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Mathematical Problems from Applied Logic I
New Logics for the XXIst Century

Two volumes of the International Mathematical Series present the most
important thematic topics of logic confronting us in this century, includ-
ing problems arising from successful applications areas such as Computer
Science, AI language, etc. etc.

Invited authors — world-known specialists in the field of logic — were
asked to write a chapter (in the form of a survey, a specific problem, or
a point of view) basically outlining

WHAT IS ON MY MIND AS MOST

STRIKING/IMPORTANT/PRESSING

NEED TO BE DONE?



Main Topics

• Nonstandard inferences in description logics; an overview of the
modern state, open problems, and perspectives for future research

• Logic of provability and a list of open problems in informal concepts
of proof, intuitionistic arithmetic, bounded arithmetic, bimodal and
polymodal logics, Magari algebras and Lindenbaum Heyting alge-
bras, interpretability logic and its kin, graded provability algebras

• Logical dynamics: a survey of conceptual issues and open mathe-
matical problems emanating from the recent development of various
“dynamic-epistemic logics” for information update and belief revi-
sion. These systems put many-agent activities at the center stage of
logic, such as speech acts, communication, and general interaction

• The continuing relevance of Turing’s approach to real-world com-
putability and incomputability, and the mathematical modeling of
emergent phenomena. Related open questions of a research interest
in computability theory.

• Door to open: Mathematical logic and cognitive science

• Door to open: Semantics of medieval Arab linguists

• What logics do we need? What are logical systems and what should
they be? What is a proof? What foundations do we need?

• Applied logic: characterization and relation with other trends in
logic, computer science, and mathematics
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Ralf Küsters

Institut für Informatik
und Praktische Mathematik
Christian-Albrechts-Universität zu Kiel
Olshausenstraße 40
24098 Kiel
Germany

kuesters@ti.informatik.uni-kiel.de
www.ti.informatik.uni-kiel.de/˜kuesters

• Author of the book ◦ Non-Standard Inferences in Description Log-
ics, Lecture Notes in Computer Science, 2100, Springer, 2001

Scientific interests: Cryptography and computer security (analysis of
cryptographic protocols), Logics in computer science and artificial intel-
ligence (description logics)



Authors xxi

Lawrence S Moss

Department of Mathematics
Indiana University
831 East Third Street
Bloomington, IN 47405-7106
USA

lmoss@indiana.edu
math.indiana.edu/home/moss

• Director of the Indiana University Program in Pure and Applied
Logic (www.indiana.edu/˜iulg)

• Editor of ◦ Journal of Logic, Language, and Information ◦ The
Notre Dame Journal of Formal Logic ◦ Research on Language and
Computation ◦ The Annals of Mathematics, Computing and Tele-
informatics ◦ Logical Methods in Computer Science ◦ Logic and
Logical Philosophy

Scientific interests: Applied logic; the study of mathematical and con-
ceptual tools for use in computer science, lignuistics, artificial intelligence

Albert Visser

Department of Philosophy
Universiteit Utrecht
Heidelberglaan 8
3584 CS Utrecht
The Netherlands

albert.visser@phil.uu.nl
www.phil.uu.nl/˜albert/
• Executive Committee Member of Association for Symbolic Logic
• Member of Committee on Prizes and Awards of Association for

Symbolic Logic
• Director of the Educational Institute on AI CKI, Utrecht University

and Scientific director of the Research School on Logic OzsL
• Editor of ◦ Journal of Philosophical Logic ◦ The Notre Dame Jour-

nal of Formal Logic
Scientific interests: Provability logics, modal logics, arithmetical theo-
ries, dynamic semantics, philosophy of language



Content

Franz Baader and Ralf Küsters
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Their computational properties (such as decidability and complex-
ity) have been investigated in detail, and modern DL systems are
equipped with highly optimized implementations of these inference
procedures, which—in spite of their high worst-case complexity—
perform quite well in practice.

In applications of DL systems it has turned out that building
and maintaining large DL knowledge bases can be further facil-
itated by procedures for other, nonstandard inference problem,
such as computing the least common subsumer and the most spe-
cific concept, and rewriting and matching of concepts. While the
research concerning these nonstandard inferences is not as mature
as the one for the standard inferences, it has now reached a point
where it makes sense to motivate these inferences within a uniform
application framework, give an overview of the results obtained so
far, describe the remaining open problems, and give perspectives
for future research in this direction.

