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Preface

This volume contains revised versions of selected papers presented at the
biennial meeting of the Classification and Data Analysis Group (CLADAG)
of the Italian Statistical Society, which was held in Parma, June 6-8, 2005.
Sergio Zani chaired the Scientific Programme Committee and Andrea Cerioli
chaired the Local Organizing Committee.

The scientific programme of the conference included 127 papers, 42 in spe-
cialized sessions, 68 in contributed paper sessions and 17 in poster sessions.
Moreover, it was possible to recruit five notable and internationally renowned
invited speakers (including the 2004-2005 President of the International Fed-
eration of Classification Societies) for plenary talks on their current research
work. Among the specialized sessions, two were organized by Wolfgang Gaul
with five talks by members of the GfKl1 (German Classification Society), and
one by Jacqueline J. Meulman (Dutch /Flemish Classification Society). Thus,
the conference provided a large number of scientists and experts from home
and abroad with an attractive forum for discussion and mutual exchange of
knowledge. The topics of all plenary and specialized sessions were chosen to
fit, in the broadest possible sense, the mission of CLADAG, the aim of which
is “to further methodological, computational and applied research within the
fields of Classification, Data Analysis and Multivariate Statistics”.

A peer-review refereeing process led to the selection of 46 extended papers,
which are contained in this book. The more methodologically oriented papers
focus on developments in clustering and discrimination, multidimensional
data analysis, data mining, and robust statistics with a special emphasis on
the novel Forward Search approach. Many papers also provide significant, con-
tributions in a wide range of fields of application. Customer satisfaction and
service evaluation are two examples of such emerging fields. This suggested
the presentation of the 46 selected papers in six parts as follows:

. CLUSTERING AND DISCRIMINATION

. MULTIDIMENSIONAL DATA ANALYSIS AND MULTIVARIATE STATISTICS

. RoBUST METHODS AND THE FORWARD SEARCH

. DATA MINING METHODS AND SOFTWARE

. MULTIVARIATE METHODS FOR CUSTOMER SATISFACTION AND SERVICE
EVALUATION

6. MULTIVARIATE METHODS IN APPLIED SCIENCE

U= N =

We wish to express our gratitude to the other members of the Scientific
Programme Committee

B. Chiandotto, N.C. Lauro, P. Monari, A. Montanari, C. Provasi, G.
Vittadini



VI Preface

and to the specialized session organizers
F. Camillo, M. Chiodi, W. Gaul, S. Ingrassia, J.J. Meulman

for their ability to attract interesting contributions, and to the authors, whose
enthusiastic participation made the meeting possible. We would also like to
extend our thanks to the chairpersons and discussants of the sessions for their
stimulating comments and suggestions. We are very grateful to the referees
for their careful reviews of all submitted papers and for the time spent in this
professional activity.

We gratefully acknowledge the University of Parma and its Department
of Economics for financial support and hospitality. We are also indebted to
Istat - Istituto Nazionale di Statistica and SAS for their support.

We thank all the members of the Local Organizing Committee

A. Corbellini, G. Gozzi, L. Grossi, F. Laurini, M.A. Milioli, G. Morelli, I.
Morlini

for their excellent work in managing the organization of the CLADAG-2005
conference. Special thanks go to Prof. Isabella Morlini, for her skilful accom-
plishment of the duties of Scientific Secretary of CLADAG-2005, and to Dr.
Fabrizio Laurini for his assistance in producing this volume.

Finally, we would like to thank Dr. Martina Bihn of Springer-Verlag, Hei-
delberg, for her support and dedication to the production of this volume.

Parma and Rome,
June 2006

Sergio Zani
Andrea Cerioli
Marco Riani
Maurizio Vichi
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Genetic Algorithms-based Approaches
for Clustering Time Series

Roberto Baragona! and Salvatore Vitrano?
Department of Sociology and Communication,
University of Rome “La Sapienza", Italy
roberto.baragona@uniromal.it
2 Statistical Office,

Ministry for Cultural Heritage, Italy

svitrano@beniculturali.it

Abstract. Cluster analysis is to be included among the favorite data mining tech-
niques. Cluster analysis of time series has received great attention only recently
mainly because of the several difficult issues involved. Among several available
methods, genetic algorithms proved to be able to handle efficiently this topic. Sev-
eral partitions are considered and iteratively selected according to some adequacy
criterion. In this artificial “struggle for survival" partitions are allowed to interact
and mutate to improve and produce a “high quality" solution. Given a set of time
series two genetic algorithms are considered for clustering (the number of clusters
is assumed unknown). Both algorithms require a model to be fitted to each time
series to obtain model parameters and residuals. These methods are applied to a
real data set concerned with the visitors flow recorded, in state owned museums
with paid admission, in the Lazio region of Italy.

