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Preface

This volume of Static & Dynamic Game Theory is a collection of the papers
published in the International Conference on NETwork Games, COntrol and
OPtimization (NetGCooP) 2018 conference. The event took place at the New York
University Tandon School of Engineering, New York City, NY, USA, during
November 14–16, 2018.

Networks form the backbone of many complex systems, ranging from the
Internet to social interactions. The proper design and control of networks have been
a long-standing issue in various engineering and science disciplines. The vision
of the conference is to provide a platform for researchers to share novel basic
research ideas as well as network applications in control and optimization. Network
control and optimization have been of increasing importance in many networking
application domains, such as mobile and fixed access networks, computer networks,
social networks, transportation networks, and more recently electricity grids and
biological networks. Both conceptual and algorithmic tools are needed for efficient
and robust control operation, for performance optimization, and for better under-
standing the relationships between entities that may be cooperative or act selfishly,
in uncertain and possibly adversarial environments.

The goal of NetGCooP is to bring together researchers from different areas with
theoretical expertise in game theory, control, and optimization and with applications
in the diverse domains listed above. During the conference, three plenary talks were
given by three world-leading researchers: Leandros Tassiulas from Yale University
on Optimizing the Network Edge for Flexible Service Provisioning; R. Srikant from
University of Illinois at Urbana–Champaign on Network Algorithms and Delay
Performance in Data Centers; and Gil Zussman from Columbia University on
Power Grid State Estimation Following a Joint Cyber and Physical Attack.

NetGCooP 2018 had 26 paper presentations, 11 selected from papers received
through open calls and 15 via invitation. We thank the authors, the speakers, and
the participants in the conference and hope that everyone enjoyed the conference.
The success of the conference would not have been possible without the huge effort
of several key people and organizations, especially the local organization com-
mittee in New York, the TPC members, and many students and volunteers who

v



contributed. Finally, we thank the Springer team, Benjamin Levitt and Christopher
Tominich, for their confidence, help, and kindness in the publication process.

General Co-Chairs: Jean Walrand (UC Berkeley); General Vice Co-Chair:
Yezekael Hayel (University of Avignon) and Quanyan Zhu (New York University).
TPC Co-Chairs: Rachid El-Azouzi (University of Avignon), Jianwei Huang
(Chinese University of Hong Kong), and Ishai Menache (Microsoft Research).

New York, USA Rachid Elazouzi
November 2018 Jiamwei Huang

Ishai Menache
Tania Jimenez

TPC Chairs
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Pricing of Coexisting Cellular
and Community Networks

Patrick Maillé, Bruno Tuffin, Joshua Peignier and Estelle Varloot

Abstract Community networks have emerged as an alternative to licensed band
systems (WiMAX, 4G, etc.), providing an access to the Internet with Wi-fi technol-
ogy while covering large areas. A community network is easy and cheap to deploy,
as the network is using members’ access points in order to cover the area. We study
the competition between a community operator and a traditional operator (using a li-
censed band system) through a game-theoretic model, while considering themobility
of each user in the area.

1 Introduction

Wireless technologies are becoming ubiquitous in Internet usage. Operators try to
provide a whole wireless coverage on urban areas, in order to offer an Internet access
to everyone, with a guaranteed quality. However, this system requires huge invest-
ment costs in terms of infrastructure and spectrum licenses. This has repercussions
on the subscription fees, which can be large enough for users to prefer other options.
Due to this, community networks [6] have been imagined as an alternative. The prin-
ciple is simple: When a user subscribes to a community network, he sets an access
point where he lives (and is responsible for its maintenance), which can be used by
all members of the community network. As a counterpart, he gains access to the
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Internet through every access point belonging to the community network. This ap-
proach presents the advantage that the infrastructure is cheaper and easier tomaintain,
from a provider perspective. However, the quality of service cannot be guaranteed,
since it depends on the size of the community. Currently, the largest community
operator is FON.1

From the user point of view, a community network has the particularity of having
both positive and negative externalities; i.e., having more subscribers is both benefi-
cial (larger coverage when roaming) and a nuisance (more traffic to serve from one’s
access point). An analysis of those effects and on the impact of prices, with users
being heterogeneous in terms of their propension to roam, is carried out in [1]. In the
present paper, we add another dimension, that is, how–i.e., where–users roam. Also,
we consider that users can choose between two competing providers, a “classical”
one and one operating a community network, that compete over prices.

