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To my father (in memoriam)



Preface

This is a textbook about quantum walks and quantum search algorithms. The
readers will take advantage of the pedagogical aspects and learn the topics faster
and make less effort than reading the original research papers, often too convoluted.
The exercises and references allow the readers to deepen their knowledge on
specific issues. Guidelines to use or to develop computer programs for simulating
the evolution of quantum walks are also available.

Almost nothing can be extracted from this book if the reader is unfamiliar with the
postulates of quantum mechanics, described in the second chapter, and the material
on linear algebra described in Appendix A. Some extra bases are required: It is
desirable that the reader has (1) notions of quantum computing, including the circuit
model, references of which are provided at the end of Appendix A, (2) notions of
graph theory, references of which are provided at the end of Appendix B, and
(3) notions of classical algorithms and computational complexity. Any undergrad-
uate or graduate student with this background can read this book. Some topics
addressed in this second edition are currently active research areas with impact on
the development of new quantum algorithms. Because of that, researchers working
with quantum computing may find this book useful.

The second edition brings at least three main novelties: (1) a new chapter on the
staggered quantum walk model—Chap. 8, (2) a new chapter on the element dis-
tinctness problem—Chap. 10, and (3) a new appendix on graph theory—Appendix
B. Besides, the chapter on quantum-walk-based search algorithm—Chap. 9—was
rewritten, the presentation has been simplified, and new material has been included.

Corrections, suggestions, and comments are welcome, which can be sent through
Web page (qubit.lncc.br) or directly to the author by email (portugal@lncc.br).

Petrópolis, RJ, Brazil Renato Portugal
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Chapter 1
Introduction

Quantum mechanics has changed the way we understand the physical world and has
introduced new ideas that are difficult to accept, not because they are complex, but
because they are different fromwhat we are used to in our everyday lives. Those new
ideas can be collected in four postulates or laws. It is hard to believe that Natureworks
according to those laws, and the difficulty starts with the notion of the superposition
of contradictory possibilities. Do you accept the idea that a billiard ball could rotate
around its axis in both directions at the same time?

Quantum computation was born from this kind of idea. We know that digital
classical computers work with zeroes and ones and that the value of the bit cannot
be zero and one at the same time. The classical algorithms must obey Boolean logic.
So, if the coexistence of bit-0 and bit-1 is possible, which logic should the algorithms
obey?

Quantum computation was born from a paradigm change. Information stor-
age, processing, and transmission obeying quantum mechanical laws allowed the
development of new algorithms, faster than the classical analogues, which can be
implemented in physics laboratories. Nowadays, quantum computation is a well-
established area with important theoretical results within the context of the theory of
computing, as well as in terms of physics, and has raised huge engineering challenges
to the construction of the quantum hardware.

The majority of people, who are not familiar with the area and talk about quantum
computers, expect that the hardware development would obey the famous Moore’s
law, valid for classical computer development for fifty years. Many of those people
are disappointed to learn about the enormous theoretical and technological difficulties
to be overcome to harness and control quantum systems whose tendency is to behave
classically. On the one hand, the quantum CPU must be large enough and must
stay coherent long enough to allow at least thousands of steps in order to produce a
nontrivial output.

The processing of classical computers is very stable. Depending on the calcula-
tion, an inversion of a single bit could invalidate the entire process. But we know
that long computations, which require inversion of billions of bits, are performed
without problems. Classical computers are unerring because its basic components

© Springer Nature Switzerland AG 2018
R. Portugal, Quantum Walks and Search Algorithms, Quantum Science
and Technology, https://doi.org/10.1007/978-3-319-97813-0_1
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2 1 Introduction

are stable. Consider, for example, a mechanical computer. It would be very unusual
for a mechanical device to change its position, especially if we put a spring to keep it
stable in the desired position. The same is true for electronic devices, which remain
in their states until an electrical pulse of sufficient power changes this. Electronic
devices are built to operate at a power level well above the noise, and this noise is
kept low by dissipating heat into the environment.

The laws of quantum mechanics require that the physical device must be isolated
from the environment; otherwise the superposition vanishes, at least partially. It is too
difficult a task to isolatemacroscopic physical systems from their environment. Ultra-
relativistic particles and gravitational waves pass through any blockade, penetrate
into the most guarded places, obtain information, and convey it out of the system.
This process is equivalent to a measurement of a quantum observable, which often
collapses the superposition and slows down the quantum computer, making it almost,
or entirely, equivalent to the classical one. Theoretical results show that there are no
fundamental issues against the possibility of building quantumhardware. It is amatter
of technological difficulty.