1 Introduction

Clustering time series, that is division of time series into homogeneous sub-
groups, is composed of several steps. First, pre-processing is almost always
needed for removing or softening unwanted characteristics that may bias the
analysis (for instance, outliers, missing observations and Easter and trading
day effects). Moreover, adjustment for seasonality and trend could possibly
be required to allow some methods to run properly. Among many available
methods X-12 ARIMA (Findley et al. (1998)) and Tramo-Seats (Gémez and
Maravall (1996)) are currently adopted by Statistical Authorities in many
Countries. They are well founded on theoretical grounds and supported by
computer programs that make easier their application.

Then, the extraction of measurements may take place so that either the
usual matrix units (time series) per variables (the measurements) or a matrix
of distances between each pair of time series is available. Liao (2005) in a
comprehensive survey distinguishes whether methods are based on the raw
data directly, on features extracted from the data or on models built on the
data.
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Third step, choosing the cluster method, is closely related to the preceding
step as the method largely depends on the available data structure. Four
main classes may be distinguished, that is partitioning methods, hierarchical
methods, density-based clustering and grid-based clustering (see, for instance,
Berkhin (2002) for a comprehensive survey).

The fourth step is concerned with the choice of the algorithm. As cluster-
ing problems arise in so many fields (these range from sociology and psy-
chology to commerce, biology and computer science) the implementation
and design of algorithms continue to be the subject of active research. Over
the last two decades a new class of algorithms has been developed, namely
the optimization heuristics. Examples are evolutionary algorithms (simulated
annealing, threshold accepting), neural networks, genetic algorithms, tabu
search, ant colony optimization (see, for instance, Winker and Gilli (2004)).
Optimization heuristics may cope with problems of high complexity whose
potential solutions are a large discrete set. This is the case of the admissible
partitions of a set of time series. In addition, assumptions on the form of
the final partition (either hard or fuzzy assignments), for instance, or on the
number of clusters (either known or unknown) are easily handled by optimiza-
tion heuristics and require only slight modifications of the basic algorithm.
Clustering time series by meta heuristic methods was investigated by Barag-
ona (2001) while Pattarin et al. (2004) examined genetic algorithms-based
approaches.

In this paper genetic algorithms (GAs) are used for implementing two
model-based-methods, the first one based on the cross correlations (Zani
(1983)), the second one based on the autoregressive distance (Piccolo (1990)).
Other optimization heuristics may be of use, but GAs seem to ensure most
flexibility and vast choice to meet the special requirements involved in clus-
tering time series. Both algorithms are tested on the data set of the visitors
of museums, monuments and archaeological sites in the Lazio region of Italy.

The rest of the paper is organized as follows. The next Section includes
a description of the two clustering time series methods and the GAs are
described. Results of the application to the real data set are displayed in
Section 3. Section 4 concludes.

2 Clustering Methods and Genetic Algorithms

Given a set of time series two methods are considered for clustering. Both
methods require a model to be fitted to each time series to obtain model
parameters and residuals. The number of clusters ¢ is assumed unknown.
The fitted models are autoregressive integrated moving-average (ARIMA)
models (Box et al. (1994)). The first method is aimed at grouping together
time series according to the residuals cross correlations. The second method is
aimed at grouping together time series that share a similar model’s structure.
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Let the time series {z:} be generated by the ARIMA(p,d,q)(P, D,Q)s
model
¢(B)B(B*)V*Vix, = 0(B)O(B*)ay, (1)

where {a;} is a white noise process with finite variance o2. The polynomials
in (1) are defined

H(B)YB(B*)=(1—-¢B—...— ¢,B?)(1 —&B° —... - dpB’*) (2)

0(B)O(B*)=(1-6,B — ... 6,BH)(1 - O0,B° — ...~ OgB?), (3)

and have not common factors. B is the back-shift operator, that is B¥z,=z,_.
Model (1) is stationary if the polynomial (2) has all roots outside the unit
circle and is invertible if the polynomial (3) has all roots outside the unit
circle. Under this latter assumption, the time series {z;} admits the infinite
autoregressive representation z; = Xmix;—g. The coefficients 7y are called
m-weights.