Community networks have already been studied under a game-theoretic frame-
work, with operators as players. In [3], the authors first study how a community
network evolves, depending on its initial price and coverage, and then investigate
using a game-theoretic framework [7] the repartition of users having the choice be-
tween a community network and an operator on a licensed band. The competition is
first studied when each player decides its price once and the size of the community
network changes over time. Then, a discrete-time dynamic model is studied, where
operators can change their price at each time step, taking into account the preferences
of the users concerning price and coverage. The authors show the existence of one
or several Nash equilibria under specific conditions. An extension in [4] investigates
whether it is profitable for a licensed band operator to complement the service it
provides with a community network service. It is shown that this is generally not
the case, as users will more likely choose the (less profitable) community network.
In [5], the same authors study an optimal pricing strategy for a community network
operator alone in both static and semi-dynamic models, while considering a mobility
factor for each user (e.g., each user makes requests, but not all in the same spot).
They also allow the operator to set different prices for each user. In the following, we
will refer to the traditional operator as the classical Internet service provider (ISP).

In this article,we study amodel similar to both [3, 5]. In [3], the users all present the
same characteristics, while in [5] there is a mobility factor but the paper considers a
community network alone.We consider here amore general and realistic framework:
Users are considered located in places heterogeneous in terms of attractiveness for
connections (an urban area is more likely to see connections than the countryside).
Moreover, their mobility behavior is also heterogeneous: They do not all plan to
access the Internet from the same places. Instead of a mobility parameter, we rather
consider a density function, which represents the probability that a user makes a
request while being near the access point of another user. But in our paper, all users
will have the same sensitivity toward quality; indeed, our goal is rather to focus on the
impact of geographical locations of spots and connections on users’ subscription and
on the competition between the operator and the community network. The model

1https://fon.com/.

https://fon.com/
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is analyzed using noncooperative game theory [2, 7]. The decisions are taken at
different timescales: First, the networks fix their price, and then users choose which
network to subscribe to.We illustrate on different scenarios that for fixed subscription
prices to the ISP and the community network, several equilibria on the repartition of
users can exist; the one we can expect depends on the initial mass of the subscribers
to the community network. The pricing competition between operators is played
anticipating the choice of users.

The paper is organized as follows. Section2 presents the model; the basic notions
are taken from the literature, but we extend it with the modeling of mobility via a
continuous distribution. In Sect. 3, we describe how, for fixed subscription prices,
the repartition of users is determined. In Sect. 4, we introduce the pricing game
between the operator and the community network, as well as our method to compute
a Nash equilibrium. Section5 presents two scenarios as examples of application of
our method.

2 Model Definition

We present here the basic elements of the model taken from the literature, mainly [3],
which we complement with more heterogeneity among users related to location and
mobility, as well as the possible nuisance from providing service to other community
members.

2.1 Actors and Strategies

To study the competition between a community operator and a classical ISP, we need
to define a model for the profit of each operator, but also for users, in order to explain
what will make them choose a service rather than the other one. The decisions of
these actors are taken at different timescales, defining a multilevel game:

1. First, the classical ISP and the community network play noncooperatively on the
subscription prices, in order to maximize their own revenue (expressed as the
product of price and mass of users).

2. Given the prices and qualities of service, users choose their network based on price
(we assume a flat-rate pricing is applied by each operator) and quality of service.
Wewill describe how, depending on an initial repartition between operators, users
can switch operators up to a situation when nobody has an interest to move.

The results of the game for the operators are given once all users have settled on
an operator (if any). Even though the operators play first (subscription is impossible
until the price of subscription is set), they are assumed to make their decision strate-
gically, anticipating the subsequent decisions of users. Hence, the game is analyzed
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by backward induction [7]: We determine the user choices for any fixed prices and
consider that operators are able to compute those choices when selecting their prices.

2.2 Modeling of Users, Quality, and Mobility

We consider a continuum of users characterized by their type u; this type typically
represents a home location. In the following, we will not distinguish between a
location u and the user u living there. LetΩ be the space of users and f their density
over spaceΩ (with

∫
Ω

f (v)dv = 1). We also assume thatΩ is the support of f , i.e.,
f (u) > 0 for all u ∈ Ω .
Let D be the subset of Ω of users subscribing to the community network; we

call it the domain, since it also represents the domain of coverage of the community
network.

Each usermakes requestswhen using the Internet. Letm(v) be the average number
of communication requests of user v per time unit.

Depending on their location, users may also present different mobility patterns.
To express this heterogeneity, define for each user u the density function g(v|u) that
a request from u occurs at v. Note that users may move to uninhabited regions: We
aggregate those regions into one item, denoted by⊥, andwe define the set ofmobility
locations as Ω̄ := Ω ∪ ⊥. Then, over a location area A ⊂ Ω̄ , the probability that a
type u user’s request is in A (rather than Ω̄ \ A) is

∫
A g(v|u)dv.

