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Preface

Matrix-valued data sets – so-called tensor fields – have gained significant im-
portance in the fields of scientific visualization and image processing. The
tensor concept is a common physical description of anisotropic behaviour,
especially in solid mechanics and civil engineering. It arises e.g. in the mea-
surements of stress and strain, inertia, permeability and diffusion. In the field
of medical imaging, diffusion tensor magnetic resonance imaging (DT-MRI)
has become widespread in order to gain valuable insights into connectivity
properties of the brain. Tensors have also shown their use as feature descrip-
tors in image analysis, segmentation and grouping.

These recent developments have created the need for appropriate tools
for visualizing and processing tensor fields. Due to the multivariate struc-
ture of the data and their multidimensional variation in space, tensor field
visualization belongs to the most challenging topics in the area of scientific
visualization. Moreover, most signal and image processing methods have been
developed for scalar- and vector-valued data sets, and only recently researchers
have tried to investigate how they can be extended to tensor fields. In this case
one has to take into account a number of additional constraints such as an
appropriate coupling of the different channels, and preservation of properties
such as positive semidefiniteness during the filtering process.

Unfortunately the results in the field of tensor-valued visualization and
image processing are scattered in the literature, and often researchers in one
application area are not aware of recent progress in another area. In order to
address this problem, the editors of this book organized a perspective work-
shop that took place at Schloss Dagstuhl, Germany from April 18 to 23, 2004.
In that week 30 invited scientists, representing many of the world-wide lead-
ing experts in tensor field visualization and processing, had the opportunity
to exchange ideas in a highly inspiring atmosphere. Since many of them met
for the first time, this exchange proved to be particularly fruitful.

One of these fruits was the wish of all participants to compile their knowl-
edge in a single edited volume. The present book – which is the first of its
kind in this field – is the result of these efforts. Its goal is to present the
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state-of-the-art in the visualization and processing of tensor fields, both as an
overview for the inquiring scientist, and as a basic foundation for developers
and practitioners. The book contains some longer chapters dedicated to sur-
veys and tutorials of specific topics, as well as a great deal of original work
not previously published. In all cases the emphasis has been on presenting
the details necessary for others to reproduce the techniques and algorithms.
Another goal of this book is to provide the basic material for teaching state-of-
the-art techniques in tensor field visualization and processing. It can therefore
also serve as a textbook for specialized classes and seminars for graduate and
doctoral students. An extended bibliography is included at the end of each
chapter pointing out where to obtain further information.

Organization of the Book

This volume consists of 25 chapters. Each of them has been reviewed by two
experts and carefully revised according to their suggestions. The chapters are
arranged in five thematic areas. Color plates can be found in the Appendix.

The book starts with an introductory chapter by Hagen and Garth. It gives
the mathematical background from linear algebra and differential geometry
that is necessary for understanding the concept of tensor fields.

Part I of the book is devoted to feature detection using tensors. Here
one typically starts with scalar- or vector-valued images and creates tensor-
valued features that are suitable for corner detection, texture analysis or optic
flow estimation. Structure tensors are the most prominent representatives of
these concepts. Chapter 2 by Brox et al. is a survey chapter on adaptive
structure tensors, while Chap. 3 by Nagel analyzes closed form solutions for a
structure tensor concept in image sequence analysis. An alternative framework
for tensor-valued feature detection is presented in Chap. 4 by Köthe who¨
shows that the so-called boundary tensor may overcome some problems of
more traditional approaches.

Part II deals with the currently most important technique for creating
tensor-valued images, namely Diffusion Tensor Magnetic Resonance Imaging
(DT-MRI), often simply called Diffusion Tensor Imaging (DTI). This tech-
nique measures the diffusion properties of water molecules and has gained
significant popularity in medical imaging of the brain. Chapter 5 by Alexan-
der gives a general overview of the principles of biomedical diffusion MRI and
algorithms for reconstructing the diffusion tensor fields, while the subsequent
chapter by Hahn et al. describes the empirical origin of noise and analyzes its
influence on the DT-MRI variables. After having understood the formation of
DT-MR images their adequate visualization remains a challenging task. This is
the topic of the survey chapter by Vilanova et al. that also sketches the clinical
impact of DT-MR imaging. A more specific medical application is treated in
Chap. 8 by Gee et al. who study anatomical labeling of cerebral white matter
in DT-MR images. For conventional DT-MR imaging, the identification and
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analysis of fibre crossings constitutes a severe difficulty. In Chap. 9, Pasternak
et al. introduce a variational image processing framework for resolving these
ambiguities. An alternative strategy is investigated in Chap. 10 by Özarslan et
al. They reconstruct higher-order tensors from the MR measurements. These
allow to encode a richer orientational heterogeneity.