For the first method a cluster is required to satisfy the following condition
(Zani (1983)). Given a set of k time series {x1,..., X%}, X; = (i1, .., Tin),
i =1,...,k, a subset C which includes &’ series (k' < k) is said to form a
group if, for each of the k’(k’ — 1)/2 residuals cross-correlations p; ;(7), we
have

P (D] > el@) (4)

for at least a lag T between —m and m, and ¢, j € C,i # j. A positive integer
m has to be pre-specified which denotes the maximum lag. If all time series
have n as a common number of observations, then choosing the significance
level o = 0.05, say, gives the figure c(a) = 1.96/+/n in (4). The previously
stated definition does not exclude that a time series may belong to more
than a single group. Then there are possibly several allowable partitions to
consider, and their number may be very large. Meta heuristic methods, in
particular GAs, were proposed by Baragona (2001) to find the best feasible
partition. As an overall objective function a modification of the k-min cluster
criterion (Sahni and Gonzalez (1976)) was assumed

g
fHCL G, Crg) =D Y df, (5)

w=114,jEC,, i#j
where (5) has to be maximized and
df; = max{|pi; ()]}, 7= -m,...m. (6)

When using (5), it is crucial that each cluster be a group, according to (4),
for, otherwise, any algorithm, unless prematurely ended, will put together all
time series into a single cluster.

The second method is new and has been developed along the same guide-
lines, except that the autoregressive distance proposed by Piccolo (1990) is
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adopted instead of the cross-correlations-based dissimilarity index. Each time
series {x¢,t = 1,2,...n} is associated to the first m m-weights of the autore-
gressive representation of the ARIMA model. The first m m-weights may be
computed from the coeflicients of the ARIMA model (1) using the equations
given in Box et al. (1994). The positive integer m is a truncation point that
has to be pre-specified. For each time series there is a set of measurements
1> My, 2, - - Tum,¥ = 1,2,...k that allows clusters to be determined. The
m-weights define the autoregressive distance

dij = Z(ﬂ'z‘,h — )2 ()
h=1

The distributional properties of the autoregressive distance (7) were studied
by Piccolo (1990) under the assumption that the time series are uncorrelated.
The presence of correlation between time series was shown (Corduas (1992))
to modify the distribution of (7). In Corduas (2000) an approximation is
provided that allows a formal test to be established. The squared autoregres-
sive distance dij is approximately distributed as a random variable ax? + b
where 2 is the chi-squared random variable with v degrees of freedom. The
constants a, b and v depend on the common (under the null hypothesis that
the time series {x;,} and {z;.} are generated by the same ARIMA model)
variance-covariance matrix of the estimated w-weights. The condition for a
set of time series to form a group has to be re-formulated in terms of the ap-
proximate critical values that may be computed for the squared distance (7).
Two time series are allowed to be included in the same cluster if their squared
distance is less than ax2(a) + b, where x2(a) is the (1 — a)-quantile of the
chi-squared distribution with v degrees of freedom and « is the significance
level.

It may be argued, extending the results reported by Corduas (1992), that
if the cross correlations p; ; are close to unity the two methods are likely
to yield similar results. Note that Tong and Dabas (1990) include the index
(6), with 7 = 0, among the measures of dissimilarity for a set of time series
models though no threshold-based constraints were introduced.

GAs were introduced by Holland (1975) to provide evolutionary models
for the adaptation process to the environment of individuals belonging to a
given population. If the evolution of the best fit individual is recorded, GAs
may be viewed as optimization tools. In this case, a numerical measure is
used to evaluate the adaptation to the environment. This measure is called
fitness function and it is the objective function which has to be maximized.
The fitness function is not required to possess special mathematical prop-
erties but to be positive and non-decreasing function of the adaptation to
the environment. Each potential solution to the optimization problem has to
be coded as a string of ¢ characters, for instance a binary string of length /
(this string is usually called chromosome). There is no need to enumerate all
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solutions, which has to be considered fairly impossible, but only a set of rules
by which any string may be decoded in a meaningful way and assigned a pos-
itive real number. In practice GAs are useful because they allow very large
spaces to be searched for solutions and very mild assumptions are required
for the objective function. For a detailed description of GAs see, for instance,
Goldberg (1989) and Haupt and Haupt (2004). Convergence properties have
been discussed by Reeves and Rowe (2003), among others.