There is no point in building quantum computers if we are going to use them in
the same way we use classical computers. Algorithms must be rewritten, and new
techniques for simulating physical systems must be developed. The task is more
difficult than for classical computers. So far, we do not have a quantum program-
ming language. Also, quantum algorithms must be developed using concepts of
linear algebra. Quantum computers with a large enough number of qubits are not
available, as yet, slowing down the development of simulations. At the moment that
the second edition of this book is to be released, Google and IBM and Intel have
built universal quantum computers with 72 and 50 and 49qubits, respectively, using
superconducting electronic circuits which need temperatures as low as one-tenth of
one Kelvin or around one-thirtieth of the temperature in deep space. Despite those
impressive achievements, the coherence time announced by IBM is around 90ms,
not enough yet.

The quantumwalk (QW) is a powerful technique for building quantum algorithms
and for simulating complex quantum systems. Quantum walks were developed in
the beginning as the quantum version of the classical random walk, which requires
the tossing of a coin to determine the direction of the next step. The laws of quantum
mechanics state that the evolution of an isolated quantum system is deterministic.
Randomness shows up onlywhen the system ismeasured and classical information is
obtained. This explains why the name “quantum random walk” is seldom used. The
coined model evolves at discrete time steps on a discrete space, which is modeled by
a graph. The coined model is not the only discrete-time version of quantum walks.
In fact, there is a coinless version called staggered model, which uses an evolution
operator defined by partitioning the vertex set. Besides, there is a continuous-time
version, which has been extensively studied.

The richness of the area has attracted the attention of the scientific community,
and the interest has increased significantly in the last years. Good parameters to test
this statement are shown in Fig. 1.1, which depicts the number of paper with the
tag “quantum walk” either in the title or in the topics returned after querying the
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Fig. 1.1 Number of papers with the tag “quantum walk” in the title and in the topics returned by
Scopus and Web of Science from 2000 to 2017
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2 quantum mechanics
3 introduction to QW
4 Grover
5 QW on infinite lattices
6 QW on finite lattices
7 QW on graphs
8 staggered
9 search
10 element distinctness
11 Szegedy

A linear algebra
B graph theory
C classical hitting time

Fig. 1.2 Flowchart of the chapter dependencies

databases Scopus and Web of Science. It is easy to see that the number of papers is
increasing as a superlinear function.

This book starts by describing in Chap.2 the set of postulates of quantummechan-
ics, which is one of the pillars of quantum computation. Chapter2 is a gentle introduc-
tion to quantumwalks with the goal of describing how the coined and the continuous-
time models can be obtained by quantizing classical random walks and classical
continuous-time Markov chains, respectively. Chapter 4 describes the Grover algo-
rithm, its generalizationwhen there ismore than onemarked element, and its optimal-
ity. At the heart of the Grover algorithm lies the amplitude amplification technique,
which is addressed at the end of the chapter. Chapters5 and 6 are devoted to the coined
model on lattices and hypercubes. Quantumwalks on infinite lattices and latticeswith
cyclic boundary conditions with one and two dimensions are analyzed in detail using
the Fourier transform. Chapter7 defines coined quantum walks on arbitrary graphs
and analyzes the limiting probability distribution and mixing time. Chapter8 is new
to the second edition of this book and describes the staggered quantum walk model
and the analytic calculation of the position standard deviation of a staggered walk



4 1 Introduction

on the line. Chapter9 describes quantum-walk-based spatial search algorithms and
has been remodeled in this edition. Readers will benefit from the efficacious pre-
sentation. Chapter10 is also new to this edition and describes the optimal algorithm
that solves the element distinctness problem. Finally, Chap.11 describes Szegedy’s
quantum walk model and the definition of quantum hitting time. The flowchart of
Fig. 1.2 shows the chapter dependencies.

There are three appendices. Appendix A compiles the main definitions of linear
algebra used in this book. Appendix B compiles the main definitions of graph the-
ory used in the area of quantum walks. Appendix C addresses the classical hitting
time, which is useful to the definition of Szegedy’s model. The dependencies on the
appendices are also shown in Fig. 1.2



Chapter 2
The Postulates of Quantum Mechanics

It is impossible to present quantum mechanics in few pages. Since the goal of this
book is to describe quantum algorithms, we limit ourselves to the principles of
quantum mechanics and describe them as “game rules.” Suppose you have played
checkers for many years and know several strategies, but you really do not know
chess. Suppose now that someone describes the chess rules. Soon you will be playing
a new game. Certainly, you will not master many chess strategies, but you will be
able to play. This chapter has a similar goal. The postulates of a theory are its game
rules. If you break the rules, you will be out of the game.