In the third part, general visualization strategies for tensor fields are ex-
plored. This part starts with a review chapter by Benger and Hege who also
consider applications in relativity theory. Kindlmann’s chapter is concerned
with visualizing discontinuities in tensor fields by computing the gradients of
invariants. The subsequent Chaps. 13–16 investigate different strategies for
understanding the complex nature of tensor fields by extracting suitable dif-
ferential geometric information. While Chap. 13 by Tricoche et al. deals with
the topology and simplification of static and time-variant 2-D tensor fields,
Chap. 14 by Zheng et al. is concerned with a novel and numerically stable
analysis of degerated tensors in 3-D fields. In Chap. 15, Wischgoll and Meyer
investigate the detection of alternative topological features, namely closed hy-
perstreamlines. The third part is concluded with a chapter by Hotz et al. who
introduce specific visualization concepts for stress and strain tensor fields by
interpreting them as distortions of a flat metric.

Part IV of the book is concerned with transformations of tensor fields,
in particular interpolation and registration strategies. In Chap. 17, Moakher
and Batchelor perform a differential geometric analysis of the space of pos-
itive definite tensors in order to derive appropriate interpolation methods.
The next chapter by Pajevic et al. deals with non-uniform rational B-splines
(NURBS) as a flexible interpolation tool, while in Chap. 19 Weickert and
Welk introduce a rotationally invariant framework for tensor field approxima-
tion, interpolation and inpainting. It is based on partial differential equations
(PDEs). Finally, Chap. 20 by Gee and Alexander treats the problem of diffu-
sion tensor registration. Compared to scalar-valued registration approaches,
incorporating the orientation information provides additional challenges.

The fifth part is a collection of contributions on signal and image process-
ing methods that are specifically developed to deal with tensor fields. Chapter
21 by Welk et al. as well as Chap. 22 by Burgeth et al. show that seemingly
simple ideas like median filtering and morphological image processing can
create substantial difficulties when one wants to generalize them to tensor
fields. Since tensor lack a full ordering, many straightforward concepts can-
not be applied and alternative generalizations become necessary. In Chap. 23,
Suarez-Santana et al. review adaptive local filters for tensor field regulariza-´
tion and interpolation that are steered by a structure tensor, while Chap. 24
by Westin et al. is concerned with two other regularization techniques for ten-
sor fields: normalized convolution and Markov random fields. These ideas a
complemented by Chap. 25 where Weickert et al. survey the most important
PDE approaches for discontinuity-preserving smoothing and segmentation of
tensor fields.
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An Introduction to Tensors

Hans Hagen and Christoph Garth

Computer Graphics and Visualization Group, Technical University of
Kaiserslautern, PO Box 3049, 67653 Kaiserslautern, Germany
{hagen,garth}@informatik.uni-kl.de

Summary. This chapter is a short introduction into tensor fields, some basic tech-
niques from linear algebra, differential geometry and the mathematical concept of
tensor fields are presented. The main goal of this chapter is to give readers from dif-
ferent backgrounds some fundamentals to access the research papers in the following
chapters.

1.1 Some Linear Algebra

Remark: Since we are only able to sketch out some of the basic facts of linear
algebra, the reader is referred to a comprehensive body of literature on the
topic. For example, the book by Fuhrmann [1] provides an introduction in a
modern language.

