
S P R I N G E R  B R I E F S  I N 
A P P L I E D  S C I E N C E S  A N D  T E C H N O LO G Y

Wouter Zijl
Florimond De Smedt
Mustafa El-Rawy
Okke Batelaan

The Double 
Constraint Inversion 
Methodology
 Equations and 
Applications in Forward 
and Inverse Modeling
of Groundwater Flow 



SpringerBriefs in Applied Sciences
and Technology

Series editor

Janusz Kacprzyk, Polish Academy of Sciences, Systems Research Institute,
Warsaw, Poland



SpringerBriefs present concise summaries of cutting-edge research and practical
applications across a wide spectrum of fields. Featuring compact volumes of 50–
125 pages, the series covers a range of content from professional to academic.

Typical publications can be:

• A timely report of state-of-the art methods
• An introduction to or a manual for the application of mathematical or computer

techniques
• A bridge between new research results, as published in journal articles
• A snapshot of a hot or emerging topic
• An in-depth case study
• A presentation of core concepts that students must understand in order to make

independent contributions

SpringerBriefs are characterized by fast, global electronic dissemination,
standard publishing contracts, standardized manuscript preparation and formatting
guidelines, and expedited production schedules.

On the one hand, SpringerBriefs in Applied Sciences and Technology are
devoted to the publication of fundamentals and applications within the different
classical engineering disciplines as well as in interdisciplinary fields that recently
emerged between these areas. On the other hand, as the boundary separating
fundamental research and applied technology is more and more dissolving, this
series is particularly open to trans-disciplinary topics between fundamental science
and engineering.

Indexed by EI-Compendex and Springerlink.

More information about this series at http://www.springer.com/series/8884

http://www.springer.com/series/8884


Wouter Zijl • Florimond De Smedt
Mustafa El-Rawy • Okke Batelaan

The Double Constraint
Inversion Methodology
Equations and Applications in Forward
and Inverse Modeling of Groundwater Flow

123



Wouter Zijl
Hydrology and Hydraulic Engineering
Vrije Universiteit Brussel
Brussels
Belgium

Florimond De Smedt
Hydrology and Hydraulic Engineering
Vrije Universiteit Brussel
Brussels
Belgium

Mustafa El-Rawy
Department of Civil Engineering
Minia University
Minia
Egypt

Okke Batelaan
National Centre for Groundwater Research
and Training

College of Science and Engineering,
Flinders University

Adelaide, SA
Australia

ISSN 2191-530X ISSN 2191-5318 (electronic)
SpringerBriefs in Applied Sciences and Technology
ISBN 978-3-319-71341-0 ISBN 978-3-319-71342-7 (eBook)
https://doi.org/10.1007/978-3-319-71342-7

Library of Congress Control Number: 2017962067

© The Author(s) 2018
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made. The publisher remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Printed on acid-free paper

This Springer imprint is published by Springer Nature
The registered company is Springer International Publishing AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland



Preface

Progress is the battle with the experts.

Peter Schlumbohm

Why another book with mathematical equations? I have already a book with these
embellishments.

Anonymous geologist

This realization that the key to the understanding of Nature lay within an unassailable
mathematics was perhaps the first major breakthrough in science.

Sir Roger Penrose

This work deals with the mathematical and applied aspects of the double constraint
methodology to estimate the parameters that play a role in groundwater flow and is
intended to serve students and practitioners by bridging the gap between basic
hydrogeology and inverse groundwater modeling. Groundwater is world’s largest
freshwater source, but sound and sustainable exploitation remains a challenge. For
the development and management of groundwater resources, a proper knowledge
of the physical and mathematical laws and their parameters governing the state and
movement of groundwater is essential. In the last decades, substantial progress has
been made in inverse groundwater modeling, so that not only forward modeling,
but also inverse modeling has become an essential tool for groundwater resources
management. However, a good knowledge of basic mathematical principles of
groundwater flow is essential to understand numerical models. Often such
knowledge is lacking in traditional academic programs like civil engineering or
geology. Hence, this work attempts to synthesize the mathematics of groundwater
flow to give insight in the physics of the relevant parameters that characterize the
porous formations through which groundwater flows. In this respect, this work
provides in-depth information for geophysicists, hydrogeologists, and engineers
pursuing Bachelor, Masters, and Ph.D. degrees, as well as for groundwater prac-
titioners and consultants who intend to become skillful and competent modelers.
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In addition, petroleum reservoir engineers and basin modelers will find ample
inspiration to support their exploration and production-related modeling activities.