At best, we can focus on four postulates. The first describes the arena where
the game goes on. The second describes the dynamics of the process. The third
describes howweadjoin various systems. The fourth describes the process of physical
measurement. All these postulates are described in terms of linear algebra. It is
essential to have a solid understanding of the basic results in this area. Moreover,
the postulate of composite systems uses the concept of tensor product, which is a
method of combining two vector spaces to build a larger one. This concept must be
mastered.

2.1 State Space

The state of a physical system describes its physical characteristics at a given time.
Usually, we describe some possible features that the system can have because, oth-
erwise, the physical problems would be too complex. For example, the spin state
of a billiard ball can be characterized by a vector in R

3. In this example, we disre-
gard the linear velocity of the billiard ball, its color or any other characteristics that
are not directly related to its rotation. The spin state is completely characterized by
the axis direction, the rotation direction, and rotation intensity. The spin state can
be described by three real numbers that are the entries of a vector, whose direction

© Springer Nature Switzerland AG 2018
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Z

A

B

O

Fig. 2.1 Scheme of an experimental device to measure the spin state of an electron. The electron
passes through a nonuniform magnetic field in the vertical direction. It hits A or B depending on
the rotation direction. The distance of the points A and B from point O depends on the rotation
speed. The results of this experiment are quite different from what we expect classically

characterizes the rotation axis, whose sign describes to which side of the billiard
ball is spinning, and whose length characterizes the speed of rotation. In classical
physics, the direction of the rotation axis can vary continuously, aswell as the rotation
intensity.

Does an electron, which is considered an elementary particle, i.e., not composed
of other smaller particles, rotates like a billiard ball? The best way to answer this
is by experimenting in real settings to check whether the electron in fact rotates
and whether it obeys the laws of classical physics. Since the electron has charge, its
rotation would produce magnetic fields that could be measured. Experiments of this
kind were performed at the beginning of quantum mechanics, with beams of silver
atoms, later on with beams of hydrogen atoms, and today they are performed with
individual particles (instead of beams), such as electrons or photons. The results are
different from what is expected by the laws of the classical physics.

We can send the electron through a magnetic field in the vertical direction (direc-
tion z), according to the scheme of Fig. 2.1. The possible results are shown. Either
the electron hits the screen at the point A or point B. One never finds the electron
at point O , which means no rotation. This experiment shows that the spin of the
electron only admits two values: spin up and spin down both with the same intensity
of “rotation.” This result is quite different from what is expected classically since the
direction of the rotation axis is quantized, admitting only two values. The rotation
intensity is also quantized.

Quantum mechanics describes the electron spin as a unit vector in the Hilbert
space C2. The spin up is described by the vector

|0〉 =
[
1
0

]
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and the spin down by the vector

|1〉 =
[
0
1

]
.

This seems a paradox because vectors |0〉 and |1〉 are orthogonal.Why use orthogonal
vectors to describe spin up and spin down? In R

3, if we add spin up and spin down,
we obtain a rotationless particle because the sum of two opposite vectors of equal
length gives the zero vector, which describes the absence of rotation. In the classical
world, we cannot rotate a billiard ball to both sides at the same time. We have two
mutually excluded situations, and we apply the law of excluded middle. The notions
of spin up and spin down of billiard balls refer to R

3, whereas quantum mechanics
describes the behavior of the electron before the observation, that is, before entering
the magnetic field, which aims to determine its state of rotation.

If the electron has not entered the magnetic field and if it is somehow isolated
from themacroscopic environment, its spin state is described by a linear combination
of vectors |0〉 and |1〉

|ψ〉 = a0|0〉 + a1|1〉, (2.1)

where the coefficients a0 and a1 are complex numbers that satisfy the constraint

|a0|2 + |a1|2 = 1. (2.2)

Since vectors |0〉 and |1〉 are orthogonal, the sum does not result in the zero vector.
Excluded situations in classical physics can coexist in quantum mechanics. This
coexistence is destroyed when we try to observe it using the device shown in Fig. 2.1.
In the classical case, the spin state of an object is independent of the choice of the
measuring apparatus and, in principle, has not changed after the measurement. In
the quantum case, the spin state of the particle is a mathematical idealization which
depends on the choice of the measuring apparatus to have a physical interpretation
and, in principle, suffers irreversible changes after the measurement. The quantities
|a0|2 and |a1|2 are interpreted as the probability of detection of spin up or down,
respectively.

2.1.1 State Space Postulate

An isolated physical system has an associated Hilbert space, called the state space.
The state of the system is fully described by a unit vector, called the state vector in
that Hilbert space.

