Springer Proceedings in Mathematics & Statistics

Paula Cerejeiras
Craig A. Nolder

John Ryan
Carmen Judith Vanegas Espinoza
Editors

Y (lifford
Analysis and
Related Topics

CART 2014, Tallahassee, Florida,
December 15-17

@ Springer



Springer Proceedings in Mathematics & Statistics

Volume 260



Springer Proceedings in Mathematics & Statistics

This book series features volumes composed of selected contributions from
workshops and conferences in all areas of current research in mathematics and
statistics, including operation research and optimization. In addition to an overall
evaluation of the interest, scientific quality, and timeliness of each proposal at the
hands of the publisher, individual contributions are all refereed to the high quality
standards of leading journals in the field. Thus, this series provides the research
community with well-edited, authoritative reports on developments in the most
exciting areas of mathematical and statistical research today.

More information about this series at http://www.springer.com/series/10533


http://www.springer.com/series/10533

Paula Cerejeiras - Craig A. Nolder
John Ryan - Carmen Judith Vanegas Espinoza
Editors

Clifford Analysis and Related
Topics

In Honor of Paul A. M. Dirac, CART 2014,
Tallahassee, Florida, December 15-17

@ Springer



Editors

Paula Cerejeiras John Ryan

Departamento de Matematica Department of Mathematics
Universidade de Aveiro University of Arkansas

Aveiro, Portugal Fayetteville, AR, USA

Craig A. Nolder Carmen Judith Vanegas Espinoza
Department of Mathematics Department of Mathematics and
Florida State University Statistics, ICB

Tallahassee, FL, USA Technical University of Manabi

Portoviejo, Ecuador

ISSN 2194-1009 ISSN 2194-1017 (electronic)
Springer Proceedings in Mathematics & Statistics
ISBN 978-3-030-00047-9 ISBN 978-3-030-00049-3  (eBook)

https://doi.org/10.1007/978-3-030-00049-3
Library of Congress Control Number: 2018953303
Mathematics Subject Classification (2010): 30G35, 15A66, 22E46, 53C27, 76WO05

© Springer Nature Switzerland AG 2018, corrected publication 2018

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors, and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made. The publisher remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://doi.org/10.1007/978-3-030-00049-3

Preface

The present volume arises from the international conference Clifford Analysis and
Related Topics held at the Florida State University, Tallahassee on December 2014.
The conference was organized by Craig Nolder (Florida State University) and John
Ryan (University of Arkansas) with the intent of celebrating the English theoretical
physicist Paul Adrien Maurice Dirac, who died in Tallahassee in 1984, after
spending his last decade of his life at Florida State University. P.A.M. Dirac made
fundamental discoveries in the early formation of quantum mechanics. He shared
the 1933 Nobel Prize in Physics with Erwin Schrédinger. He is the founder of the
field of quantum electrodynamics. Notably, he developed a factorization of the
Klein—-Gordon equation which leads to the system of first-order Dirac equations
which provided a relativistic wave equation for the electron. These equations
provided a way to describe intrinsic spin and suggested the existence of antimatter,
at first the positron which was discovered soon after the equations appeared. The
equations turned out to describe all spin 1/2 particles, the fermions. The Dirac
equations are based on a matrix representation of a Clifford algebra, now called
Pauli matrices. Clifford algebras have found many applications in physics since this
time including a role in the algebraic theory of the standard model of particle
physics. Dirac was the Lucasian Professor of Mathematics at Cambridge from 1932
until 1969. He then came to Florida, working at Miami University, Coral Gables,
and Florida State University, Tallahassee. He was a Visiting Professor at FSU
during 1970-71 and accepted a Full Professorship in 1972. Dirac passed on August
8, 1984 and is buried in Roselawn Cemetery, Tallahassee, Fl.

Paul Dirac’s work is at the very heart of Clifford Analysis, an active branch of
mathematics that has grown significantly over the last 40 years and which covers
both theoretical and applied physics. The field of Clifford Analysis began as a
function theory for the solutions of the Dirac equation for spinor fields and, in such,
can be regarded as a natural generalization to higher dimensions of the function
theory of complex holomorphic functions.

