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Preface

In the late 2000s, a novel formulation of Kirchhoff’s celebrated rod theory was
published by Bergou et al. [4]. In this formulation, an elastic rod is discretized into
a series of segments (or edges) connecting vertices (or nodes). The edges are free to
stretch and rotate relative to their adjacent neighbors. The relative rotations of the
cross sections of the rod are modeled with the help of a pair of material vectors
that are associated with each edge. The original formulation has been extended
in a variety of directions including an extension to viscous threads and sound
generation. The discrete elastic rod formulation is computationally cheap and, as
a result, is used in computer graphics to render images of hairs and trees and is
the technical underpinning behind the Bristle Brush feature in Adobe Illustrator and
Adobe Photoshop.

Bergou et al.’s discrete elastic rod (DER) formulation uses ideas from the nascent
field of discrete differential geometry and concepts such as holonomy from classic
differential geometry. As a result, understanding the DER formulation (even for
students who have exceptional backgrounds in continuum mechanics) can be chal-
lenging. Indeed, initially we were unable to rederive many of the key results in the
papers by Bergou et al. [3, 4] and the related works by Audoly et al. [2] and Kaldor
et al. [29]. The remarkable simulations in these four papers provided sufficient
motivation for us to eventually prove the main results contained in [2–4, 29].

The present Brief is a result of our efforts to understand the DER formulation and
we hope that it provides an accessible introduction to this remarkable formulation.
We assume that the reader has a background in continuum mechanics at the level
of Chadwick [8] or Gurtin [20]. The Brief starts with a pair of motivational
examples. We then proceed to give a rapid summary of Kirchhoff’s rod theory before
discussing a discretized space curve and three frames that can be associated with
it. Next, derivations of gradients and variations for various kinematical quantities
that have appeared in the literature are discussed. One unusual feature of the DER
formulation is the use of holonomy to help determine the twist of the rod. We
devote an entire chapter to discussing results from differential geometry of spherical
triangles and spherical quadrilaterals that are used to determine the twist of the rod.
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viii Preface

The final chapter synthesizes the kinematical results and shows how they are used
to formulate a set of ordinary differential equations for the position vectors of the
nodes of the rod and the twisting of the edges. To help the reader, we present several
examples of classic problems in the theory of rods that are solved using the discrete
elastic rod formulation.

The C++ source code for the discrete elastic rod formulation discussed in this
Brief can be found at

http://www.cs.columbia.edu/cg/elastic_coiling/

Source code for the input files used for the examples discussed in the Brief can be
accessed at

http://dynamics.berkeley.edu/

We received a total of $500 from Springer-Nature for publishing this Brief. These
funds have been donated to an organization that supports LGBTQ people who are
held in immigrant detention in the United States: Mariposas Sin Fronteras.

Los Angeles, CA, USA M. Khalid Jawed
Berkeley, CA, USA Alyssa Novelia
Berkeley, CA, USA Oliver M. O’Reilly
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