GAs start with an initial population of candidate solutions (individu-
als) that are said to form a population though they are actually a sample
from the set of potential solutions. The population evolves through a itera-
tive procedure. Each iteration usually includes three steps, that is selection,
crossover and mutation. Selection is aimed at choosing the individuals with
high fitness. Selection is done with replacement, so that many copies of the
same individual may enter the next generation. The chromosomes of the se-
lected individuals are possibly combined, by means of the crossover operator,
to produce new individuals. Mutation of some characters within the genetic
pool may take place with usually small probability, 0.001 for instance. The
generational gap is the fraction of the old population that is replaced by new
individuals. If the new population entirely replaces the past one the gener-
ational gap is equal to unity. Iterations continue either after a pre-specified
number of generations or when a stopping criterion is met. Often the elitist
strategy is used, that is the best fit individual found in a iteration is inserted
in the next generation unless a better individual is found (see, for instance,
Jennison and Sheehan (1995)).

Both methods are implemented by GAs with permutation encoding, often
called ordered GAs (Jones and Beltramo (1991)). Time series are assigned la-
bels 1,2, ...k, and several random permutations are considered. For each one,
a random number of cluster g is generated and the g time series at the top
of the list are assumed as cluster centers. Then, aggregation of the remaining
time series to the nearest center is performed. To improve the solutions, the
permutations are evolved through some iterations by the GAs operators selec-
tion, crossover and mutation. These have to be specially designed according
to chosen encoding method and distance measure. The ordered GAs proved
to be very effective in practice as far as clustering procedures are concerned.

3 Application to Real Data

The number of visitors to cultural sites and state owned museums (according
to the definition given by the International Council of Museums (ICOM)),
with admission fees, in the Lazio region of Italy is collected monthly by the
Statistical Office at the Ministry for Cultural Heritage. We considered 37 time
series from January 1996 to December 2003. Adjustment for outliers and miss-
ing data, and ARIMA model (1) building were performed by the computer
program Tramo-Seats (Gémez and Maravall (1996)). This program may be
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downloaded from the web site http://www.istat.it. All series were reduced
to have common number of observations 78. Two time series were discarded
because the sites happened to be closed many times during the observation
period. For all remaining 35 time series the ARIMA coefficients were used to
compute the m-weights. Also, residuals from ARIMA models were recorded
and the cross correlations were computed. All estimated ARIMA models used
for cluster analysis passed the Ljung-Box test (based on the first 24 residuals
autocorrelations) at the 5% significance level (at the 1% significance level for
series 10).

The first method groups series with cross correlations absolute values
greater than 0.2219 (1.96 divided by the square root of the number of obser-
vations). The clusters that have been formed are reported in Table 1 (series
are numbered from 1 to 35).

Cluster Time series
(1) 251011 14 15 21 22
(2) 19 23 24 25 26 29 32 35
(3) 6727 30 31
(4) 8916 17 18 20
(5) 41213 28 33
(6) 134
(7 3

Table 1. Clusters of cultural sites visitors in Lazio, Italy (first method)

The second method groups the time series according to the m-weights.
Time series may be grouped together only if their pairwise squared autore-
gressive distance is less than a threshold whose values for this data set have
been found to vary in the interval [0.12,0.17] (for this method thresholds for
acceptance vary through time series pairs). The two methods are likely to
yield similar results if the cross correlations are large. This is not the present,
case, however, as most cross correlations are less than 0.3, some are between
0.3 and 0.5 and only one cross correlation exceeds 0.5 (it is about 0.6). We
obtained 9 clusters that are reported in Table 2. First and second clusters
contain 23 out of 35 series. Clusters 3 and 6 are very small. The first one
includes series that are similar to series in clusters 1 and 2, while the second
one contains series that are considerably different. As far as time series 26,
34, 12, 17 and 23 are concerned, each one forms a single cluster.

