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PREFACE

Time series analysis is crucial in the modern world as time series data
emerge naturally in the field of statistics. As a result, the application of time
series analysis covers diverse areas, including those relating to ecological
and environmental data, medicine and more importantly economic and
financial time series analysis. In the past, time series analysis was restricted
by the necessity to meet certain assumptions, for example, normality. In
addition, the presence of outlier events, such as the 2008 recession, which
causes structural changes in time series data, has further implications by
making the time series non-stationary. Whilst methods have been devel-
oped using condemning time series models, such as variations of autore-
gressive moving average models, ARIMA models, such methods are largely
parametric. In contrast, Singular Spectrum Analysis (SSA) is a
non-parametric technique and requires no prior statistical assumptions
such as stationarity or linearity of the series and works with both linear and
non linear data. In addition, SSA has outperformed methods such as
ARIMA, ARAR and Holt-Winters in terms of forecast accuracy in a
number of applications. The SSA method consists of two complementary
stages, known as decomposition and reconstruction, and both stages
include two separate steps. At the first stage the time series is decomposed
and at the second stage the original series is reconstructed and this series,
which is noise free, is then used to forecast new data points. The practical
benefits of SSA have resulted in its wide using over the last decade. As a
result, the successful applications of SSA can now be identified across
varying disciplines such as physics, meteorology, oceanology, astronomy,
medicine, climate data, image processing, physical sciences, economics and
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finance. Practically there are few programs, such as SAS and Caterpillar,
which allow performing the SSA technique, but these require payments
which are sometimes not economical for an individual researcher. R is an
open-source software package that was developed by Robert Gentleman
and Ross Ihaka at the University of Auckland in 1999. Since then, it has
experienced a huge growth in popularity within a short span of time. R is a
programme which allows the user to create their own objects, functions
and packages. The R system is command driven and it documents the
analysis steps making it easy to reproduce or update the analysis and figure
errors. R can be installed on any platform and is license free. A major
advantage with R is that it allows integrating and interacting with other
paid platforms such as SAS, Stata, SPSS and Minitab. Although there are
some books in the market relating to SSA, this book is unique as it not only
details the theoretical aspects underlying SSA, but also provides a com-
prehensive guide enabling the user to apply the theory in practice using the
R software. This book provides the user with step-by-step coding and
guidance for the practical application of the SSA technique to analyse their
time series databases using R. We provided some basic R commands in
Appendix, so the readers who are not familiar with this language please
learn the very basics in the Appendix at first.

The help of Prof. Kerry Patterson and Prof. Michael Clements in editing
the text is gratefully acknowledged. Discussions with Kerry and Michael
helped to clarify various questions treated on the following pages. We
thank both for their encouragement.

As this book endeavours to provide a concise introduction to SSA, as
well as to its application procedures to time series analysis, it is mainly
aimed at masters and Ph.D.’s students with a reasonably strong
stats/maths background who wants to learn SSA, and is already acquainted
with R. It is also appropriate for practitioners wishing to revive their
knowledge of times series analysis or to quickly learn about the main
mechanisms of SSA. On the time series side, it is not necessary to be an
expert on what is popularly called Box-Jenkins modelling. In fact this could
be a disadvantage since SSA modelling start from a somewhat different
point and in doing so challenges some of the underlying assumptions of the
Box-Jenkins approach.

Tehran, Iran Hossein Hassani
Hamedan, Iran Rahim Mahmoudvand
June 2018

vi PREFACE



CONTENTS

1 Univariate Singular Spectrum Analysis 1
1.1 Introduction 1
1.2 Filtering and Smoothing 3
1.3 Comparing SSA and PCA 13
1.4 Choosing Parameters in SSA 14