1.1.1 Bases and Basis Transforms

Let U a vector space over a field IF (e.g. IF = IR or IF = C). A set of elements|

{a1, . . . , an} ⊂ U , n ∈ IN, is called a basis if every u ∈ U admits a unique
non-trivial linear combination of the ai over IF:

u = u1a1 + · · ·+ unan

The coefficients ui give rise to the vector notation of u ∈ U with respect to
this basis as

u =

⎛⎜⎛⎛⎝⎜⎜u1

...
un

⎞⎟⎞⎞⎠⎟⎟ .

We say that U has dimension n, since every basis has exactly n elements and
every u ∈ U can be described by n elements of IF (coordinates).

Let V a vector space over IF with basis (b1, . . . , bm), m ∈ IN. Hence,
dimV = m. A linear map L : U → V is a map satisfying
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L(αu + βu′) = αL(u) + βL(u′) ∀u, u′ ∈ U,∀α, β ∈ IF .

We can observe

L(u) = L

(
n∑

i=1

uiai

)
=

n∑
i=1

uiL(ai) =
n∑

i=1

ui

m∑
j=1

lijbj ,

where lij denotes the j-th coefficient of L(ai) w.r.t. the basis (b1, . . . , bn).
Hence, L can be represented as L = (Lij), i ∈ {1, . . . ,m}, j ∈ {1, . . . , n},
leading to matrix notation

v = L(u) = L · u .

In this form, L and its matrix representation are identified. The dot represents
the matrix-vector product

(L · u)i =
m∑

j=1

lijuj .

The space of all linear maps from U to V is denoted by Hom(U, V ). It can
be shown that, given a basis for each U and V , every L ∈ Hom(U, V ) can be
written in the form of an (m×n)-matrix. The algebraic structure of Hom(U, V )
is reflected by the rules of matrix algebra.

We next consider the effect of a basis change on the vector representation
of u ∈ U . Let (ã1, . . . , ãn) another basis of U , then

ai =
n∑

j=1

pij ãj ∀i ∈ {1, . . . ,m} .

Hence, the representation ũ of u w.r.t. {ã1, . . . , ãn} is given through

u =
n∑

i=1

uiai =:
n∑

i=1

ui

n∑
j=1

pij ãj ,

or equivalently,

ũj =
n∑

i=1

pijui .

In other words, the (pij) represent a linear transform P ∈ Hom(U,U). P is
called a basis transform, and

ũ = P · u .

Since {a1, . . . , an} and {ã1, . . . , ãn} can be exchanged in the above calculation,
the transformation is invertible, and we easily see that



1 An Introduction to Tensors 5

P · P−1 = P−1 · P = I ,

with the identity map I. The linear map L can be transformed to another basis
in a similar fashion as the elements of U (and V ). Let {b̃1, . . . , b̃m} another
basis of V and Q the corresponding basis change matrix, then

L̃ = Q · L · P−1

denotes L w.r.t. the bases {ãi} and {b̃j}. As a special case, if U = V , it is

L̃ = P · L · P−1 .

1.1.2 Dual Spaces

Let U an n-dimensional vector space. A linear map

α : U → IF

is called a linear form on U . The set of all linear forms on U is called the dual
space and noted U∗. As IF is implicitly a vector space, any α ∈ U∗ possesses
a representation as a (1× n)-matrix. For a given basis {a1, . . . , an} of U and
the notation from above, linearity mandates

α(u) =
m∑

i=1

αi (aiui) .

It can be shown that U∗ is again an n-dimensional vector space, and there
exists a dual basis {a1, . . . , an} of U∗ with the property

ai (aj) = δij

where δij is the Kronecker symbol. If U is equipped with a symmetric (her-
mitean in the complex case) and positive inner product < ·, · >, then the Riesz
representation theorem guarantees to every α ∈ U∗ the existence of uα ∈ U
such that

α(u) =< uα , u > for any u ∈ U .

Similarly, for arbitrary u ∈ U , αu :=< u , · > is an element of U∗. Hence, the
two spaces are isomorphic. Furthermore, it is easily seen that V ∗∗ = (V ∗)∗ is
also isomorphic to V . Commonly, elements of the dual space are written as
row vectors.

A linear map A : U → V between vector spaces gives rise to the adjoint
map A∗ : V ∗ → U∗ that is defined via

(A∗α)(u) := α(Au) for all α ∈ U∗, u ∈ U .

