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Lemma (Morrey) . With eaoh point P of Xn are associated n fu n

otions 4> (i = 1, . .. , nJ wioh are 0'" over Xn and have linearly in
i 

dipendent gradients at P . This lemma is an important result in 

its own. right . 

Then 4>i (p) have independent gradients in N(P). Oover Xn with 

N(P i ) i = 1 . . . q , This gives 4>i~(i = 1 . . . n, ~ = 1 . . . q) . Take the

se as ooordinates in Enq . This is an imbedding whioh i s 0'" and 10-

cally one-to one . Hence it induoes a 0'" Riemann metric. The res ult 

now follows from the above theorem of Boohner. 

'3. ISOIIETRIO IMBEDDING . When Xn has a Riemann. metric, we may f ur-

ther require that the given metrio coinoide with that induced by 

the imbedding, 1. e. that the imbedding be isometric . The results 

are 

Janet (1926) If Xn is 0"', it oan be looally imbedded with 

preservation of the metrio in En(n+1)/2 . 

Nash-Kuiper (195~ - Annals of Mathematics) If Xn is 0 1 and 

dompaot, and if it oan be differentiably imbedded in EN (N ~ lit1), 

then it has a 01 isometrio imbedding in EN , This result is effi

oieni regarding dimension, but i9 true only for 01; the case of the 

torus in E3 shews it · •• be false $tr O? 

Nash (1956 - Annals . of Mathematios) . If Xn is O(h) (3 ~ h ~ (0) 

a~d 1. oo.paot , it has an isometrio O(h) imbedding in an Eucli

dean spaoe of dimension (n/2) · (3n+11) . When Xnis non-compact, t he 

dimension required is 3n 3/2 + 7n 2 ~ 11n/2 . The cases of 02 and 

0'" are open . 

4. RIGID IWBEDDING . If an isometric imbedding is unique to wi thin 

motion 1n the euolidean spaoe, it is said to be "rigid" , Suff i cie nt 
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cunditions for rigid imbedding will be given later in this series 

of lectures , 

5. NOTATIONS FOR IMBEDDED MANIFCLDS Let Xn be imbedded in En+N 

Local coordinates in En+N 

Lo~al coordinates in Xn 

ya (a, ~, r = 1 ... n+N) 

xi (i, j, k = 1. . . n) 

AIsc: p,/IJ, 7" = n+1. .. n+N. 

The imbedding is given locally by the functions 

Then 

(1 ) 

These are a base for the tangent vectors to Xn, and so any tangent 

veator .is a linear combination of the dxi . 

It will be convenient to choose an orthonormal base for the 

tangent vectors, e,?- , such that 
1 

a 
e~ e<:-

1 J 
= 8 .. 

lJ 

In this notation a repreBen~s the Euclidean oompo~ent .f the vector, 

and i enumerates the vector . Then 

(2 ) 

where 

¢i = Ia dyQ et?- = I ~ea/r;)xil dx j .~. 
1 a 1 

Thus ¢i is a linear differential form 

In particular 

(3) ds 2 = I a 
dye dya = I ¢i ¢1 

We also introduce an orthonormal frame of normal vectors e~ 

sU:Jh that 
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! eCl ea. = 0 ! eCl eCl = Sup a. i u a. u p 

It follows at once that 

r = ~i e j + ~u eu i 
(4) 

de = ~j . e . + ~p e u u J u P 

where we have suppressed the upper index a. 

are linear differential forms . 

From the .orthogonality of the chosen frames, we have see n t ha t 

6. EQUA~IONS OF STRUCTURE . These are the basic equations of own 

geometr1 ~' From (2) we derive 

Nence 

By differentiating (4) and substituting back for dei and d e ~ 

from (4), we further derive 

d~k + ~~ A ~~ + ~k A ~u = 0 i u i 

(6) d~u + ~j 1\ ~i + (if .1\ ~p = 0 1 'p 1 

d~u + ~cr. A ~j + ~u 1\ ~1' = 0 
P J P l' P 