1.4.1 Window Length 15
1.4.2 Grouping 22

1.5 Forecasting by SSA 27
1.5.1 Recurrent Forecasting Method 29
1.5.2 Vector Forecasting Method 30
1.5.3 A Theoretical Comparison of RSSA

and VSSA 31
1.6 Automated SSA 33

1.6.1 Sensitivity Analysis 36
1.7 Prediction Interval for SSA 38
1.8 Two Real Data Analysis by SSA 40

1.8.1 UK Gas Consumption 40
1.8.2 The Real Yield on UK Government

Security 44
1.9 Conclusion 47

2 Multivariate Singular Spectrum Analysis 49
2.1 Introduction 49
2.2 Filtering by MSSA 50

vii



2.2.1 MSSA: Horizontal Form (HMSSA) 50
2.2.2 MSSA: Vertical Form (VMSSA) 59

2.3 Choosing Parameters in MSSA 64
2.3.1 Window Length(s) 65
2.3.2 Grouping Parameter, r 66

2.4 Forecasting by MSSA 68
2.4.1 HMSSA Recurrent Forecasting Algorithm

(HMSSA-R) 68
2.4.2 VMSSA Recurrent Forecasting Algorithm

(VMSSA-R) 71
2.4.3 HMSSA Vector Forecasting Algorithm

(HMSSA-V) 75
2.4.4 VMSSA Vector Forecasting Algorithm

(VMSSA-V) 77
2.5 Automated MSSA 79

2.5.1 MSSA Optimal Forecasting Algorithm 79
2.5.2 Automated MSSA R Code 80

2.6 A Real Data Analysis with MSSA 82

3 Applications of Singular Spectrum Analysis 87
3.1 Introduction 87
3.2 Change Point Detection 88

3.2.1 A Simple Change Point Detection Algorithm 88
3.2.2 Change-Point Detection R Code 89

3.3 Gap Filling with SSA 92
3.4 Denoising by SSA 96

3.4.1 Filter Based Correlation Coefficients 97

4 More on Filtering and Forecasting by SSA 103
4.1 Introduction 103
4.2 Filtering Coefficients 104
4.3 Forecast Equation 107

4.3.1 Recurrent SSA Forecast Equation 107
4.3.2 Vector SSA Forecast Equation 108

4.4 Different Window Length for Forecasting
and Reconstruction 111

4.5 Outlier in SSA 112

viii CONTENTS



Appendix A: A Short Introduction to R 117

Appendix B: Theoretical Explanations 137

Index 147

CONTENTS ix



LIST OF FIGURES

Fig. 1.1 Quarterly US energy consumption time series
(1973Q1–2015Q3) 12

Fig. 1.2 An approximations for the US energy consumption
series using the first eigenvalue 13

Fig. 1.3 Plot of wL;N
j with respect to L; j for N ¼ 21 19

Fig. 1.4 Matrix of w-correlations for the 24 reconstructed components
of the energy series 20

Fig. 1.5 A realization of the simulated series 21
Fig. 1.6 Logarithms of the 200 simulated series eigenvalues 24
Fig. 1.7 Logarithms of the 24 singular values of the energy series 25
Fig. 1.8 Paired eigenfunctions 1–10 for the energy series 27
Fig. 1.9 Forecasts from Examples 1.6 and 1.7 32
Fig. 1.10 Comparing the last column of the approximated trajectory

matrix, before and after diagonal averaging, for the US energy
data 33

Fig. 1.11 Sensitivity analysis of RMSE of forecasts in US energy data 38
Fig. 1.12 Quarterly UK gas consumption time series over the period

1960Q1–1986Q4 41
Fig. 1.13 First nine Eigenfunctions for UK gas time series with L ¼ 46 42
Fig. 1.14 W-correlations among pair components for UK gas time

series with L ¼ 46 43
Fig. 1.15 Comparison of forecasts by paris (i) ðL ¼ 46; r ¼ 7Þ and

(ii) ðL ¼ 39; r ¼ 11Þ for UK gas consumption series; solid line
with circle points show the original time series, dashed lines
with triangle and square symbols show the forecasts by (i) and
(ii), respectively 44

xi



Fig. 1.16 Monthly UK government security yield time series
over the period Jan. 1985–Dec. 2015 45

Fig. 1.17 First nine Eigenfunctions for UK government security
yield time series with L ¼ 72 46

Fig. 1.18 W-correlations among pair components for UK government
security yield time series with L ¼ 72 47