If we define n(u) as the density (number per space unit) of requests at u from
users of the community network, it can be computed as

n(u) =
∫

D
g(u|v)m(v) f (v)dv.

The quality of a given service is defined as the probability that a request is fulfilled.
For the ISP assumed to have a full coverage, it is therefore 1, in linewith the literature.
For a user u, the quality of the community network will depend on whether the
requests by u are generated when in the coverage domain; hence, it can be computed
as

qu =
∫

D
g(v|u)dv. (1)

2.3 User Preferences

How will user u decide whether to subscribe to the classical ISP, to the community
network, or to none of them? Following [3, 4], defineUI (u),UC(u), andU∅(u) as the
respective utility functions for choosing the classical ISP, the community network,
or none. These functions depend on the price the user has to pay, the quality of the
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service he is provided, and his sensitivity toward quality. As in [3, 4], we consider
a simple quasi-linear form for utilities: A user u, whose sensitivity toward quality is
denoted by a and who benefits from service quality q̃ (assumed in the interval [0, 1])
at price p, perceives a utility auq̃ − p. Note that in [3, 4] the sensitivity parameter au
depends on the user type, u, but we limit ourselves in this paper to a constant value
a for all users since our goal is to focus on the geographical heterogeneity of users.

In addition, as in [1] we consider a disturbance factor for the community network:
Satisfying requests for other members can indeed become an annoyance, which we
model through a negative term -cn(u) in the utility function, with c a unit cost per
request at u. Here, we assume that the nuisance is due toWi-fi spectrum usage; hence,
it depends on the total density of requests in u and is independent of the density of
users at u.

Let pI and pC be the respective flat-rate subscription fees to the ISP and to the
community network, respectively.

We assume users are rational: A type u user will choose the network providing
the largest utility (or no network), where the utilities at the community network, the
ISP, or for not subscribing to any are, respectively (recall that those functions depend
on the set D of users in the community network),

UC(u) = aqu − pC − cn(u)

UI (u) = a − pI
U∅(u) = 0,

where U∅(u) is used to say that users with negative utilities at the operators do not
subscribe to any of them; we also assume that users with null utilities at the operators
do not subscribe.

In the following, we will therefore always assume that pI < a, because otherwise
the classical operator would get no subscriber (as for all u, we would haveUI (u) ≤ 0
and all users prefer the no-subscription option over the classical operator). With the
same argument, we assume that pC < a. We now have, for all u, UI (u) > 0, which
implies that each user will necessarily subscribe to one operator, since they strictly
prefer the classical operator over the no-subscription option.

However, the repartition between the classical ISP and the community network
is not trivial, since the utilities expressed above, which determine user choices, also
depend on user choices through the set D. Hence the notion of equilibrium (or fixed
point), which we define and analyze in Sect. 3.

2.4 Operators’ Model

The utilities for the classical ISP and the community operator are simply defined as
their profits. For each operator, the profit depends on the price it chose and on the
number of users subscribing to its service, which depends on both prices.
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Let dI and dC be the number (or mass) of users subscribing, respectively, to the
classical ISP and to the community operator. For a set D ⊂ Ω of users subscribing to
the community network (which depends on prices as we see later on), those masses
can be written as

dI =
∫

Ω\D
f (v)dv

dC =
∫

D
f (v)dv.

The utilities are then expressed by

VC = dC pC
VI = dI pI − χI ,

where χI is the infrastructure cost for the ISP. Each operator chooses (plays with) its
price to maximize its revenue, but that revenue also depends on the decision of the
competing operator which can attract some customers, hence the use of noncooper-
ative game theory to solve the problem.

3 User Equilibrium

With the characterization of user behavior above, we aim in this section at determin-
ing if, for fixed subscription prices, there is an equilibrium user repartition among
operators and also if it is unique. We first define what such an equilibrium is. We
consider here that prices pI and pC have already been decided.

3.1 Definition and Characterization

Definition 1 A user equilibrium domain is a domain D ⊂ Ω such that no user, in
D or in Ω\D, has an interest to change his choice of network. Mathematically, this
means that

∀u ∈ D UC(u) ≥ UI (u)

∀u ∈ Ω\D UC(u) ≤ UI (u).

Consider a user u. For a given domain D, he will prefer the community network
if UC(u) ≥ UI (u), that is, if a(qu − 1) + (pI − pC) − cn(u) ≥ 0.