Notes

1. The postulate does not tell us the Hilbert space we should use for a given physical
system. In general, it is not easy to determine the dimension of the Hilbert space
of the system. In the case of electron spin, we use the Hilbert space of dimension 2
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because there are only two possible results when we perform an experiment to
determine the vertical electron spin. More complex physical systems admit more
possibilities, which can be an infinite number.

2. A system is isolated or closed if it does not influence and is not influenced by the
outside. In principle, the system need not be small, but it is easier to isolate small
systems with few atoms. In practice, we can only deal with approximate isolated
systems, so the state space postulate is an idealization.

The state space postulate is impressive, on the one hand, but deceiving, on the other
hand. The postulate admits that classically incompatible states coexist in superposi-
tion, such as rotating to both sides simultaneously, but this occurs only in isolated
systems, that is, we cannot see this phenomenon, as we are on the outside of the
insulation (let us assume that we are not Schrödinger’s cat). A second restriction
demanded by the postulate is that quantum states must have unit norm. The pos-
tulate constraints show that the quantum superposition is not absolute, i.e., is not
the way we understand the classical superposition. If quantum systems admit a kind
of superposition that could be followed classically, the quantum computer would
have available an exponential amount of parallel processors with enough computing
power to solve the problems in class NP-complete.1 It is believed that the quantum
computer is exponentially faster than the classical computer only in a restricted class
of problems.

2.2 Unitary Evolution

The goal of physics is not simply to describe the state of a physical system at a
present time; rather the main objective is to determine the state of this system at
future times. A theory makes predictions that can be verified or falsified by physical
experiments. This is equivalent to determining the dynamical laws the system obeys.
Usually, these laws are described by differential equations, which govern the time
evolution of the system.

2.2.1 Evolution Postulate

The time evolution of an isolated quantum system is described by a unitary trans-
formation. If the state of the quantum system at time t1 is described by vector |ψ1〉,
the system state |ψ2〉 at time t2 is obtained from |ψ1〉 by a unitary transformation U ,
which depends only on t1 and t2, as follows:

1The class NP-complete consists of the most difficult problems in the class NP (nondeterministic
polynomial). The class NP is defined as the class of computational problems that have solutions
whose correctness can be “quickly” verified.
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|ψ2〉 = U |ψ1〉. (2.3)

Notes

1. The action of a unitary operator on a vector preserves its norm. Thus, if |ψ〉 is a
unit vector, U |ψ〉 is also a unit vector.

2. A quantum algorithm is a prescription of a sequence of unitary operators applied
to an initial state takes the form

|ψn〉 = Un · · ·U1|ψ1〉.

The qubits in state |ψn〉 aremeasured, returning the result of the algorithm. Before
measurement, we can obtain the initial state from the final state because unitary
operators are invertible.

3. The evolution postulate is to be written in the form of a differential equation,
called Schrödinger equation. This equation provides a method to obtain operator
U once given the physical context. Since the goal of physics is to describe the
dynamics of physical systems, the Schrödinger equation plays a fundamental
role. The goal of computer science is to analyze and implement algorithms, so
the computer scientist wants to know if it is possible to implement some form
of a unitary operator previously chosen. Equation (2.3) is useful for the area of
quantum algorithms.

Let us analyze a second experimental device. It will help to clarify the role of
unitary operators in quantum systems. This device uses half-silvered mirrors with
45◦ incident light, which transmit 50% of incident light and reflect 50%. If a single
photon hits the mirror at 45◦, with probability 1/2, it keeps the direction unchanged,
and with probability 1/2, it is reflected. These half-silvered mirrors have a layer of
glass that can change the phase of the wave by 1/2 wavelength. The complete device
consists of a source that can emit one photon at a time, two half-silvered mirrors, two
fully reflective mirrors, and two photon detectors, as shown in Fig. 2.2. By tuning the
device, the result of the experiment shows that 100% of the light reaches detector 2.

There is no problem explaining the result using the interference of electromagnetic
waves in the context of the classical physics because there is a phase change in the

Fig. 2.2 Schematic drawing
of an experimental device,
which consists of a light
source, two half-silvered
mirrors, fully reflective
mirrors A and B, detectors 1
and 2. The interference
produced by the last
half-silvered mirror makes
all light to go to the
detector 2 A

B

2

1
100%

0%
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light beam that goes through one of the paths producing a destructive interference
with the beam going to the detector 1 and constructive interference with the beam
going to the detector 2. However, if the light intensity emitted by the source is
decreased such that one photon is emitted at a time, this explanation fails. If we
insist on using classical physics in this situation, we predict that 50% of the photons
would be detected by detector 1 and 50% by detector 2 because the photon either
goes through the mirror A or goes through B, and it is not possible to interfere since
it is a single photon.