Fig. 1.19 Comparison of forecasts by user ðL ¼ 72; r ¼ 13Þ and
automated choices ðL ¼ 96; r ¼ 3Þ for UK government
security yield series 48

Fig. 2.1 Monthly number of US passengers, domestically and
internationally, sample Oct. 2002–Oct. 2015 83

Fig. 2.2 Plot of Singular values of the trajectory matrix with
Monthly number of US passengers, time series
with L ¼ 72 84

Fig. 2.3 Comparison of two forecasting scenarios with real
observations 85

Fig. 3.1 Initial data (left side) and change-point detection statistic
Dt (right side) in Example 3.1 91

Fig. 3.2 Fitting the trend (left side) and the change-point detection
statistic Dt (right side) in Example 3.2 92

Fig. 3.3 Logarithm of the singular values of the trajectory matrix in
Example 3.3, when L ¼ 9 93

Fig. 3.4 Real interest rate in Japan during 1961–2014 95
Fig. 3.5 Scree plot of singular values of the HMSSA trajectory matrix,

when L ¼ 13 in Example 3.4 96
Fig. 3.6 Real signal (right side) and noisy data (left side)

in Example 3.5 99
Fig. 3.7 Scatterplot for number of technicians and export percent

in Example 3.6 100
Fig. 4.1 Vector SSA forecasting 109
Fig. 4.2 Plot of the first 10 paired eigenvectors for death series 114
Fig. 4.3 Plot of the death series and fitted curve 115
Fig. A.1 Some of the computational functions available in R 123
Fig. A.2 Several graphical functions 124
Fig. A.3 Examples of several graphical functions 124
Fig. A.4 Different point characters (pch) for plot function 125
Fig. A.5 Using the mfrow function 126
Fig. A.6 Using the layout function 127
Fig. A.7 Using the mfrow function 128
Fig. A.8 Examples of several graphical functions 134

xii LIST OF FIGURES



LIST OF TABLES

Table 1.1 Summary of SSA and PCA processes 14
Table 1.2 The value of w-correlation for different values of L, N ¼ 200 22
Table 1.3 Number of observations used in SSA for different L and

N ¼ 20; 25; 30 23
Table 2.1 Similarities and dissimilarities between the VMSSA and

HMSSA recurrent forecasting algorithms 69
Table A.1 A discrete distribution 132

xiii



CHAPTER 1

Univariate Singular Spectrum Analysis

Abstract A concise description of univariate Singular Spectrum Analysis
(SSA) is presented in this chapter. A step-by-step guide for performing fil-
tering, forecasting as well as forecasting interval using univariate SSA and
associated R codes is also provided. After reading this chapter, the reader
will be able to select two basic, but very important, choices of SSA: win-
dow length and number of singular values. The similarity and dissimilarity
between SSA and principal component analysis (PCA) is also briefly delib-
erated.

Keywords Univariate SSA · Window length · Singular values
Reconstruction · Forecasting

1.1 Introduction

There are several different methods for analysing time series all of which
have sensible applications in one or more areas. Many of these methods are
largely parametric, for example, requiring linearity or nonlinearity of a par-
ticular form. An alternative approach uses non-parametric techniques that
are neutral with respect to problematic areas of specification, such as lin-
earity, stationarity and normality. As a result, such techniques can provide
a reliable and often better means of analysing time series data. Singular
Spectrum Analysis (SSA) is a relatively new non-parametric method that
has proved its capability in many different time series applications rang-
ing from economics to physics. For the history of SSA, see Broomhead
et al. (1987), and Broomhead and King (1986a, b). SSA has subsequently

© The Author(s) 2018
H. Hassani and R. Mahmoudvand, Singular Spectrum Analysis,
Palgrave Advanced Texts in Econometrics,
https://doi.org/10.1057/978-1-137-40951-5_1
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2 H. HASSANI AND R. MAHMOUDVAND

been developed in several ways including multivariate SSA (Hassani and
Mahmoudvand 2013), SSA based on minimum variance (Hassani 2010)
and SSA based on perturbation (Hassani et al. 2011b) (for more informa-
tion, see Sanei and Hassani (2016)).