A∗ is obviously linear, and in the dual bases of U∗ and V ∗ its matrix repre-
sentation is given as
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(A∗)ij = (Aji)∗ ,

where the star on the right hand side denotes complex conjugation. In other
words, the matrix representation of A∗ is the conjugate transpose of the ma-
trix of A. In the special case U = V , A is called self-adjoint if the matrix
representations of A and A∗ coincide. In tensor calculus, the concept of dual
spaces is found in the occurrence of upper and lower indices, referring to dual
or primal properties of a tensor, respectively. These considerations are detailed
in Sect. 1.3.

1.1.3 Eigenvalues and Eigenvectors

Let U an n-dimensional vector space and L ∈ Hom(U,U) a linear map on U .
A vector u ∈ U is called an eigenvector of L to the eigenvalue λ ∈ IF if

L(u) = λu

holds true. Clearly, any scalar multiple of u is also an eigenvector of L to λ,
and the eigenvectors to λ form a linear subspace of U , the eigenspace Eλ to
U . It can be shown that the eigenvalues of any linear map are the roots of its
characteristic polynomial

χL(λ) := det(L− λI) ,

where I ∈ Hom(U,U) is again the identity map. The characteristic polynomial
is of degree n, which implies that there are at most n eigenvalues of L. If an
eigenvalue λ is known, Eλ can be determined as the set of solutions v to the
equation

(L− λI)(v) = 0 .

In the case IF = IR, the characteristic polynomial has n real roots λ1, . . . , λn

already if the matrix representation of L in some basis is symmetric, i.e. if
lij = lji for i, j ∈ {1, . . . , n}. We then say that L is diagonalizable, because U
can be decomposed into an orthogonal sum of eigenspaces

U = Eλ1 ⊕ · · · ⊕Eλn
,

giving rise to an orthonormal basis {u1, . . . un} of eigenvectors of U . If P is the
corresponding basis transform matrix, then L takes the very simple diagonal
matrix representation

P · L · P−1 = diag(λ1, . . . , λn) .

In this basis, the properties of the map L are most easily comprehended.
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2

X1

Fig. 1.1. The Gauss frame of a surface

1.2 Fundamentals of Differential Geometry

Definition 1. A parametrized Cr-surface is a Cr-differential map X : U →
IE3EE of an open domain U ⊂ IR2 into the Euclidean space IE3EE , whose differential
dX is one-to-one for each u ∈ U .

Remarks. 1. Let X : U → IE3 be a parametrized surface. A change of vari-
ables of X is a diffeomorphism τ : Ũ → U , where Ũ is an open domain
in IR2, such that dτ has always rank 2. If det(τ∗) > 0, τ is orientation-
preserving (τ∗ is the Jacobian matrix of τ). Relationship by change of
variables defines an equivalence relation on the class of all parametrized
surfaces. A corresponding equivalence class of parametrized surfaces is
called a surface in IE3.

2. In this context, the differential dX is a linear map from the tangent space
(introduced below) at a point u into IR. It is one-to-one if and only if
∂X/∂u1 and ∂X/∂u2 are linearly independent at p.

Definition 2. The two-dimensional subspace TuTT X of IE3EE generated by
span(X1, X2) is called the tangent space of X at u (X(( i := ∂X

∂ui ; i = 1, 2).
Elements of TuTT X are called tangent vectors. The vector field N := [X1,X2]

||X1||·||X2||
is called unit normal field ([·, ·] : IE3EE × IE3EE → IE3EE is the vector product of IE3EE ).
The map N from U to the unit sphere S2 is called Gauss map and the moving
frame is called the Gauss frame of the surface in IE3EE .

Remarks. 1. The Gauss frame is in general not an orthogonal frame.
2. Every tangential vector field Y along the surface X : U → IE3 can be

represented in the following form:

Y (s) = λ2(s)X1(u1(s), u2(s)) + λ2(s)X2(u1(s), u2(s))

Definition 3. Let X : U → IE3EE be a surface and u ∈ U . The bilinear form IuII
on TuTT X induced by the inner product of IE3EE by restriction is called the first
fundamental form of the surface.
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Remarks. 1. The matrix representation of the first fundamental form with
respect to the basis {X1, X2} of TuTT X is given by[

g11 g12

g21 g22

]
=

[
〈X1, X1〉 〈X1, X2〉
〈X2, X1〉 〈X2, X2〉

]
.