The conference involved participants from Venezuela, Portugal, Brazil, Cape
Verde, and USA, and this volume reflects not only the main contributions but also
the stimulating and friendly atmosphere prevailing among the attendants.
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Furthermore, the editors would like to express their gratitude to the anonymous
referees without which this volume would have never seen the light.

We conclude with a statement of Dirac, published on Scientific American, May
1963:

It seems to be one of the fundamental features of nature that fundamental physical laws are
described in terms of a mathematical theory of great beauty and power, needing quite a high
standard of mathematics for one to understand it.

It is our hope that the contributions on this volume make due honors to this
statement.

Aveiro, Portugal Paula Cerejeiras
Tallahassee, FL, USA Craig A. Nolder
Fayetteville, AR, USA John Ryan
Portoviejo, Ecuador Carmen Judith Vanegas Espinoza
July 2018

The original version of the book frontmatter was revised: The fourth editor’s
affiliation has been corrected. The correction to the book frontmatter is available
at https://doi.org/10.1007/978-3-030-00049-3_9
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Lambda-Harmonic Functions: ®)
An Expository Account L

K. Ballenger-Fazzone and C. A. Nolder

Abstract In this paper, we compile a variety of results on the A—Laplacian oper-
ator, denoted by A;, a generalization of the well-known Laplacian in R”. We have
compiled a list of known properties for A; when A = % and present analogous
properties for A;. We close by discussing the A—Poisson kernel, the function that

solves the Dirichlet problem on the closed ball in R”.

Keywords Clifford analysis - Dirichlet problem - Lambda-Harmonic
Laplacian + Poisson kernel

1 Introduction

The purpose of this paper is to compile a variety of interesting results on the
A—Laplacian operator, a generalization of the Laplacian A in R". In Sect. 2, we
define what it means for a function to be A—harmonic and discuss how this operator
is related to the Laplacian. We look at the special case when A = %, known as the
Invariant Laplacian, in Sect. 3 and present some properties of this operator. Section 4
provides a great deal of set up to show how some properties of the Invariant Laplacian
do not generalize when A # % Finally, in Sect. 5, we discuss A—Poisson kernel,
which turns out to be the solution to the Dirichlet problem for A—harmonic functions
on the unit ball, and prove some new results for this kernel. Section 5 helps us to
set up our next paper where we will solve the Dirichlet problem for A—harmonic
functions on an annular domain.
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2 K. Ballenger-Fazzone and C. A. Nolder

2 A-Harmonic Functions

We denote by B” the unit ball of R” centered at the origin, where n > 2. A point
x € B" is denoted x = (x1, x2, ..., x,). When the center or radius is important to
us, we will denote by B(a, r) an open ball centered at a € R" with radius r > 0. We
denote the boundaries by $"~! and S(a, r) respectively.

Definition 1 Let A € R. A function u € C*(B") is A-harmonic if

A)J/t =0
in B”, where
DEF NE |)C|2 n—2
A, = (1—IxP) A+ LIE 4+ T—k , (1)
is the A-Laplacian,
n 82
A= —
75
i=1 xi
is the Laplacian on R”, and
9
E = Xi—
Bxi

is the Euler operator.

Therefore,

5 1—|x|? n—2
A = (1—|x]?) 1 AutrEuA o —— = )ul.

If A,u = 0, then u is an eigenvector of the differential operator

L= |x?

A+ AE.

That is,
1—|x?

2—n
Au+ A Eu = A T—i—k u.

The A-Laplacian is a generalization of two well-known operators:

1. If . =0, then
1 — 2\2
g = (L P?
4
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Thus solutions to Agu = 0 are called harmonic.
-2
2. If A = ”T then

An2 = A~,
2

Bl

where ~
A=1—=x»?A+2n—=2)1 — |xP)E

is the invariant Laplacian (or Laplace-Beltrami operator with respect to the
Poincaré metric on B"). We call solutions to Au = 0 invariant harmonic (or
A -harmonic) [18].

Before we discuss more about the A-Laplacian, we first look at the invariant Laplacian
in a different light.

. . -2
3 The Invariant Laplacian (x = ”T)

The invariant Laplacian A is the Laplace-Beltrami operator with respect to the
2|dx|
1 —|x|?
We remark that the content from this subsection comes from [18].

Poincaré metric ds =

on B". We can also define A in a geometric way.

Definition 2 Let £2 be an open subset of B" with f € C?>(B") anda € B". We define
the invariant Laplacian by

(Af)@) = A(f o $a)(0),

where
x/|x|?, ifx #0
x* =10, if x =00
0, ifx =0,
. Yq(x)
¢a(-x) = a(x) =5
v [Wa (x)?
and

Ya(x) = a+ (1 —lal*)(a — x)*.

It is easy to see that v, is a Mobius transformation mapping O to ¢ and a to co.
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Definition 3 Let £2 be an open subset of B" with f € C'(B") anda € B". We define
the invariant gradient by

(V@) = =V(f 0 ¢)(0),

where V = (ai el i) is the usual gradient.
X1 ax,

Remark I The minus sign in the definition above ensures that both Vi and Vu point
in the same direction.

Let f € C?(B") and let y = (x) be a C? map from B" into B". If g = f o v, then

Vg(x) =¥ )V f(¥(x))

and

Ag(x) = Z of (Vyi, Vyj) + Z %Ay-

2 03i0y; R oo a

where ' (x) is the Jacobian matrix of ¥ and (-, -) is the standard inner product in
R". Setting y = ¢,(x), we have that

V@) =(1-lal)Vf(a)

and
Af(a) = (1 —la)*Af (@) +2(n —2)(1 — |al*){a, V f(a))

as before.
Solutions to the invariant Laplacian are invariant under Mobius transformations
of B". We denote the group of Mobius transformations that leave B” invariant by

A (B").

Theorem 1 Let f € C*(B") and € .# (B"). Then

A(foy)=(Af)oy

and

IV(foy)l=I(Vf) oyl

Proof The proof of the first equality can be found in [18]. For the second, we mimic
the proof from [15]. Letb € ¢! (£2) and seta = v (b). Then we see that ¢, o Y o ¢
is a Mobius transformation of B” that fixes 0. Therefore ¥ o ¢, = ¢, o A, where A
is some orthogonal transformation. Thus
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IV(f o) (B) = [=V(f o ¥ 0 pp)(0)]
=|=V(f 0 ¢4 0 A)(0)|
=|=V(f 0 ¢)(0)]|
= V() (@)
= V(W D))].

We now present a few nice facts about the invariant Laplacian.

Theorem 2 Invariance Properties of A

1. A is a linear operator mapping C*(B") — C(B")

2. translations of invariant harmonic functions are invariant harmonic
3. r—dilates of invariant harmonic functions are invariant harmonic
4. A commutes with orthogonal transformations

Proof To prove the first property, it is enough to assume that u, v € C*(B") and
c¢,d € R. Then

Alcu + dv) = |x| |:

—Ix? [

=cA®) +dA®).

A(c +dv) + ( 7 2) E(cu+dv)]

(A + A + (” - 2) Eeu) + ( . 2) E(dv)}

The proof of 2. is clear.
To prove 3, we first assume » € R with r > 0 and define u,(x) = u(rx), for
x € (1/r)B". Then direct calculations show that
Auy) = r*(Au),

and
E(u,) = r’(Eu),.

It follows that, if Au = 0, then

|x[*

Aw) = (1 - [xP) [“—A(ur) + (” . 2) E(ur)}

2
2 _
= (1-1xP) [ﬂﬁm ) + (%) (Eu»]

= r’(Au),
= 0.
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To prove 4, we must show that if 7 is an orthogonal transformation and u € C*(B"),
then 3 ;
AuoT)=(Au)o T

on T~'(B"). We proceed following an argument from [2]. Let [#;;] denote the matrix
for T relative to the standard basis in R”. Then

—(uoT) thm<f) T. )

It is easy to see from (2) that
EWwoT)=(Eu)oT
and differentiating (2) shows
AwoT)=(Au)oT.
Putting these two together then shows that
AwoT) = (Au)oT.
We conclude this survey of the invariant Laplacian by listing the invariant analogous

of some classical results from harmonic analysis.