The inspiration for this work came from two sources. In the 2000s, the idea to
apply the double constraint methodology to assist in the application of conventional
data assimilation techniques was born in the oil and gas department of Netherlands
Organisation for Applied Scientific Research TNO. Conventional data assimilation
techniques are smoothing the subsurface permeability field in the flow models in
such a way that geologists do no longer recognize their carefully constructed
geological models. To mitigate the over-smoothing without destroying the models’
match with measured pressures and flow rates, the double constraint methodology
was one of the proposed methods. In the 1980s and 1990s, there was a unique
experiment at TNO: managing director Prof. Frans Walter and his successor
Dr. Hessel Speelman were encouraging petroleum engineers and scientists of the oil
and gas department as wells as hydrogeologists and geoscientists of the ground-
water department to join forces in research and development, preferably in coop-
eration with universities. Subjects of common interest were modeling and
uncertainty analysis. Among the many initiatives, research related to inverse
modeling was initiated in close cooperation with the Department of Hydrology and
Hydraulic Engineering of the Vrije Universiteit Brussel (VUB). Although TNO
discontinued this experiment by end of the 1990s (from a commercial point of view,
the petroleum market differs too much from the water market), the VUB team—
Ph.D. students and supervisors—continued this research by developing mathe-
matical proofs and models and performing case studies.

The reason why the double constraint methodology was initiated and continued
at the VUB was that this methodology fits well as a research topic in its Water
Resources Engineering Program for M.Sc. and Ph.D. students. This program, in
which the Katholieke Universiteit Leuven (KU Leuven) has complementary tasks,
is devoted to teaching and supervising water-related topics and is basically intended
for international students, mostly from developing countries. The program has been
running for a couple of decades and has close to a thousand graduates, working as
researchers, consultants, academics, and practitioners all over the world. All stu-
dents follow among others a course in groundwater hydrology, while electives as
groundwater modeling have as ultimate goal to be proficient in modeling.

The students come from different backgrounds with diverse academic degrees in
engineering, geological sciences, or environmental sciences. Engineers may have a
profound knowledge of the mathematical–physical laws of conservation and
movement, but often lack insight in specific properties and settings of
groundwater-bearing formations and how these affect the equations describing
groundwater flow. For earth scientists, it is usually the opposite as they have a good
knowledge about geological conditions and processes, but often lack insight in the
mathematical–physical aspects of describing flow and transport.

This above typical example of training students shows that better links are
needed between basic geology/groundwater hydrology and groundwater modeling.
The double constraint methodology, which is firmly based on the mathematical–
physical laws of conservation and movement, as is amply explained and
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exemplified in this work, provides a link between “geologists” and “modelers.” We
therefore believe that this work contributes to a better understanding of groundwater
flow theory, thus providing a greater and more realistic insight into what ground-
water models can do and how they should be applied in practice.

Finally, we want to express our thanks to Dr. Anna Trykozko from the
Interdisciplinary Centre for Mathematical and Computational Modelling,
University of Warsaw, Poland. She played an important role in the initial phase
of the development of the double constraint methodology, especially regarding
stability and the question how to avoid negative conductivities. In addition, she has
considerably improved this book, not only regarding text on stability and negative
conductivities, but also regarding text on numerical over-estimation and the related
difference between calibration and imaging.

Brussels, Belgium Wouter Zijl
Brussels, Belgium Florimond De Smedt
Minia, Egypt Mustafa El-Rawy
Adelaide, Australia Okke Batelaan
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Chapter 1
Introduction: Setting the Scene

Groundwater flow models are necessary tools to understand a groundwater system,
to make predictions about the system’s response to a stress, or to design and support
management interventions and decisions. In groundwater flow modeling, we gen-
erally distinguish two types of problems:

(i) The forward problem, in which the parameters (e.g., hydraulic conductivities)
are specified, as well as the appropriate boundary and initial conditions.

(ii) The inverse problem, in which not all parameters are specified. Instead,
additional boundary conditions, more than required for a forward problem, are
imposed.

Inverse problems are common to many fields of sciences, such as geophysical
and medical imaging, meteorological forecasting, petroleum reservoir engineering,
and hydrology. Each time when we need to determine unknown properties of a
system from the observations of a response of that system, inverse models come
into play. Usually, the unknown properties are physical parameters characterizing
the model and their values are determined by systematically adjusting them while
checking the match between the model outputs and the observed parameters.

Groundwater flow models are based on the following two mathematical basic
equations:

(i) The water balance equation: a partial differential equation describing the
physical law of mass conservation—mass cannot be created or destroyed in
the groundwater flow field.

(ii) The momentum balance equation: a partial differential equation describing the
physical law of conservation of momentum. In most practical cases, the low
Reynolds number of groundwater flow allows simplification of the law of
conservation of momentum to Darcy’s law: Flow rate is equal to hydraulic
conductivity times head gradient.
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