The first method seems to cluster together time series according to spa-
tial and typological closeness. Cluster 1 includes museums located in Rome.
Cluster 2 include archaeological areas in Rome too. Cluster 3 includes ar-
chaeological areas as well, but out of Rome. The sites that belong to the
historic / artistic local authority are in cluster 4. Evidence of typological
clustering is provided by cluster 5, which includes four sites mostly archae-
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Cluster Time series
(1) 346711131528 303235
(2) 1291016 18 19 20 21 24 25 33
(3) 527 31
(4), (5) 26, 34
(6) 8 14 22 29
(1), (8), (9) 12, 17, 23

Table 2. Clusters of cultural sites visitors in Lazio, Italy (second method)

ological museums. The second method seems to group time series according
to sites easy to access as perceived by visitors. This is a new interesting issue
that emerges from cluster analysis. Foreign tourists, for instance, are unlikely
to visit remote sites while it is easy for a school to visit sites nearby. Also,
scholars may consider important to visit sites though difficult to access. These
circumstances produce different time series dynamic behaviors. The first clus-
ter includes most archaeological sites out of Rome that are likely to attract
mostly local public. Cluster 3 is very similar. Cluster 2 includes many muse-
ums in Rome that foreign tourists, for instance, hardly miss to visit. Clusters
with single time series are explained by some special characteristics of the
site. Cluster 4, for example, includes only Villa d’Este - Tivoli. Unlike most
sites out of Rome, this site attracts a rather regular visitors flow. Another
example is cluster 5 that includes the archaeological tour: Colosseum, Pala-
tine Hill and Forum. This site too is peculiar as it sells combined tickets, that
is tickets that allow the tourist to visit these and other sites.

4 Concluding Remarks

Genetic algorithms were designed to implement two methods for clustering
time series. The first one is based on the residuals cross correlations, the
second one on the time series models structures. As an example, the two
methods are applied for clustering the time series of the visitors to the mu-
seums, monuments and archaeological areas of the Lazio region of Italy. The
first method seems to group time series according to the spatial locations of
the sites. The second method seems to group the time series together accord-
ing to both visitors typology and sites characteristics. Cross correlations are
rather small (though larger than the critical values) and the two methods
are expected to produce different results in this case. Performance of genetic
algorithms may be considered quite good. Computations were fast and the
results seem to be reliable and accurate.
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Abstract. In this short paper we shall consider the Kernel Fisher Discriminant
Analysis (KFDA) and extend the idea of Linear Discriminant Analysis (LDA) to
nonlinear feature space. We shall present a new method of choosing the optimal
kernel function and its effect on the KDA classifier using information-theoretic
complexity measure.

1 Introduction and the Problem

Discriminant analysis (DA) is one of the popular multivariate methods which
has a long history. DA is a classification problem that consists of assigning
or classifying an individual or object to one of several known or unknown
alternative classes (or groups) on the basis of many measurements on the
individuals, objects, or cases. The goal of discriminant analysis is: given a
data set with two or more than two classes (or groups), say, find the best
feature or feature set either linear or non-linear to discriminate between the
classes and maximize average class separation. Equivalently, we attempt to
minimize the probability of missclassification.

Recently in statistical data mining and knowledge discovery, kernel-based
methods have attracted attention from many researchers. As a result, many
kernel-based methods have been developed. They have become popular tools
for classification, clustering, and regression analysis in the machine learn-
ing community since the introduction of support vector machines (SVMs)
during the early 1990s. The popularity of the method stems from the fact
that kernel methods almost always outperform traditional multivariate sta-
tistical techniques. Now, we can carry out kernel based approaches to all
the classical multivariate procedures. Examples of these include, kernel prin-
cipal component analysis (KPCA), kernel logistic regression (KLR), kernel
Fisher discriminant analysis (KFDA), or in short kernel discriminant analysis
(KDA), kernel canonical correlations (KCC), etc., to mention a few. These
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methods are characterized by transformation of the input data to a high di-
mensional feature space, followed by application of the technique in question
to the transformed data.

In this paper we shall consider Kernel Fisher Discriminant Analysis (KFDA)
and extend the idea of Linear Discriminant Analysis (LDA) to nonlinear fea-
ture space. We shall present a new method of choosing the optimal kernel
function and explore its effect on the KDA classifier. In general the problem
of which is the most appropriate kernel for a particular real application or
problem is still an open problem in the literature. In this short paper, we
will introduce a new special form of the information-theoretic measure of
complexity of Bozdogan (1988, 1990, 1994, 2000, 2004) to choose the optimal
kernel function.

We will illustrate our result using a toy example on a benchmark data
set of Ripley (1994) and discuss future work on model selection in kernel
methods.