Definition 4 Let £2 be an open subset of B". A function f € C 2(B") is invariant
subharmonic (or .# -subharmonic) on §2 if A f(x) > 0 forall x € £2.

Remark 2 Ttis easy to prove that if f is invariant harmonic (invariant subharmonic)
on B", then f o is invariant harmonic (invariant subharmonic) on B”, for all ¥ €
M (B").

We can extend a mean-value property to invariant subharmonic functions.

Theorem 3 Invariant Subharmonic Mean-Value Property
Let 2 be an open subset of B" and let f € C*($2). Then f is invariant subharmonic
on §2 if and only if for all a € 2

r@= [ @

forallr > Osuchthat E(a,r) C §2, where o denotes the normalized surface measure
on'S""' and E(a, r) is the Euclidean ball centered at a with radius r. f is invariant
harmonic on S2 if and only if the equality holds.

The proof can be found in [18]. Invariant harmonic functions also satisfy a maximum
principle.
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Theorem 4 Invariant Subharmonic Harmonic Maximum Principle
Let §2 be an open subset of B" and let f € C?(82) such that f is invariant subhar-
monic in §2 and continuous on 2. If f < 0on 982, then f < 0in 2.

The proof can be found in [18]. More information on the invariant Laplacian on B”
can be found in [6, 9], whereas [15] discusses the invariant Laplacian on the unit
ball in C".

4 A-Harmonic Functions Continued

In order to continue our discussion on A;, we must first review some preliminaries:
the hypergeometric function and spherical harmonics.

4.1 The Hypergeometric Function

We define the (rising) Pochhammer symbol (a); for an arbitrary a € C and
[=0,1,..., by

(@) = .
a@+1)---(a+1-1), ifl>0

If a is not a negative integer, then

@ T'a+1)
a) = ——,
'T T
where I' is the Gamma function defined on C \ {—1, —2, ...}. Thus, for x € B", the
hypergeometric function is defined to be

=\ (a)i(b); x*
Fi(a.bicix) =) ——=—,
2 Fi(a, b; c; x) 2oy 1

and the series converges absolutely for all x € B" if c — a — b > 0. The function is
undefined if ¢ is a non-positive integer.
For convenience, we define

-2
Fi(x) == 2 F, <—)L,k+nT_)L;k+g;x>.

We remark that many of the proofs involving the hypergeometric function rely on
various formulas found in [3, 11].
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4.2 Homogeneous Harmonic Polynomials and Spherical
Harmonics

We begin this subsection by discussing some classical results concerning homoge-
neous polynomials from harmonic analysis. We direct the reader to [2, 7, 12, 13] for
more information.

Definition 5 A polynomial Y,, is homogeneous of degree m if V,, is of the form
V() 2= ) cox®,
|oe|=m
where

Alternatively, Y,, is homogeneous of degree m if, for all r € R,
Y, (tx) =1"Y,,(x).

It is well-known that every degree m polynomial ¥ on R” can be written uniquely
as

Y(0) =) Y,
j=0

where Y is homogeneous of degree j. It is then easy to see that Y is harmonic if and
only if ¥; is harmonic for each j =0, 1, ..., m.

Notation 5 We denote by &,,(R") the set of all homogeneous polynomials on R"
of degree m and by 7, (R") the set of all homogeneous harmonic polynomials on
R" of degree m.

We are able to decompose &2, (R") into the direct sum of two subspaces, which we
present in the following theorem [2].

Theorem 6 Ifm > 2, then we can write
PuR") = 5, R") @ |x* P2 (R").

The proof of Theorem 6 relies on the fact that no multiple of the polynomial |x|? is
harmonic (see Corollary 5.3 [2]).

To proceed further, we must introduce hyperspherical coordinates on
n-dimensional Euclidean space. Our coordinate system consists of one radial coor-
dinate  and n — 1 angular coordinates denoted by ¢y, ¢, ..., ¢,—1, Wwhere ¢,,_; €
[0,27] and ¢; € [0, ], for i =1,2,...,n —2. Then the relationship between
Euclidean coordinates xy, . .. x, and hyperspherical coordinates is given by