The increased application of SSA is further influenced by the following.
Firstly, the emergence of Big Data may increase noise in time series, which
in turn results in a distortion of the signal, thereby hindering the over-
all forecasting process. Secondly, volatile economic conditions ensure that
time series (in most cases) are no longer stationary in mean and variance,
especially following recessions which have left behind structural breaks.
This in turn results in a violation of the parametric assumptions of station-
arity and prompts data transformations when adopting classical time series
methods. Such data transformations result in a loss of information and by
relying on a technique such as SSA, which is not bound by any assump-
tions, users can overcome the restrictions imposed by parametric models
in relation to the structure of the data. It is also noteworthy that recently
it has been shown that SSA can provide accurate forecasts before, during
and after recessions. Thirdly, SSA can be extremely useful as it enables the
user to decompose a time series and extract components such as the trend,
seasonal components and cyclical components (Sanei and Hassani 2016),
which can then be used for enhancing the understanding of the underlying
dynamics of a given time series. Fourthly, SSA is also known for its ability
to deal with short time series where classical methods fail due to a lack of
observations (Hassani and Thomakos 2010).

A common problem in economics is that most of the times series we
study contain many components such as trend, harmonic and cyclical com-
ments, and irregularities. Trend extraction or filtering are difficult even if
we assume there is a time series with additive components. In general, as in
SSA too, the trend of a time series is considered as a smooth additive com-
ponent that contains information about the general tendency of the series.
The most frequently used approaches for trend extraction are, for instance,
simple linear regression model, moving average filtering, Tramo-Seats, X-
11, X-12, and the most common one, the Hodrick-Prescott (HP) filter. To
apply each method, one needs to consider model’s specification or parame-
ters. Generally, one can classify trend extraction approaches into tow main
categorizes; the Model-Based approach, and non-parametric approaches
including SSA. The Model-Based approach assumes the specification of a
stochastic time series model for the trend, which is usually either an ARIMA
model or a state space model. On the other hand, the non-parametric fil-
tering methods (i.e. the Henderson, and Hodrick-Prescott filters) do not
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require specification of a model; they are quite easy to apply and are used
in all applied areas of time series analysis. However, there are a few disad-
vantages of using HP filter; (i) “the HP filter produces series with spuri-
ous dynamic relations that have no basis in the underlying data-generating
process; (ii) a one-sided version of the filter reduces but does not elimi-
nate spurious predictability and moreover produces series that do not have
the properties sought by most potential users of the HP filter” Hamilton
(2017).

Two main important applications of SSA are filtering and smoothing,
and forecasting, which will be discussed in the following sections.

1.2 Filtering and Smoothing

The SSA technique decomposes the original time series into the sum of a
small number of interpretable components, such as a slowly varying trend,
oscillatory components and noise. The basic SSA method consists of two
complementary stages: decomposition and reconstruction, of which each
stage includes two separate steps. At the first stage the series is decom-
posed and, in the second stage, the filtered series is reconstructed; the
reconstructed series is then used for forecasting new data points. A short
description of the SSA technique is given below (for more details, see Has-
sani et al. 2012).

Stage I. Decomposition

We consider a stochastic process Y generating a sequence comprising N
random variables: YN ≡ {Yt } ≡ {Yt }Nt=1. The sequence is ordered in time. In
practice, we deal with realizations, or outcomes, from this process which we
index by t = 1, . . . , N , and distinguish them from the underlying random
variables by using lower case y, that is YN = (y1, . . . , yN ).
1st Step: Embedding. Embedding can be considered as a mapping which
transfers a one-dimensional time series YN = (y1, . . . , yN ) into a multi-
dimensional series X1, . . . , XK with vectors Xi = (yi , . . . , yi+L−1)

T ∈ RL ,
where L is the window length (see Sect. 1.4.1), and 2 ≤ L ≤ N/2 and
K ≡ N − L + 1. The single input at this stage is the SSA choice of L. The
result of this step is the trajectory matrix:


