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FOREWORD

It could be said that the genesis of this book came out of a unit which was on
robust statistics and taught by Noel Cressie in 1976 at Flinders University of South
Australia. Noel’s materials for the lectures were gathered from Princeton Univer-
sity where he had just completed his PhD. Having been introduced to M-, L-, and
R-estimators I shifted to the Australian National University in 1977 to work on
the staff at the Statistics Department in the Faculties. There I enrolled part time
in a PhD with Professor C. R. Heathcote (affectionately known as Chip by his
colleagues and family) who happened to be researching the integrated squared
error method of estimation and more generally the method of minimum distance.
The common link between the areas of study, robust statistics and minimum dis-
tance estimation, was that of M- estimation. Some minimum distance estimation
methods can be represented by M-estimators. A typical model used in the formu-
lation of robustness studies was the “epsilon-contaminated normal distribution.”
In the spirit of John W. Tukey from Princeton University the relative performance
of the estimator, usually of location, was to consider it in such contaminated mod-
els. It occurred to me that one could also estimate the proportion of contamination,
epsilon, in such models and when I proposed this to Chip he became enthusias-
tic that I should work on these mixture models for estimation in my PhD. Chip
was aware that the trend for PhDs was to have a motivating set of data and to
this end he introduced me to recently acquired earthquake data recordings which
could be modeled with mixture modeling. A portion of a large data set was passed
on to me by Professor R.S. Anderssen (known as Bob), also at the Australian
National University. Bob also introduced me to the Fortran Computing Language.

xi



xii FOREWORD

My brief was to compute minimum distance estimators on the earthquake data. In
the mean time, Chip introduced me to Professor Frank Hampel’s PhD thesis and
several references on mixture modeling. After 1 year of trying to compute variance
covariance matrices for the minimum distance estimation methods and for some
reason failing to get positive definite matrices as was expected, [ decided to come
back to M-estimation and study the theory more closely. An idea germinated that
I could study the M-estimator at a distribution other than at the model parametric
family and other than at a symmetric contaminating distributions. This became the
inspiration for my own PhD work.

I had the good fortune to then cross paths with Peter Hall. Chip who had been
burdened with the duties as Dean of the Faculty of Economics at ANU took sab-
batical at Berkeley for a year and Peter became my supervisor. Peter was always so
cheerful and encouraging when it came to research. He was publishing a book on
the “Martingale limit theory and its application” with Chris Heyde, and he encour-
aged me to read books and papers on limit theorems. I thus became interested in the
calculus associated with limit theorems, and asymptotic theory of M-estimators.
Chip returned to ANU in 1980 and kindly advised me on the presentation of my
thesis and arranged for three quality referees, one of whom was Noel Cressie!

For some reason I wanted to go overseas and see the world. This was made pos-
sible with a postdoctoral research assistant position to study time series analysis at
Royal Holloway College, University of London, in the period 1980-1982. While
I worked on time series, I took my free time to put together my first major publi-
cation. Huber’s (1981) monograph had come out. My paper was to illustrate that
for a large class of statistics that could be represented by statistical functionals,
which were in fact M-estimators, it was possible to inherit both weak continuity
and Fréchet differentiability. These qualities in turn provide inherent robustness of
the statistics. From the time of first submission to actual publication in The Annals
of Statistics it took approximately 2.5 years to see it come out. It was during this
time of waiting that I traveled to Ziirich after writing to Professor Hampel. He was
keen to see my work published as it supported with rigor notions which he had
put forward in a heuristic manner, vis-a-vis the influence function. Subsequently,
I spent almost a year at the Swiss Federal Institute of Technology (ETH), working
as aresearch assistant and tutoring a class on the analysis of variance class lectured
by Professor Hampel.