In quantum mechanics, if the set of mirrors is isolated from the environment, the
two possible paths are represented by two orthonormal vectors |0〉 and |1〉, which
generate the state space that describes the possible paths to reach the photon detector.
Therefore, a photon can be in the superposition of “path A,” described by |0〉, and
“path B,” described by |1〉. This is the application of the first postulate. The next
step is to describe the dynamics of the process. How is this done and what are the
unitary operators in the process? In this experiment, the dynamics are produced by
the half-silveredmirrors, since they generate the paths. The action of the half-silvered
mirrors on the photon must be described by a unitary operatorU . This operator must
be chosen so that the two possible paths are created in a balanced way, i.e.,

U |0〉 = |0〉 + eiφ|1〉√
2

. (2.4)

This is the most general case where paths A and B have the same probability to be
followed because the coefficients have the same modulus. To complete the definition
of operator U , we need to know its action on state |1〉. There are many possibilities,
but the most natural choice that reflects the experimental device is φ = π/2 and

U = 1√
2

[
1 i
i 1

]
. (2.5)

The state of the photon after passing through the second half-silvered mirror is

U (U |0〉) =
(|0〉 + i |1〉) + i

(
i |0〉 + |1〉)

2
= i |1〉. (2.6)

The intermediate step of the calculationwas displayed on purpose.We can see that the
paths described by |0〉 algebraically cancel, which can be interpreted as a destructive
interference, while the |1〉-paths interfere constructively. The final result shows that
the photon that took path B remains, going directly to the detector 2. Therefore,
quantummechanics predicts that 100% of the photons will be detected by detector 2.
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2.3 Composite Systems

The postulate of composite systems states that the state space of a composite system
is the tensor product of the state space of the components. If |ψ1〉, . . ., |ψn〉 describe
the states of n isolated quantum systems, the state of the composite system is |ψ1〉 ⊗
· · · ⊗ |ψn〉.

An example of a composite system is the memory of a n-qubit quantum computer.
Usually, the memory is divided into sets of qubits, called registers. The state space of
the computer memory is the tensor product of the state space of the registers, which
is obtained by the repeated tensor product of the Hilbert space C2 of each qubit.

The state space of the memory of a 2-qubit quantum computer is C4 = C
2 ⊗ C

2.
Therefore, any unit vector in C

4 represents the quantum state of two qubits. For
example, the vector

|0, 0〉 =

⎡
⎢⎢⎣
1
0
0
0

⎤
⎥⎥⎦, (2.7)

which can be written as |0〉 ⊗ |0〉, represents the state of two electrons both with spin
up. Analogous interpretation applies to |0, 1〉, |1, 0〉, and |1, 1〉. Consider now the
unit vector in C

4 given by

|ψ〉 = |0, 0〉 + |1, 1〉√
2

. (2.8)

What is the spin state of each electron in this case? To answer this question, we have
to factor |ψ〉 as follows:

|0, 0〉 + |1, 1〉√
2

= (
a|0〉 + b|1〉) ⊗ (

c|0〉 + d|1〉). (2.9)

We can expand the right-hand side and match the coefficients setting up a system of
equations to find a, b, c, and d. The state of the first qubit would be a|0〉 + b|1〉 and
second would be c|0〉 + d|1〉. But there is a big problem: The system of equations
has no solution, that is, there are no coefficients a, b, c, and d satisfying (2.9). Every
state of a composite system that cannot be factored is called entangled. The quantum
state is well-defined when we look at the composite system as a whole, but we cannot
attribute the states to the parts.

A single qubit can be in a superposed state, but it cannot be entangled because its
state is not composed of subsystems. The qubit should not be taken as a synonym of
a particle because it is confusing. The state of a single particle can be entangled when
we are analyzing more than a physical quantity related to it. For example, we may
describe both the position and the rotation state. The position state may be entangled
with the rotation state.
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Exercise 2.1. Consider the states

|ψ1〉 = 1

2

(|0, 0〉 − |0, 1〉 + |1, 0〉 − |1, 1〉),

|ψ2〉 = 1

2

(|0, 0〉 + |0, 1〉 + |1, 0〉 − |1, 1〉).
Show that |ψ1〉 is not entangled and |ψ2〉 is entangled.
Exercise 2.2. Show that if |ψ〉 is an entangled state of twoqubits, then the application
of a unitary operator of the form U1 ⊗U2 necessarily generates an entangled state.