1. Introduction

Description logics (DLs) [12] are a family of knowledge represen-
tation languages which can be used to represent the terminological
knowledge of an application domain in a structured and formally
well-understood way. The name description logics is motivated by
the fact that, on the one hand, the important notions of the do-
main are described by concept descriptions, i.e., expressions that
are built from atomic concepts (unary predicates) and atomic roles
(binary predicates) using the concept and role constructors pro-
vided by the particular DL. For example, the concept of “a man
that is married to a doctor, and has only happy children” can be
expressed using the concept description

Man � ∃married.Doctor � ∀child.Happy.

On the other hand, DLs differ from their predecessors, such as
semantic networks and frames [84, 79], in that they are equipped



Nonstandard Inferences in Description Logics 3

with a formal, logic-based semantics, which can, for example, be
given by a translation into first-order predicate logic. For example,
the above concept description can be translated into the following
first-order formula (with one free variable x):

Man(x) ∧ ∃y.(married(x, y) ∧ Doctor(y))

∧ ∀y.(child(x, y) → Happy(y)).

In addition to the formalism for describing concepts, DLs usually
also provide their users with means for describing individuals by
stating to which concepts they belong and in which role relation-
ships they participate. For example, the assertions

Man(JOHN), child(JOHN, MARY), Happy(MARY)

state that the individual John has a child Mary, who is happy.
Knowledge representation systems based on description log-

ics (DL systems or DL reasoners) [95, 81] provide their users
with various inference capabilities that deduce implicit knowledge
from the explicitly represented knowledge. Standard inference ser-
vices are subsumption and instance checking. Subsumption allows
the user to determine subconcept-superconcept relationships, and
hence, compute a subconcept-superconcept hierarchy: C is sub-
sumed by D if and only if all instances of C are also instances
of D, i.e., the first description is always interpreted as a subset
of the second description. Instance checking asks whether a given
individual necessarily belongs to a given concept, i.e., whether this
instance relationship logically follows from the descriptions of the
concept and of the individual.

In order to ensure a reasonable and predictable behavior of
a DL reasoner, these inference problems should at least be de-
cidable for the DL employed by the reasoner, and preferably of
low complexity. Consequently, the expressive power of the DL in
question must be restricted in an appropriate way. If the imposed
restrictions are too severe, however, then the important notions
of the application domain can no longer be expressed. Inves-
tigating this trade-off between the expressivity of DLs and the
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complexity of their inference problems has been one of the most
important issues of DL research in the 1990s. As a consequence
of this research, the complexity of reasoning in various DLs of
different expressive power is now well-investigated (see [49] for an
overview of these complexity results). In addition, there are highly
optimized implementations of reasoners for very expressive DLs
[61, 54, 62], which—despite their high worst-case complexity—
behave very well in practice [60, 53].

DLs have been applied in many domains, such as medical in-
formatics, software engineering, configuration of technical systems,
natural language processing, databases, and web-based informa-
tion systems (see Part III of [12] for details on these and other
applications). A recent success story is the use of DLs as ontology
languages [15, 16] for the Semantic Web [33]. In particular, the
W3C recommended ontology web language OWL [64] is based on
an expressive description logic [67, 66].

Editors—such as OilEd [32] and the OWL plug-in of Protègè
[69]—supporting the design of ontologies in various application
domains usually allow their users to access a DL reasoner, which
realizes the aforementioned standard inferences such as subsump-
tion and instance checking. Reasoning is not only useful when
working with “finished” ontologies, it can also support the ontol-
ogy engineer while building an ontology, by pointing out inconsis-
tencies and unwanted consequences. The ontology engineer can
thus use reasoning to check whether the definition of a concept or
the description of an individual makes sense.

However, these standard DL inferences—subsumption and in-
stance checking—provide only little support for actually coming
up with a first version of the definition of a concept. The non-
standard inferences considered in this paper were introduced to
overcome this deficit, by allowing the user to construct new knowl-
edge from the existing one. Our own motivation for investigat-
ing these novel inferences comes from an application in chemical
process engineering where a knowledge base has been built by
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different knowledge engineers over a rather long period of time
[87, 71, 80, 44, 35, 77, 94].

The goal of this paper is

(i) to motivate nonstandard inferences by means of a simple ap-
plication scenario,

(ii) to provide an overview of the results that have been obtained
for nonstandard inferences so far, and

(iii) to explain the main techniques employed for solving these
novel inference problems.

In order to be able to describe the latter in detail, the ex-
position of the techniques is mainly restricted to the DL ALE .
However, we also provide references to results for other DLs.