The Conditions A and discussion that are given in Chapter 2 of this book are
from that Annals of Statistics paper. To facilitate the theory of weak continuity
and Fréchet differentiability, [ initially had to make smoothness assumptions on the
defining y-functions for the M-estimators. It was not until I traveled to the Univer-
sity of North Carolina at Chapel Hill where I picked up the newly published book
by Frank H. Clarke on “Optimization and Nons- mooth Analysis” that I realized
how proofs of weak continuity and Fréchet differentiability for M-estimators with
nonsmooth psi-functions, or psi-functions which were bounded and continuous
but had “sharp corners,” could follow through. I subsequently wrote a paper from
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Murdoch University where I had taken up in 1984 a newly appointed lecturing
position in the then Mathematics Department. The paper was eventually published
in 1986 in Probability Theory and Related Fields. This book brings together both
these papers and a paper on what are called selection functionals.

My sojourn at Murdoch University has been one of teaching and research.
I benefited from many years of teaching in service course and undergraduate math-
ematics and statistics units, having developed materials for a unit on “Linear Mod-
els” which later became a Wiley publication in 2008. I have also developed a unit
on “Time Series Analysis” and have two PhD students write theses in that general
area. These forays while time consuming have helped me understand statistics a lot
better. It has to be said that to teach robust statistics properly one needs to under-
stand the mathematics that comes with it. Essentially, my experience in robust
statistics has been one coming out of mathematics departments or at least statistics
groups heavily supported by mathematics departments. But from the mathematics
comes understanding and eventually new ideas on how to analyze data and further
appreciation of why some things work and others do not. This book is a reflection
of that general summary.

In writing this book I have also alluded to or summarized many works that have
been collaborative. An author with whom I have published much is Pro- fessor
Tadeusz Bednarski from Poland. I met Professor Bednarski at a Robust Statis-
tics Meeting in Oberwolfach, Germany, in 1984. He recognized the importance of
Fréchet differentiability and in particular the two works mentioned earlier and we
proceeded to make a number of joint works on the asymptotics of estimators. He
spoke on Fréchet differentiability at the Australian Statistics Conference 2010 held
in Fremantle in Western Australia. However, with the tyranny of distance and our
paths diverging since then it is clear that this book could not be written collabora-
tively. However, I owe much to the joint research that we did as is acknowledged
in the book.

I have also benefited from collaborative works with many other authors.
These works have helped in the presentation of new material in the book. In
1993 T published a paper with Robin Milne and Geoffrey Yeo in the Scan-
dinavian Journal of Statistics. 1 thank both Robin and Geoff for making me
think about the asymptotic theory when there are multiple solutions to ones
estimat- ing equations. There are subsequently new examples and results on
asymptotic properties of roots and tests in Chapter 4 of this book that have
been developed by the author. In 2004 the author published a paper with for-
mer honors student Chris Milne in the Australian & New Zealand Journal of
Statistics on a small sample bias correction to Huber’s Proposal 2 estimator of
location and scale and followed this with a paper in 2013 at the ISI meeting in
Hong Kong. Summary results are included with permission in Section 5.1.2.
In 2006 I collaborated with Andreas Futschik from the University of Vienna,
to study the properties of the Newton Algorithm when dealing with either
M-estimation or density estimation and a new Theorem 5.1 is borne out of that
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work. My interest in minimum distance estimation and its applications are
summarized in Chapter 6. These include references to work with Chip Heathcote
and also other collaborators such as Peter McKinnon and Geoff Riley. A new
theorem on the unbiased nature of the vector parameter estimator of proportions
given all other location and scale parameters in a mixture of normal distributions
are known is given in Theorem 10.1. In addition plots in Figures 2.1, 6.5, 6.6, 6.7,
6.8, and 6.9 are reproduced with acknowledgment from their source.

No book on robustness is complete without the study of L-estimators or estima-
tion of linear combinations of order statistics. I have only attempted to introduce
the ideas which lead on to natural extensions on to least trimmed squares and gen-
eralizations to trimmed likelihood and adaptive trimmed likeli- hood algorithms.
I have found these useful for identifying outliers where there are outliers to be
found, yet caution the reader to use Fréchet differentiable es- timators for robust
statistical inference. The outlier detection methods depart from the general use of
Cooks distance in regression estimation yet have the appealing feature that they
work even when there are what are termed points of influence.