2.4 Measurement Process

In general,measuring a quantumsystem that is in the state |ψ〉 seeks to obtain classical
information about this state. In practice, measurements are performed in laborato-
ries using devices such as lasers, magnets, scales, and chronometers. In theory, we
describe the process mathematically in a way that is consistent with what occurs in
practice.Measuring a physical system that is in an unknown state, in general, disturbs
this state irreversibly. In those cases, there is no way to know or recover the state
before the measurement. If the state was not disturbed, no new information about it is
obtained. Mathematically, the disturbance is described by an orthogonal projector.
If the projector is over a one-dimensional space, it is said that the quantum state
collapsed and is now described by the unit vector belonging to the one-dimensional
space. In the general case, the projection is over a vector space of dimension greater
than 1, and it is said that the collapse is partial or, in extreme cases, there is no change
at all in the quantum state of the system.

The measurement requires the interaction between the quantum system with a
macroscopic device, which violates the state space postulate because the quantum
system is not isolated at this moment. We do not expect the evolution of the quantum
state during the measurement process to be described by a unitary operator.

2.4.1 Measurement Postulate

A projectivemeasurement is described by aHermitian operator O , called observable,
which acts on the state space of the system being measured. The observable O has
a diagonal representation

O =
∑

λ

λPλ, (2.10)
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where Pλ is the projector on the eigenspace of O associated with the eigenvalue λ.
The possible results of the measurement of the observable O are the eigenvalues λ.
If the system state at the time of measurement is |ψ〉, the probability of obtaining the
result λ will be ‖Pλ|ψ〉‖2 or, equivalently,

pλ = 〈ψ|Pλ|ψ〉. (2.11)

If the result of the measurement is λ, the state of the quantum system immediately
after the measurement is

1√
pλ

Pλ|ψ〉. (2.12)

Notes

1. There is a correspondence between the physical layout of the devices in a physics
lab and the observable O . When an experimental physicist measures a quantum
system, he or she gets real numbers as result. Those numbers correspond to the
eigenvalues λ of the Hermitian operator O .

2. The states |ψ〉 and eiφ|ψ〉 have the same probability distribution pλ when one
measures the same observable O . The states after the measurement differ by
the same factor eiφ. The term eiφ multiplying a quantum state is called global
phase factor , whereas a term eiφ multiplying a vector of a sum of vectors, such
as |0〉 + eiφ|1〉, is called relative phase factor. The real number φ is called phase.

Since the possible outcomes of ameasurement of observable O obey a probability
distribution, we can define the expected value of a measurement as

〈O〉 =
∑

λ

pλ λ, (2.13)

and the standard deviation as

ΔO =
√

〈O2〉 − 〈O〉2. (2.14)

It is important to remember that the mean and standard deviation of an observable
depend on the state that the physical system was in just before the measurement.

Exercise 2.3. Show that 〈O〉 = 〈ψ|O|ψ〉.
Exercise 2.4. Show that if the physical system is in a state |ψ〉 that is an eigenvector
ofO , thenΔO = 0, that is, there is no uncertainty about the result of themeasurement
of the observable O . What is the result of the measurement?

Exercise 2.5. Show that
∑

λ pλ = 1 for any observable O and any state |ψ〉.
Exercise 2.6. Suppose that the physical system is in an arbitrary state |ψ〉. Show
that

∑
λ p2λ = 1 to an observable O if and only if ΔO = 0.
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2.4.2 Measurement in the Computational Basis

The computational basis of space C2 is the set
{|0〉, |1〉}. For one qubit, the observ-

able of the measurement in the computational basis is the Pauli matrix Z , whose
spectral decomposition is

Z = (+1)P+1 + (−1)P−1, (2.15)

where P+1 = |0〉〈0| and P−1 = |1〉〈1|. The possible results of the measurement are
±1. If the state of the qubit is given by (2.1), the probabilities associatedwith possible
outcomes are

p+1 = |a0|2, (2.16)

p−1 = |a1|2, (2.17)

whereas the states immediately after the measurement are |0〉 and |1〉, respectively.
In fact, each of these states has a global phase that can be discarded. Note that

p+1 + p−1 = 1,

because state |ψ〉 has unit norm.
Before generalizing to n qubits, it is interesting to reexamine the process of mea-

surement of a qubit with another observable given by

O =
1∑

k=0

k|k〉〈k|. (2.18)

Since the eigenvalues of O are 0 and 1, the above analysis holds if we replace +1
by 0 and −1 by 1. With this new observable, there is a one-to-one correspondence in
the nomenclature of the measurement result and the final state. If the result is 0, the
state after the measurement is |0〉. If the result is 1, the state after the measurement
is |1〉.