Let us define the domain-dependent function ΦD : Ω 
→ R as the difference
UC(u) −UI (u), that is,
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ΦD(u) := a

(∫

D
g(v|u)dv − 1

)

+ (pI − pC) − c
∫

D
g(u|v)m(v) f (v)dv. (2)

Then, D is a user equilibrium domain if and only if

{
ΦD(u) ≥ 0 ∀u ∈ D
ΦD(u) ≤ 0 ∀u ∈ Ω \ D.

Example 1 Consider the case of users with homogeneous mobility behavior, that
is, where g(v|u) does not depend on u so we only denote it by g(v). From (1), we
also get that the quality qu does not depend on u: All the community network users
experience the same quality, whichwe denote by q and equals

∫
D g(v)dv). Moreover,

n(u) = g(u)
∫
D m(v) f (v)dv = Mg(u) with M := ∫

D m(v) f (v)dv the total request
mass from community network users. At a user equilibrium D, user u prefers the
community network if and only if

a(q − 1) + (pI − pC) − cMg(u) ≥ 0.

The domain D is then made of all users u with attractiveness g(u) below a threshold.

3.2 Existence and Uniqueness

Proposition 1 A user equilibrium is not unique in general.

Proof An example of nonuniqueness is shown in Sect. 5.1 when users present a
homogeneous mobility pattern g(v|u) = g(v) ∀u. �

Proposition 2 D = ∅, that is no user subscribes to the community network, is a
user equilibrium (but not necessarily the only one) if and only if pI ≤ pC + a. In
other words, if the price difference between the community network and the ISP is
not large enough (it has to be larger than a), nobody subscribing to the community
network is a user equilibrium, even if not necessarily the unique possibility.

Proof D = ∅ is a user equilibrium if and only if, when there are no community
network users, UC(u) ≤ UI (u) ∀u ∈ Ω; that is, −a + (pI − pC) ≤ 0, i.e., pI ≤
pC + a. �

We can also consider the other case of “degenerate” equilibrium, that is, when all
users in Ω subscribe to the community network.

Proposition 3 D = Ω is a user equilibrium if and only ifΦΩ(u) ≥ 0 for all u ∈ Ω .

Corollary 1 Under our assumption pI < a, there always exists at least one user
equilibrium.

Proof Since we have assumed pI < a, Proposition2 holds and nobody subscribing
to the community network is an equilibrium. �
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3.3 A Dynamic View

Given that several user equilibria might exist, which one would be observed in prac-
tice? This may depend on a dynamic evolution of subscriptions: We can study how
users make their choice and how the repartition evolves, depending on an initial
situation.

If a user u is associated with the ISP (resp. community network) but UC(u) >

UI (u) (resp. UC(u) < UI (u)), then it will switch to the other operator. Without loss
of generality, we can first partition users by assuming that those with the largest
UC(u) −UI (u) subscribe to the community network and the others to the ISP (a
natural move to that situation will occur otherwise). We can relate this to the function
ΦD(x) defined in (2). For a given D, users u /∈ D (resp. u ∈ D) with the largest value
ΦD(u) > 0 (resp. lowest valueΦD(u) < 0) will have an incentive to switch operator
and join (resp. leave) D. Hence, D will change up to a moment when no user has an
interest to move, that is, up to reaching a user equilibrium as defined above.

All this will be made more specific and clearer in Sect. 5 on the analysis of two
scenarios.

Depending on the initial situation (that is, the initial mass of users subscribing to
the community network), we may end up in different user equilibria. We can assume
that the community network will offer free subscriptions or make offers to users so
that an initial point will allow to lead to different equilibria.

3.4 Stability

Among user equilibrium domains, some are more likely to be observed. They are
the so-called stable user equilibrium domains, which can basically be defined as
domains that are stable to small perturbations in the following sense.

Definition 2 A user equilibrium domain D is said to be stable if there exists ε > 0
such that ∀D′ with

∫
(D∪D′)\(D∩D′) f (v)dv ≤ ε (that is, any D′ with “measure” close

enough to D); then starting from D′, the user repartition will converge to D.

The following straightforward result establishes that there always exists at least
one stable equilibrium.

Proposition 4 If for all u ∈ Ω , the ratio of the densities g(·|u)/ f (·) is upper-
bounded on Ω , then for any price profile (pI , pC ) with pI < a, the situation D = ∅
is a stable equilibrium. Similarly, the other degenerate equilibrium D = Ω is stable
if ΦΩ(u) > 0 for all u ∈ Ω .