2 Kernel Discriminant Analysis (KDA)

Reproducing Kernel Hilbert Space (RKHS) were developed by Aronszajn in
1950. A RKHS is defined by a positive definite kernel function

K:RIxRI =R (1)

on pairs of points in data space.

If these kernel functions satisfy the Mercer’s condition (Mercer, 1909,
Cristianini and Shawe-Taylor, 2000), they correspond to non-linearly map-
ping the data to a higher dimensional feature space F by a map

&:RE > F (2)

and taking the dot product in this space (Vapnik, 1995):

K(z,y) = &(x) - D(y). (3)

This means that any linear algorithm in which the data only appears in
the form of dot products < x;,x; > can be made nonlinear by replacing
the dot product by the kernel function K(x;,x;) and doing all the other
calculations as before. In other words, each data point is mapped nonlinearly
to a higher dimensional feature space.

As is well-known the Fisher Linear Discriminant analysis (FLDA) or in
short LDA, is one of the most frequently used classification techniques. In
order to make LDA applicable to nonlinear data in a feature space induced by
a Mercer kernel, we need to develop and utilize kernel methods also referred to
“kernel machines”. This approach gives rise to a nonlinear pattern recognition
method which has very impressive performance on real data sets.
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Assume that we are given the input data set Zxy = {(x1,y1), ..o, (Tr, Yn)}
of training vectors x; € xy C R? and the corresponding values of y; €
Y ={1,2}. The y; are sets of indices of training vectors belonging to the
first y = 1 and the second y = 2 class, respectively. The class separability in
a direction of the weights a= [a,...,ay] in the feature space F is defined
such that the Fisher criteria:

/545
JF(U)) = a4 O

(4)

1Q® 7
o' Siya
is maximized, where S%, Sg are respectively the between and within covari-
ance matrices in the future space. That is,

Sp = (m? —m3)(mf —m3)" (5)

= (F1 —F2)(R1 — ),

Sty = > (Bx) —m)(@(x) - m?)" (6)
=12 2€X;
2
=KK'— anﬁkﬁk
k=1
with
K= {F“(xu ij)](an),al'ld

_ 1
R — n— E Kj,
* jer,

where Kj is the j-th column of K and Ij the index set of group k.
The kernel discriminant function f(x) of the binary classifier

1 for f(z) >0,
q<x):{2 For 7(z) < 0 @)

can be written as

Fy(@) =Y aunlena) + b, ®)
i=1

=< ay, K(x) > +by, ye.

With o being solved from (4), the intercept (or the bias) b of the discrimi-
nant hyperplane (8) is determined by forcing the hyperplane to pass through
the mid point of the two group means. That is,

o (R1 + Ra)

b= a2, )
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3 Regularized Kernel Discriminant Analysis (RKDA)

Without loss of generality, dropping the superscript of S&, and S%, the coef-
ficients «v are given by the leading eigenvector of S‘/_VlS B.
Since the matrix Sy is at most of rank n — 1, it is not strictly positive
and can even fail to be positive semi-definite due to numerical problems.
Therefore, we regularize it by adding a penalty function @/ to overcome
the numerical problem caused by singular within-group covariance Sy . In
this case, the criterion

B o/ Spa
o/ (Sw + pl)a

is maximized, where the diagonal matrix u/ in the denominator of the crite-
rion (10) serves as the regularization term. If 1 is sufficiently large, then Sy
is numerically more stable and becomes positive definite. Another possible
regularization would be to add a multiple of the kernel matrix K to Sy as
suggested by Mika (2002, p. 46). That is,

Jr(w) (10)

but this does not work well in practice.

If we let the covariance matrix Ly

- 1

then Ly degenerates when the data dimension p increases. In cases when
the number of variables p is much larger than the number of observations n,
and in general, it makes sense to utilize improved methods of estimating the
covariance matrix Yy . We call these estimators smoothed, robust, or stoyki
covariance estimators. These are given as follows.

e The stipulated diagonal covariance estimator (SDE):

Sspr = (1 — m)Zw + nDiag(Zw), (13)
where 7 = p(p — 1) [2n (trR™! - p)] ~! and where

R = (Diag(Xw)) ™2 Sw(Diag(Zw)) /2 (14)

is the correlation matrix.
The SDE estimator is due to Shurygin (1983). SDE avoids scale depen-
dence of the units of measurement of the variables.