The computational basis of the Hilbert space of n qubits in decimal notation is the
set

{|0〉, . . . , |2n − 1〉}. The measurement in the computational basis is associated
with observable

O =
2n−1∑
k=0

k Pk, (2.19)

where Pk = |k〉〈k|. An arbitrary state of n qubits is given by

|ψ〉 =
2n−1∑
k=0

ak |k〉, (2.20)
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where amplitudes ak satisfying the constraint

∑
k

|ak |2 = 1. (2.21)

Themeasurement result is an integer k in the range 0 ≤ k ≤ 2n − 1with a probability
distribution given by

pk = 〈
ψ

∣∣Pk∣∣ψ〉
= ∣∣ 〈k∣∣ψ〉 ∣∣2
= |ak |2. (2.22)

Equation (2.21) ensures that the sum of the probabilities is 1. The n-qubit state
immediately after the measurement is

Pk |ψ〉√
pk

	 |k〉. (2.23)

For example, suppose that the state of two qubits is given by

|ψ〉 = 1√
3

(|0, 0〉 − i |0, 1〉 + |1, 1〉) . (2.24)

The probability that the result is 00, 01, or 11 in binary notation is 1/3. Result 10
is never obtained because the associated probability is 0. If the measurement result
is 00, the system state immediately after will be |0, 0〉, similarly for 01 and 11. For the
measurement in the computational basis, it makes sense to say that the result is state
|0, 0〉 because there is a one-to-one correspondence between eigenvalues and states
of the computational basis.

The result of the measurement specifies on which vector of the computational
basis state |ψ〉 is projected. The result does not provide the value of coefficient ak ,
that is, none of the 2n amplitudes ak describing state |ψ〉 are revealed. Suppose we
want to find number k as a result of an algorithm. This result should be encoded as
one of the vectors of the computational basis, which spans the vector space to which
state |ψ〉 belongs. It is undesirable, in principle, that the result itself is associated
with one of the amplitudes. If the desired result is a noninteger real number, then
the k most significant digits should be coded as a vector of the computational basis.
After a measurement, we have a chance to get closer to k. A technique used in
quantum algorithms is to amplify the value of ak making it as close as possible to
1.A measurement at this point will return k with high probability. Therefore, the
number that specifies a ket, for example, number k of |k〉 is a possible outcome
of the algorithm, while the amplitudes of the quantum state are associated with
the probability of obtaining a result.
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The description of the measurement process of observable (2.19) is equivalent to
simultaneous measurements or in a cascade of observables Z , that is, one observable
Z for each qubit. The possible results ofmeasuring Z are±1. Simultaneousmeasure-
ments, or in a cascade of n qubits, result in a sequence of values±1. The relationship
between a result of this kind and the one described before is obtained by replacing
+1 by 0 and −1 by 1. We will have a binary number that can be converted into a
decimal number which is one of the values k of (2.19).

For example, for three qubits the result may be (−1,+1,+1), which is equiv-
alent to (1, 0, 0). Converting to base-10, the result is number 4. The state after the
measurement is obtained using the projector

P−1,+1,+1 = |1〉〈1| ⊗ |0〉〈0| ⊗ |0〉〈0|
= |1, 0, 0〉〈1, 0, 0| (2.25)

over the state system of the three qubits followed by renormalization. The renormal-
ization in this case replaces the coefficient by 1. The state after the measurement is
|1, 0, 0〉. When using the computational basis, for both observables (2.19) and Z ’s,
it makes sense to say that the result is |1, 0, 0〉 because we automatically know that
the eigenvalues of Z in question are (−1,+1,+1) and the number k is 4.

A simultaneous measurement of n observables Z is not equivalent to measure
observable Z ⊗ · · · ⊗ Z . The latter observable returns a single value, which can be
+1 or −1, whereas measuring n observables Z , simultaneously or not, we obtain
n values ±1. Measurements on a cascade are performed with observable Z ⊗ I ⊗
· · · ⊗ I , I ⊗ Z ⊗ · · · ⊗ I , and so on. They can also be performed simultaneously.
Usually, we use a more compact notation, Z1, Z2, successively, where Z1 means that
observable Z was used for the first qubit and the identity operator for the remaining
ones. Since these observables commute, the order is irrelevant and the limitations
imposed by the uncertainty principle do not apply. Measurement of observables of
this kind is called partial measurement in the computational basis.