Structure of the paper

In Section 2, we introduce typical DL constructors and the most
important standard inference problems. In addition, we give a
brief review of the different approaches for solving these inference
problems, and of their complexity in different DLs. In Section 3,
we first motivate the need for nonstandard inferences in a typical
application scenario, and then formally define the most important
nonstandard inferences in description logics. Then, we briefly in-
troduces the techniques used to solve these problems. Since these
techniques depend on a syntactic characterization of the subsump-
tion problem, Section 3 is followed by a section that describes such
a characterization for the DL ALE , which we use as a prototypical
example (Section 4). The next four sections consider the four most
important nonstandard inference problems: computing the least
common subsumer and the most specific concept, rewriting, and
matching. Related nonstandard inferences are briefly discussed in
the respective sections as well. We explain the results on these
four nonstandard inferences in ALE in detail, whereas results for
other DLs are reviewed only briefly. Finally, Section 9 summarizes
the results on nonstandard inferences obtained so far, and gives
perspectives for further research.
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2. Description Logics and
Standard Inferences

In order to define concepts in a DL knowledge base, one starts with
a set NC of concept names (unary predicates) and a set NR of role
names (binary predicates), and defines more complex concept de-
scriptions using the concept constructors provided by the concept
description language of the particular system. In this paper, we
consider the DL ALCN and some of its sublanguages. Concept
descriptions of ALCN are built using the constructors shown in
the first part of Table 1. In this table, r stands for a role name,
n for a nonnegative integer, A for a concept name, and C, D for
arbitrary concept descriptions.

A concept definition A ≡ C (as shown in the second part
of Table 1) assigns a concept name A to a complex description
C. A finite set of such definitions is called a TBox if and only
if it is unambiguous, i.e., each name has at most one definition.
The concept names occurring on the left-hand side of a concept
definition are called defined concepts, and the others primitive. In
many cases, one restricts the attention to acyclic TBoxes, where
the definition of a defined concept A cannot (directly or indirectly)
refer to A itself.

A (concept or role) assertion is of the form shown in the last
part of Table 1. Here, a, b belong to an additional set NI of indi-
vidual names. A finite set of such assertions is called an ABox.

The sublanguages of ALCN that will be considered in this
paper are shown in Table 2. The first column explains the naming
scheme for the members of the AL-family.

The semantics of concept descriptions is defined in terms of
an interpretation I = (∆I , ·I). The domain ∆I of I is a non-
empty set and the interpretation function ·I maps each concept
name A ∈ NC to a set AI ⊆ ∆I , each role name r ∈ NR to a
binary relation rI ⊆ ∆I ×∆I , and each individual name a ∈ NI

to an element aI ∈ ∆I . The extension of ·I to arbitrary concept
descriptions is inductively defined, as shown in the third column
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Name Syntax Semantics
top-concept 
 ∆I

bottom-concept ⊥ ∅
negation ¬C ∆I \ CI

atomic negation ¬A ∆I \ AI

conjunction C � D CI ∩ DI

disjunction C � D CI ∪ DI

value restriction ∀r.C {x ∈ ∆I | ∀y : (x, y) ∈ rI → y ∈ CI}
existential restriction ∃r.C {x ∈ ∆I | ∃y : (x, y) ∈ rI ∧ y ∈ CI}
at-least restriction �n r {x ∈ ∆I | �{y | (x, y) ∈ rI} � n}
at-most restriction �n r {x ∈ ∆I | �{y | (x, y) ∈ rI} � n}
concept definition A ≡ C AI = CI

concept assertion C(a) aI ∈ CI

role assertion r(a, b)) (aI , bI) ∈ rI

Table 1. Syntax and semantics of concept descrip-
tions, definitions, and assertions

of Table 1. In the rows treating at-least and at-most number
restrictions, �M denotes the cardinality of a set M .

The interpretation I is a model of the TBox T if it satisfies all
its concept definitions, i.e., AI = CI for all A ≡ C in T , and it is
a model of the ABox A if it satisfies all its assertions, i.e., aI ∈ CI

for all concept assertions C(a) in A and (aI , bI) ∈ rI for all role
assertions r(a, b) in A.

Based on this semantics, we can now formally introduce the
standard inference problems in description logics.

Definition 2.1. Let A be an ABox, T a TBox, C, D concept
descriptions, and a an individual name.

• C is satisfiable w.r.t. T if there is a model I of T such that
CI �= ∅.

• D subsumes C w.r.t. T (C �T D) if CI ⊆ DI for all models
I of T .