e The convex sum covariance estimator (CSE):
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Based on the quadratic loss function used by Press (1975), Chen (1976)
proposed a convex sum covariance matriz estimator (CSE) given by

A n -

P 1 - D 15
n4+m w n+m) W (15)

YosE =

where Dy = (%trﬁW)Ip. For p > 2, m is chosen to be

0<m< W, (16)

where
— M 17
g tr(X%) ()

This estimator improves upon Sw by shrinking all the estimated eigenval-
ues of ﬁ‘w toward their common mean. Note that there are other smoothed
covariance estimators. For space considerations, we will not discuss them in
this paper. For more on these, see Bozdogan (2006).

4 Choice of Kernel Functions

One of the important advantages of kernel methods, including KDA| is that
the optimal model parameters are given by the solution of a convex optimiza-
tion problem with a single, global optimum. However, optimal generalization
still depends on the selection of a suitable kernel function and the values of
regularization and kernel parameters. See, e.g., Cawley and Talbot (2003, p.
2).

There are many kernel functions to choose from. The most common kernel
functions are Gaussian RBF (c € R), polynomial (d € N,c € R), sigmodial
(a,b € R), PE kernel (r € R, 3 € R.), Cauchy kernel (c € R.), and inverse
multi-quadric (¢ € R4) kernel functions are among the most common ones.

The main idea is that kernel functions enables us to work in the feature
space without having to map the data into it.

|Name of Kernel |K(Xi,xj) = |
Gaussian RBF exp[*w}
Polynomial ((z5.25) + C)d
Power Ezponential (PE) exp[f(w)ﬁ]
Hyperbolic tangent or Sigmoidal|tanh[a(x; - x;) + b]
Cauchy ”x,l_x nE:

14 oA
Inverse multi-quadric —_—

[1x:—x;[|>+c?
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There are many other kernel functions, such as spline functions that are
used for support vector machines. In addition, many kernels have been devel-
oped for specific applications. However, in general it is very difficult to decide
which kernel function is best suited for a particular application. This is an
open problem among others.

5 Information Complexity

The choice of the best mapping function is not so simple and automatic.
Presently a valid method for selecting the appropriate kernel function does
not exist in the literature. Here, we propose to use the information complexity
criterion of Bozdogan (1988, 1990, 1994, 2000, 2004) as our model selection
index as well as our criterion for feature variable selection.

Since in the kernel methods make use of orthogonal and highly sparse
matrices, in this paper we propose the modified entropic complexity of a
covariance matrix.

Under a multivariate normal model, the maximal information-based com-
plexity of a covariance matrix Y is defined by

Ci(5) = Sn(=5 ()

) -
)‘J
:f—lnli[ X—

)

by

Sin (18)

yl‘@»l

% In(
g

—_— 8 N
where A\, = 1/s > A\; = tr(Y)/s is the arithmetic mean of the eigenvalues

1/s
~ . 11/s _ s
(or singular values) of X' and ‘2‘ =\, = <H1 )\j) is the geometric

mean of the eigenvalues of X, and s = rank(%).

e Note that C;(3) = 0 only when all \; = Xa.

e C1() is scale invariant with Cy(cX) = C1(£), ¢ > 0. See, Bozdogan
(1990).

Under the orthogonal transformation 7', the maximal complexity in (18)
can be written as
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where O (-) denotes the order of the argument and the Taylor series expansion
of ln(sA;) used in (19) is about the neighborhood of the point

M=oz =) = (20)

S w | =

At the point of eigenvalue equality Cy(:) =
See, Morgera (1985, p.610).

We note that (19) is only one possible measure of covariance complexity.
Any convex function ¢(-), like — In(-), whose second derivative exists and is
positive, may be used as a complexity measure, i.e.,

i) = e 3 160y) — 6(>)] 1)

i=1 ¢

with C{ () > 0 otherwise.