The book does not canvas robust methods in time series or robust survival anal-
ysis, though references are given. Maronna et al. (2006) book is a useful starting
point for robust time series. Developments on robust survival analysis continue to
accrue. The presentation of this book is not exhaustive and many areas of endeavor
in robust statistics are not countenanced in this book. The book mainly is a link
between many areas of research that the author has been personally involved with
in some way and attempts to weave the essence of relevant theory and application.

The work would never have been possible without the introduction of Fréchet
differentiability into the statistical literature by Professor C. R. Rao and Professor
G. Kallianpur in their ground-breaking paper in 1955. We have much to remember
the French mathematician Maurice Renée Fréchet for as well as Sir Ronald Aylmer
Fisher who helped to motivate the 1955 paper.
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This book requires a strong mathematics background as a prerequisite in or- der to
be read in its entirety. Students and researchers will then appreciate the generally
easily read Chapter 1 in the Introduction. Chapters 2 and 3 require a mathematics
background, but it is possible to avoid the difficult proofs requiring the knowledge
of the inverse function theorem in the proofs of weak continuity and Frechet dif-
ferentiability of M-functionals, should you need to gloss over the mathematics.
On the other hand, great understanding can be gleaned from paying attention to
such proofs. There are references later in the book to other important theorems
such as the fixed point theorem and the implicit function theorem, though these
are only referred to, and keen students may chase up their statements and proofs
in related papers and mathematics texts. In this book Chapter 4 is important to the
understanding that there can be more than one root to one’s estimating equations
and gives new results in this direction. Chapters 5-9 include applications and vary
from the simple applications of computing robust estimators to the asymptotic the-
ory descriptions which are a composite of exact calculation, such as in the theory
of L, estimation of proportions, or descriptions of asymptotic normality results
that can be further gleaned by studying the research papers cited. The attempt is to
bring together works on estimation theory in robust estimation. I leave it to others
to consider the potentially more difficult theory of testing, albeit robust confidence
intervals based on asymptotics are a starting point for such.

XV



xvi PREFACE

This book has been written in what may be the last decade of my working
career. Hopefully, others may benefit from the insights that this compendium of
knowledge, which covers much research into robustness that I have had a part to
play with, gives.

7 December 2017 BRENTON R. CLARKE
Perth, Western Australia
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NOTATION

ANB
AUB
ACB

IR

element of

not an element of

intersection of sets A and B
union of sets A and or B

A is contained in B

observation space

separable metrizeable space

real line

positive real line

Euclidean r-space

space of distribution functions
closed delta neighborhood of set A
parameter space

expected value of the random variable X
standard normal density function
cumulative normal distribution
Fisher information

modulus or absolute value of
convergence in probability
convergence in distribution
convergence almost surely
converges weakly

implies
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XX NOTATION

v for every
[1-11 for vectors and matrices it is the Euclidean norm
for elements on a normed linear space it is the norm
N(u, 6%) univariate normal random variable with mean u and variance o
N(u, X) multivariate normal random variable
with mean y and covariance matrix X
Z X X +x+ .. +2x,

2



ACRONYMS

ATLA
CLT
EM
LLN
MAD
MADN
MCVM
MLE
SLLN
TLE
WLLN

adaptive trimmed likelihood algorithm
central limit theorem

expectation maximization

law of large numbers

median absolute deviation

normalized median absolute deviation
minimum Cramer—von Mises estimator
maximum likelihood estimator

strong law of large numbers

trimmed likelihood estimator

weak law of large numbers

XXi






ABOUT THE COMPANION WEBSITE

This book is accompanied by a companion website:
www.wiley.com/go/clarke/robustnesstheoryandapplication
BCS Ancillary Website contains:

e several computing programs, some in R and some in MatLab.

e The suite of routines were developed by Brenton and in some cases in con-
junction with other students and collaborators of Brenton.

e No responsibility lies with Brenton or any others mentioned for the use of
the routines given in endeavours outside the book.

BRENTON R. CLARKE
November 2017

xxiii