Proof From Corollary1, D = ∅ is a user equilibrium domain. Since pI < a, (2)
yields ΦD(u) = pI − a − pC < 0 ∀u ∈ Ω . We also have from (2) that for any do-
main D′ and any u,
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ΦD′(u) ≤ pI − a − pC + a
∫

D′
g(v|u)dv.

But when the ratio g(·|u)/ f (·) is upper-bounded by some value L , then the integral
a

∫
D′ g(v|u)dv is smaller than aL

∫
D′ f (v)dv. Therefore, with ε <

pC+a−PI

aL , for a
domain D′ such that

∫
D′ f (v)dv ≤ ε all users in D′ would be better off switching

back to the ISP; hence, D = ∅ is a stable equilibrium domain. �

Further characterizations are provided in Sect. 5 for specific scenarios.

4 Pricing Game

We study here the prices that are set by both network operators. To do so, we assume
that they are able to anticipate the consequences of their pricing decisions, so that
we can apply the backward induction approach to analyze the pricing game [7].

For any price pair (pI , pC), being able to characterize all stable user equilibria,
we can reasonably assume that the community network will set up things (again, by
initial offers/bargains) such that the largest (defined in terms of demand dC ) stable
user equilibrium domain is reached in the end. Therefore, for given prices, we will
be able to compute the corresponding values of the utility functions VC and VI of
each operator. Hence, providers can noncooperatively play the pricing game where
the community network chooses pC and the ISP chooses pI , each operator trying to
maximize its utility function. The solution concept is the classical Nash equilibrium
[7], a pair (p∗

I , p
∗
C ) fromwhich no provider can improve its revenue from a unilateral

price change.
Note that to anticipate the impact of one’s decisions, the operators have to have

some knowledge about user preferences and (mobility) behaviors, an assumption we
make here. In practice, that behavior can be learnt by the operator to which the user
subscribes (following which access point the user is connected), and/or from more
general survey that are out of the scope of this paper.

5 Analysis and Discussion of Two Scenarios

5.1 Users with a Homogeneous Mobility Pattern

We first consider the simplest situation where the mobility pattern is the same for
all users, which means that g(v|u) does not depend on u, that is g(v|u) = g(v) ∀u
as treated in Example1. From this assumption, qu = q does not depend on u (but
still depends on D). We also get a much simpler expression for ΦD , which is now:
∀u ∈ Ω ,

ΦD(u) = a(q − 1) + (pI − pC) − cMg(u), (3)
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which depends on u only through the term g(u), with q = ∫
D g(v)dv and M =∫

D m(v) f (v)dv. From such an expression, we can show that with an homogeneous
mobility pattern, user equilibria have a specific form.

5.1.1 Characterization of User Equilibria

Proposition 5 Assume that location attractiveness values are distributed regularly
over Ω: i.e., mathematically, that for all y ∈ R

+, the mass of users with the specific
value g(u) = y is null. Then, a nondegenerate user equilibrium domain has the form
Dx := {u ∈ Ω | g(u) ≤ x} for a given x ≥ 0, with x solution of

a

(∫

Dx

g(v)dv − 1

)

+ pI − pC − cx
∫

Dx

m(v) f (v)dv

︸ ︷︷ ︸
:=Ψ (x)

= 0.

In the above characterization, x is a threshold such that all users u with mobility
attractiveness density g(u)below x subscribe to the community network.Remark that
Ψ (x) corresponds to ΦDx (u) for a user u such that g(u) = x ; since Dx is continuous
in x under our assumption, Ψ is also a continuous function of x .

Proof See Appendix. �

We can characterize, among all domains Dx , which ones will actually be user equi-
librium domains, and the corresponding dynamics.

Assume that the set of subscribers to the community network is of the form
Dx = {u ∈ Ω : g(u) ≤ x} for some x ∈ R

+.

• If Ψ (x) > 0 and Dx �= Ω , it means that users u with g(u) just above x are associ-
ated with the ISP and are those with the largest utility difference and incentive to
switch to the community network (indeed, from (3) that utility difference ΦDx (u)

is continuous and strictly decreasing in g(u)); hence, they switch such that x and
Dx increase.

• If Ψ (x) < 0 and Dx �= ∅, it is the opposite situation: Users u with value g(u) just
below x are with the community network but have the largest incentive to switch
to the ISP; hence, x and Dx decrease.

• If Ψ (x) = 0, all users u ∈ Ω are such that ΦDx (u) ≥ 0 and hence have no interest
to switch; we are then in an equilibrium situation.

We thus end up with the following characterization of user equilibrium domains. Let
y := supu∈Ω{g(u)} (possibly ∞), such that Dy = Ω .

• If Ψ (y) ≥ 0, then D = Ω (all users subscribe to the community network) is an
equilibrium.

• Since Ψ (0) = −a + pI − pC ≤ 0 by assumption, ∅ is always a user equilibrium
domain (no users associated with the community network).

• If Ψ (x) = 0, Dx is a user equilibrium domain.
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5.1.2 Stable Equilibria

Among all user equilibrium domains, we can characterize the stable ones.

Proposition 6 As suggested by the dynamics described in Sect.3.3, we consider that
the community network subscriber set D is always of the form Dy for some y. Then,
if Ψ (x) = 0 and Ψ ′(x) < 0, Dx is a stable equilibrium.

Proof Assume a small variation, from x to x ′ = x ± ε, in D (hence, from Dx to Dx ′ ).
If Ψ ′(x) < 0, for ε small enough, Ψ (x ′) > 0 (resp. < 0) if x ′ < x (resp. x ′ > x);
hence, users u with g(u) between x ′ and x are incentivized to switch back to their
initial choice, driving back to the (then stable) equilibrium domain Dx . �

5.1.3 Nash Equilibria for the Pricing Game Between Operators

For any pair (pC , pI ), we consider that the largest equilibrium domain is selected.
Operators then play a noncooperative game to determine their optimal strategy [2,
7]. The output concept is that of a Nash equilibrium, a point (p∗

C , p∗
I ) such that no

operator has an interest to unilaterallymove from, because it would decrease its utility
(revenue). Due to analytical intractability, we are going to study the existence and
characterizeNash equilibria numerically, for specific parameter values; the procedure
can be repeated for any other set of parameters.

5.1.4 Examples

Wefirst show situationswhere there are several user equilibria and even several stable
user equilibria. We then discuss the solution of the pricing game between operators.

Example 2 Consider Ω̄ = Ω = R
+; i.e., users are placed over the positive line (neg-

ative values could be described as the sea). We assume:

• m(u) = 1, i.e., all users generate the same amount of requests.
• f (u) = α/(1 + u)1+α with α > 0. In other words, users are located according to a
Pareto distribution, potentially with infinite expected value. The closer the 0 value
(which can be thought of as the town center), the more users you can find.

• g(u) = λe−λu , meaning that connections are exponentially distributed with rate λ,
with more connections close to 0; even faraway users are more likely to require
connections there.

With these functions, noting that g is strictly decreasing, the set Dx is simply the
interval [ln(λ/x)/λ,+∞)when x ∈ (0, λ], Dx = Ω when x > λ, and Dx = ∅when
x = 0. It gives

Ψ (x) = −a(1 − x/λ) + pI − pC − cx

(
1

1 + ln(λ/x)/λ

)α
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Fig. 1 Ψ (x) when λ = 1.0 (left), when λ = 0.5 (center), and when λ = 2.0 (right)

Fig. 2 Best responses to the
pricing game when
λ = 0.25, α = 1.2, a = 1,
c = 1, and χI = 0
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for x ∈ [0, λ], Ψ (x) = pI − pC − cx for x > λ, and Ψ (0) = pI − a − pC . Note
that the assumption made in Proposition5 holds here; hence, Ψ is continuous over
R+.

Three outcomes are illustrated in the next three cases for λ when α = 1.2, a = 1,
c = 1, pI = 0.95, and pC = 0.1.

In Fig. 1 (left), there are two solutions for Ψ (x) = 0, with only the second one
leading to a stable equilibrium domain (in addition to D0 = ∅, which is stable too
fromProposition4, forwhich the assumptions also hold). In Fig. 1 (center),Ψ (x) = 0
has only one (unstable) solution, but D0 = ∅ and D0.5 = Ω (because Ψ (0.5) > 0)
are stable equilibrium domains. In Fig. 1 (right), there is no solution to Ψ (x) = 0,
and ∅ is the only equilibrium domain. Remark thatΩ is a (stable) equilibrium domain
if Ψ (λ) = pI − pC − cλ ≥ 0.2

Assuming now that the community network plays such that the largest equilibrium
domain is selected (thanks to discounts for example), we can draw the best responses
to the pricing game between operators. It is, for example, displayed in Fig. 2 for
specific parameter values, here when the infrastructure cost for the ISP is χI = 0.

2Note that with other functions, depending on the variations of f and g, an arbitrary number of
solutions of Ψ (x) = 0 can be obtained.
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With these parameters, the community network is able to get a positive demand
only if pI ≥ 0.76. dC is then jumping from 0 to 0.574 and is readily and slightly
increasing to 0.678 when pI = 0.99. We actually have here a price war where each
operator has an interest to give a price just below that of the opponent, and we end up
with a Nash equilibrium (pI = 0.23985, pC = 0) where one operator stops with the
zero price. Due to price war, only one operator survives. With an infrastructure cost
χI = 0, it is the ISP, but we note that the threat of the development of a community
network significantly decreases the price set by the ISP (whose monopoly price was
1 as can be seen in Fig. 2 when pC is prohibitively high). Also, there is a threshold
on χI over which it is the community network that survives. Indeed, remark that the
value of χI does not change the best-response values since it appears as a constant
in the expression of VI , but the game stops as soon as one of the two providers gets
a zero revenue. The revenue of the ISP will go to zero before that of the community
network if χI > 0.23.

5.2 Several Populations

We slightly modify the model such that Ω = R
+ with a mass of users in 0, seen

as a town (probability/mass π0), while others with u > 0 are regularly distributed
over the “countryside” with conditional density f . In terms of mobility, we assume
that users at u = 0 do not move, while those at u > 0 have a probability π1 to call
from 0 and a conditional density (when connecting from another place) g(v) to
make a connection from v > 0. With those assumptions, remark that q0 = 1 (resp.
q0 = 0) if the community network is chosen (resp., not chosen) at 0, and for u > 0,
qu = π11l{0∈D} + (1 − π1)

∫
D1 g(v)dvwhere D1 = D ∩ (0,∞) is D excluding 0 and

1l{·} is 1 if the condition is satisfied and 0 otherwise.
The number of connections to amember of the community network at 0 (assuming

0 ∈ D) is then n(0) = π0m(0) + (1 − π0)π1
∫
D1 m(v) f (v)dv and n(u) = g(u)(1 −

π0)
∫
D1 m(v) f (v)dv for u > 0. The level of annoyance (interferences, etc.) is again

assumed linear in n(·), leading to

ΦD(0) = (pI − pC)

−c

(

π0m(0) + (1 − π0)π1

∫

D1
m(v) f (v)dv

)

ΦD(u) = a

(

π11l{0∈D} + (1 − π1)

∫

D1
g(v)dv − 1

)

+(pI − pC) − c(g(u)(1 − π0)

∫

D1
m(v) f (v)dv).

Assuming that 0 ∈ D or not, the above last equation tells us as in the previous
subsection that D1 is of the form D1

x = {u : g(u) ≤ x} for some value x . Exactly
as in the previous homogeneous case, there might be several solutions, and we will
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assume that the selected one will be a stable one leading to the largest market share
(revenue) for the community network.

The more the subscribers of the community network, the less likely users in 0
will subscribe because since they do not move, they experience only losses from an
increased number of subscribers. But there might be a risk of oscillations on the user
equilibrium. Indeed, if x is small enough, then users in 0 subscribe. This increases
the interest for others to subscribe, leading to a larger value of x , which might deter
users in 0, and so on.

Example 3 We again consider m(u) = 1, f (u) = α/(1 + u)1+α with α > 0, and
g(u) = λe−λu . Then, users in 0 join iff for D1 = D1

x = [ln(λ/x)/λ,+∞), they prefer
the community network over the ISP, knowing that there is coverage in 0, i.e., iff

(pI − pC) − c

(

π0 + (1 − π0)π1

(
1

1 + ln(λ/x)/λ

)α)

︸ ︷︷ ︸
:=ΦD(0)

≥ 0,

or

x ≤ λe
λ
(
1−

(
(1−π0)π1

(pI −pC )/c−π0

))1/α

.

Note that ΦD is a slight abuse of notation, since it corresponds to D = {0} ∪ D1
x or

just D1
x whether users at 0 join.

To get a nondegenerate equilibrium, x ∈ [0, λ] must be a solution of

Ψ (x) = a
(
π11l{0∈D} − (1 − π1)(1 − x/λ)

) + pI − pC

−cx(1 − π0)

(
1

1 + ln(λ/x)/λ

)α

= 0

leading to curves ofψ(·) similar towhatwegot inExample2.Again, several solutions
are possible, so we assume that the largest stable domain D1 is reached, thanks to
a valid choice of initial conditions. Let D0

1 (resp. D∅
1 ) denote D1 when 0 is (resp.

is not) choosing the community network. There are three possibilities depending on
ΦD(0) and D1:

• IfΦD(0) ≥ 0 when D = {0} ∪ D0
1 , it means that users 0 are satisfied with the gain

in price to be in the community network, and D = {0} ∪ D0
1 is the considered user

equilibrium domain.
• If ΦD(0) < 0 when D = D∅

1 , users in 0 have no interest in joining the community
network and D = D∅

1 is an equilibrium.
• If ΦD(0) < 0 when D = {0} ∪ D0

1 and ΦD(0) > 0 when D = D∅
1 , there are os-

cillations in the user equilibrium domain, which does not exist with the chosen
strategy from the community network. In that case, we are going to consider that
when computing best responses to the pricing game, operators will make use of the
“worst” scenario for them in the pricing game, in terms of market share: D = D∅

1
for the community network, and D = {0} ∪ D0

1 for the ISP.
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Fig. 3 Best responses to the
pricing game with
heterogeneous users when
λ = 0.25, α = 1.2, a = 1,
c = 1, π0 = 0.7, π1 = 0.1,
and χI = 0
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Using the above user equilibrium domain, we can draw the best responses to the
pricing game between operators. It is, for example, displayed in Fig. 3 for specific
parameter values when the infrastructure cost for the ISP is χI = 0. With these
numerical values, the best response of the ISP to the community network price pC
is such that dI = 1 for pC ≤ 0.63, and dI = 0.7 (just users in 0) when pC is above
that value. We again have a price war (each provider setting its price just below
its opponent) in the high-price region. Predicting the outcome of the competition is
not trivial, since following a best-response dynamics leads to a cycle (appearing in
the top right corner in the figure): Prices slide downward until reaching (pI , pC) ≈
(0.71, 0.63), at which point the ISP sets pI = 1, reinitiating the cycle.

Appendix

All Domains on Equilibrium Situations Have the Form Dx for Homogeneous
and Regular Mobility Patterns

Proof At an equilibrium situation, the community domain D must be such that

∀u ∈ D, ΦD(u) ≥ 0

∀u /∈ D, ΦD(u) ≤ 0.

Let p := pI − pC . Under the assumption that g(v|u) does not depend on u and with
the expressions of q and n we had before, we now have ∀u ∈ Ω ,

ΦD(u) = a

(∫

D
g(v)dv − 1

)

+ p − cg(u)

∫

D
m(v) f (v)dv.
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So, an equilibrium domain D should be made of u such that

g(u) < a

∫
D g(v)dv − 1

c
∫
D m(v) f (v)dv

,

plus possibly some of the users for which there is equality above, but which are of
measure 0 under our assumption. Hence, the general form of the solution Dx = {u ∈
Ω | g(u) ≤ x}. Using that form Dx for candidate domains, one can write ΦDx (u)

as a function of x and g(u), and an equilibrium is reached when the users wanting
to subscribe to the community network (currently made of Dx ) are exactly Dx , i.e.,

when x is a root of the function Ψ (x) := a
(∫

Dx
g(v)dv − 1

)
+ p − cx

∫
Dx

m(v)

f (v)dv. �
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Achieving Arbitrary
Throughput–Fairness Trade-offs
in the Inter-cell Interference
Coordination with Fixed Transmit
Power Problem

Vaibhav Kumar Gupta and Gaurav S. Kasbekar

Abstract We study the problem of inter-cell interference coordination (ICIC) with
fixed transmit power in OFDMA-based cellular networks, in which each base station
(BS) needs to decide as to which subchannel, if any, to allocate to each of its associ-
ated mobile stations (MS) for data transmission. In general, there exists a trade-off
between the total throughput (sum of throughputs of all the MSs) and fairness under
the allocations found by resource allocation schemes. We introduce the concept of
τ − α−fairness by modifying the concept of α−fairness, which was earlier pro-
posed in the context of designing fair end-to-end window-based congestion control
protocols for packet-switched networks. The concept of τ − α−fairness allows us
to achieve arbitrary trade-offs between the total throughput and degree of fairness
by selecting an appropriate value of α in [0,∞). We show that for every α ∈ [0,∞)

and every τ > 0, the problem of finding a τ − α−fair allocation is NP-complete.
Also, we propose a simple, distributed subchannel allocation algorithm for the ICIC
problem, which is flexible, requires a small amount of time to operate, and requires
information exchange among only neighboring BSs. We investigate via simulations
as to how the algorithm parameters should be selected so as to achieve any desired
trade-off between the total throughput and fairness.

Keywords Cellular networks · Inter-cell interference coordination · Complexity
Algorithms · Fairness
1 Introduction

The long-term evolution (LTE)-advanced cellular system, which is a 4G technol-
ogy that is being extensively deployed throughout the world, relies on orthogonal
frequency-division multiple access (OFDMA) technology [7]. Often, an OFDMA-
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