. If € is an equivalence
class, then any element of %’ is a representative of €.

Example 1.4 In the case of the parity we have:

(.., —4,-2,0,2,4,..}={2m | me 7}
={..,=5,-3,—-1,1,3,5,..)=2m+1|meZ}

e [0]=1{...,—10,-5,0,5,10,...} = {5m | m € Z}
e [1]=1{..,—9,—4,1,6,11,..}={5m+1|me7Z)
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e 2]=1.. 8 —3,2,7,12,..}={5m+2|meZ)
e 3]=1. ~2,3,8,13,.. ) ={5m+3|me7Z)
o [4]=1. 6 —1,4,9,14,.. Y = {5m +4 | m € Z}

Theorem 1.1 If ~ is an equivalence relation in A, then
A=l

In addition, if [a] # [b] = [a] N [b] =
Proof First, we prove the double contention of subsets.

1. Leta € A. Thena € [a] and therefore a € | [a]. This implies that A C J [a]

acA acA
2. Given that [a] C A Va € A, therefore | [a] C A.
acA
Hence
A= Jla]
acA

Finally we will use the contrapositive form to prove the last statement. Suppose that
[a]l N [b] # @. Let ¢ € [a] N [b], then we have ¢ ~ a and ¢ ~ b , therefore a ~ b.
Now, if x € [a],thenx ~ a and x ~ b (since a ~ b) and hence x € [b]. This implies
[a] C [b] and in a similar manner, [b] C [a]. Therefore [a] = [b]. U

Definition 1.15 Let A a nonempty set. A partition of A, is a collection {Ag},; of
subsets of A such that:
A=A

ael

In addition, if @ # B then A, N Ag = . A, are so called elements of the partition.

Remark 1.8 Let A a nonempty set. An equivalence relation in A gives rise to a par-
tition of A. The elements of this partition, are the equivalence classes. Reciprocally,
a partition of A generates an equivalence relation. In conclusion, leta, b € A. a and
b are said to be related if and only if they are in the same element of the partition.

Definition 1.16 Let A a nonempty set and R (or ~) an equivalence relation in A. A
is said to be a quotient set denoted by:

A/R= A/ ~={[a] | a € A}

Example 1.6 Letn € N. Consider the congruence module 7 in Z (that is an equiva-
lence relation). The quotient set of Z is given by

Z/nZ ={[0],...,[n—1]}

Sometimes, Z/nZ is denoted by Z/n or Z,. As particular cases, we have:
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1. Z/27 = {[0], [1]}
2. Z/5Z = {[0], [1], [2], [3], [4]}

1.3 Functions or Maps

Definition 1.17 Let A, B nonempty sets. A function or map is a relation given by
a set A and a set B with the following property: each element a € A is related to
exactly one and only one element b € B. In other words, a function or map is a rule
that assigns to each element a of A [16, 17], one and only one element b of B. If
f : A — B isafunction, the set A is called domain of the function and the set B is
the codomain or range of f. A function f is commonly denoted by:

f:A— B

ar——b

The notation f(a) = b is equivalent to say a — b. The image of a € A is f(a) €
B. The image of the function f is:

Imf ={f(a)|aecA}CB
Example 1.7 1. Let f defined by:

f:R - R

ar—>a2

It is not hard to see that some elements are given by:
f@) =4, f(=2)=4, f5) =125, f(=5) =125 f(0)=0.
2. Let g defined by:

g7 — Z

n+— 2n+1
Some elements using the correspondence rule, are the following:
82)=5,8(=2)=-3,8(5) =11,8(=5 =-9,8(0) = L.
3. Let A and B nonempty sets. The functions

m:AXB — A

(a,b) —> a