Exercise 2.7. Suppose that the state of a qubit is |1〉.
1. What are the mean value and standard deviation of the measurement of observ-

able X?
2. What are themean value and standard deviation of themeasurement of observable

Z? Compare with Exercise 2.4.

2.4.3 Partial Measurement in the Computational Basis

The termmeasurement in the computational basis of n qubits implies a measurement
of all n qubits. However, it is possible to perform a partial measurement—tomeasure
some qubits. The result in this case is not necessarily a state of the computational
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basis. For example, we can measure the first qubit of a system described by the state
|ψ〉 of (2.24). It is convenient to rewrite that state as follows:

|ψ〉 =
√
2

3
|0〉 ⊗ |0〉 − i|1〉√

2
+ 1√

3
|1〉 ⊗ |1〉. (2.26)

We can see that the measurement result is either 0 or 1. The probability of obtaining
1 is 1/3 because the only way to get 1 for a measurement of the first qubit is to obtain
1 as well, for the second qubit. Therefore, the probability of obtaining 0 is 2/3, and
the state immediately after the measurement in this case is

|0〉 ⊗ |0〉 − i|1〉√
2

.

Only the qubits involved in themeasurement are projected on the computational basis.
The state of the remaining qubits is in superposition in general. In this example, when
the result is 0, the state of the second qubit is a superposition, and when the result is
1, the state of the second qubit is |1〉.

If we have a system composed of subsystems A and B, a partial measurement of
subsystem A is ameasurement of the observable OA ⊗ IB , where OA is an observable
of system A and IB is the identity operator of system B. Physically, this means that
themeasuring apparatus interacted only with the subsystem A. Equivalently, a partial
measurement interacting only with subsystem B is a measurement of the observable
IA ⊗ OB .

If we have a register of m qubits together with a register of n qubits, we can
represent the computational basis in a compact form

{|i, j〉 : 0 ≤ i ≤ 2m − 1, 0 ≤
j ≤ 2n − 1

}
, where i and j are both represented in base-10. An arbitrary state is

represented by

|ψ〉 =
2m−1∑
i=0

2n−1∑
j=0

ai j |i, j〉. (2.27)

Suppose we measure all qubits of the first register in the computational basis, that
is, we measure observable OA ⊗ IB , where

OA =
2m−1∑
k=0

kPk . (2.28)

The probability of obtaining k so that 0 ≤ k ≤ 2m − 1 is

pk = 〈ψ| (Pk ⊗ I ) |ψ〉

=
2n−1∑
j=0

∣∣akj ∣∣2 . (2.29)
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The set
{
p0, . . . , p2m−1

}
is a probability distribution and therefore satisfies

2m−1∑
k=0

pk = 1. (2.30)

If the measurement result is k, the state immediately after the measurement will be

1√
pk

(Pk ⊗ I ) |ψ〉 = 1√
pk

|k〉
⎛
⎝2n−1∑

j=0

akj | j〉
⎞
⎠ . (2.31)

Note that the state after the measurement is a superposition of the second register.
Ameasurement of observable (2.28) is equivalent tomeasure observables Z1, . . ., Zm .

Exercise 2.8. Suppose that the state of two qubits is given by

|ψ〉 = 3

5
√
2
|0, 0〉 − 3 i

5
√
2
|0, 1〉 + 2

√
2

5
|1, 0〉 − 2

√
2 i

5
|1, 1〉. (2.32)

1. Describe completely themeasurement process of observable Z1, that is, obtain the
probability of each outcome and the corresponding states after the measurement.
Suppose that, after measuring Z1, we measure Z2. Describe all resulting cases.

2. Now invert the order of the observables and describe the whole process.
3. If the intermediate quantum states are disregarded, is there a difference when

we invert the order of the observable? Note that the measurement of Z1 and Z2

may be performed simultaneously. One can move the qubits without changing
the quantum state, which may be entangled or not, and put each of them into a
measuring device, both adjusted to measure observable Z , as in Fig. 2.1.

4. For two qubits, the state after the measurement of the first qubit in the com-
putational basis can be either |0〉|α〉 or |1〉|β〉, where |α〉 and |β〉 are states of
the second qubit. In general, we have |α〉 
= |β〉. Why is this not the case in the
previous items?

Further Reading

The amount of good books about quantum mechanics is very large. For the first
contact, we suggest [126, 257, 287]. Reference [287] uses the Dirac notation since
the beginning, which is welcome in the context of quantum computation. For a
more complete approach, we suggest [84]. For a more conceptual approach, we
suggest [96, 252]. For those who are only interested in the application of quantum
mechanics to quantum computation, we suggest [170, 234, 248, 272, 276].