leads to an entire family of complexity measures, where ¢ is a constant.
With this in mind, van Emden (1971, p. 63, eq. 311) suggested a second
measure of complexity of a covariance matrix based on the Frobenius norm

given by
e (5
cr(®) =~ |2 - (—) (22)
s s
where HEH — tr(5'5), the square of the Frobenius norm of X. In terms of

the eigenvalues (or singular values), Cp (%) reduces to

. 1S —
C = - =X )2
P2 =13 0 -1, (23)
j=1
Note that C'r(-) > 0 with Cr(-) = 0 only when all \; = . Hence Cr(-) mea-
sures the absolute variation in the eigenvalues and it is translation invariant.
That iS, CF(E + I{/I)) = CF(E) R
Since we can approximate C’l(Z) as
=N
X

o

dkl'—‘

,=1
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in terms of the eigenvalues (or singular values) A;, 7 = 1,2,...,s, we can

relate C1(X) to the Frobenius norm characterization of complexity Cr(X) of
3} (Bozdogan, 1988) by introducing Cyr(2)) given by

2 N\ 2
i< 82) (25)

We note that C1p(:) is a second order equivalent measure of complexity
to the original C;(-) measure. Also, we note that Cp(-) is scale-invariant and
Cir(-) > 0 with C1#(-) = 0 only when all A\; = X.Also, Cp(-) measures the
relative variation in the eigenvalues.

When it is assumed that the covariances are common between the classes
or groups, we define ICOMP in KDA given by

ICOMP(L£w) = nplog2m + nlog | Sy | + np + 201 0 (EZw) (26)

= nplog 2w + nlog|%5ﬁ;\ +np+2 {é Z()\j —Xa)‘z}
' a J=1

In our numerical results, however, it suffices just to use and score Cy p(ﬁ‘w)
by itself to choose the optimal kernel function in KDA in the next section.
In the literature cross-validation based criteria have been used. These type
of criteria due to the high dimensionality of the feature space are too time-
consuming. Our approach shortens the model selection time.

6 A Numerical Example

In this section we illustrate our results using the binary classifier trained by
the KDA on Ripley’s (1994) two dimensional toy data of ns-, = 250 training
observations. Then, the classifier that is found is evaluated on the testing data
of Ripley which has nses; = 1000 observations using support vector classifier
(svinclass) to classify the input vector x. We obtain both the training and
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test error. Our results are based on the modified version of the STPRTool
Matlab Modules of Franc and Hlava¢ (2004). In our computation, we use
svds function in Matlab to find the singular values of the large sparse within-
group covariance matrix Dw. We experimented with our results by retaining
k = 4, and 15 largest singular values of Sw and scored the information-
theoretic complexity C F(ﬁ'w) for each of the alternative kernel functions.
The results from this experiment are summarized in Table 1 below. We report
the results for £ = 4 largest singular values only. The results up to the 15
largest singular values of Sy are the same in terms of the ordering of the
complexity Clp(ﬁw).

|Kerne1 Function|Training Error|Test Error ClF(Zw)l
Linear 17.20% 14.20% 5.0276
RBF 13.60% 9.60% 4.5207
Polynomial [2 1]| _ 15.60% 9.20% | 4.6401
Sigmoid [2 1] 12.00% 9.00% 4.0747*

Table 1. Results KDA using different kernels functions and SVM Classifier.

Note that the regularization parameter p was set to a small value 0.001,
and the regularization constant C' was set to 10. Looking at the above table
we see that sigmoid kernel function seems to be a better choice based on the
minimum value of the complexity measure C} F(ﬁ‘w) for this data set with
better training and test error percentages. The visualization of the classifiers
as SVM classifiers are shown in Figures 1, and 2.

7 Conclusion and Future Work

In this sort paper, we introduced the information-theoretic complexity Cy F(ﬁw)
as a new method for model selection in choosing the optimal kernel function
in kernel discriminant analysis (KDA). We showed our results on a toy bench-
mark data set of Ripley to evaluate the performance of the optimal classifier
based on the choice of the kernel function. Our method shortens the model
selection time over the more time-consuming cross-validation method.

The future work in this direction will involve several important problems
in automating the choice of the regularization constant C, the regularization
parameter u and to study their effect on the classifier across different bench-
mark data sets and show the generalization ability of this new method. Our
results, will be applied to real micro data mining data sets and the results
will be reported elsewhere.



Bozdogan et al.

1.2+ \
|
i
1F \ e
| @,
! /
! |
os}l | !
! 1
/ ]
L /
0.6 P '1
e
0.4 ( I
) AN !
&) !
L e
0.2 \ L) ) I’
\ '
ot \ /
\ ©) ® //
\\ ® /
-0.2 |
-1.5 -1 -0.5 (o] 0.5 1

Fig. 2. Pattern of Ripley Test Data in the Feature Space.
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