Here, 〈·, ·〉 : IE3 × IE3 → IR is the scalar product.
2. The first fundamental form is symmetric, positive definite and a geometric

invariant.
3. Geometrically, the first fundamental form allows us to make measure-

ments on the surface (lengths of curves, angles of tangent vectors, areas
of regions) without referring back to the ambient space IE3.

Definition 4. (a) Let X : U → IE3EE be a surface and u ∈ U . The linear map
L : TuTT X → TuTT X defined by

L := −dNuNN · dX−1
u

is called the Weingarten map.
(b) The bilinear form IIuII defined by

IIuII (A,B) := 〈L(A), B〉

for each A,B ∈ TuTT X is called the second fundamental form of the surface.

Remarks. 1. The matrix representation of IIu with respect to the canonical
basis of TuTT IR2 (identified with IE2) and the associated basis {X1, X2} of
TuTT X is given by

hij := 〈−NiNN ,XjX 〉 = 〈N,Xij〉 i, j ∈ {1, 2} .

2. The second fundamental form is invariant under congruences of IE3 and
orientation-preserving changes of variables.

Proposition and Definition 1. Let X : U → IE3 be a surface.

(a) The Weingarten map L is self-adjoint. The eigenvalues k1, k2 are therefore
real and the corresponding eigenvectors are orthogonal.

(b) k1, k2 are called the principal curvatures of the surface.
(c) The quantity

K := k1 · k2 = det(L) =
det II
det I

is called the Gauss curvature and

H :=
1
2

trace(L) =
1
2
(k1 + k2)

is called the mean curvature.
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N

A

Fig. 1.2. A normal section curve on a surface

Considering surface curves we get to know the geometric interpretations
of the second fundamental form: Let A := λ1X1 + λ2X2 be a tangent vector
with ||A|| = 1. Intersecting the surface with the plane given by N and A, we
get an intersection curve y(s) with the properties

y′(s) = A and e2 = ±N .

(e2 is the principal normal vector of the space curve y). The implicit func-
tion theorem implies the existence of this so-called normal section curve. To
calculate the extreme values of the curvature of a normal section curve (the
so-called normal section curvature) we can use the method of Lagrange mul-
tipliers, because we are looking for the extreme values of the normal section
curvature kN under the condition

2∑
i,j=1

gijλ
iλj = ||y′(s)|| = 1 .

As the result of these considerations we get:

Proposition 1. Let X : U → IE3 be a surface and for a tangent vector
A := λ1X1 + λ2X2 let kN (λ1, λ2) be the normal section curvature.

(a)

kN (λ1, λ2) =
∑
i,j

hijλ
iλj

gijλiλj

(b) Unless the normal section curvature is the same for all directions, there
are two perpendicular directions A1 and A2 in which kN attains its ab-
solute maximum and its absolute minimum. These directions and the cor-
responding normal section curvatures are k1 and k2, the principal curva-
tures of the surface.
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Proposition and Definition 2. Let X : U → IE3 be a surface. If I ⊂ IR is
an interval on the real line, let y : I → IE3 be a surface curve. We denote
by ŷ(t) the orthogonal projection of y(t) on the tangent plane to X at (an
arbitrary) point p.

(a) The geodesic curvature kg of y at p is defined to be the curvature of the
projected curve ŷ(t) at p.

(b) A curve y(t) on a surface X is called a geodesic curve or simply geodesic
if its geodesic curvature kg vanishes identically.

(c)
kg := det(y′, y′′, N) ,

where the dots denote derivatives with respect to the arc length s of y.

The great importance of tensor fields is totally obvious by just looking
briefly on these facts and results from differential geometry. This motivates
to have closer look on tensors in general.

For question no touched upon here, the book by do Carmo [2] provides
an detailed introductory-level treatment of differential geometry. For a more
comprehensive overview, see [3].

1.3 Tensor Fields – A Mathematical Concept

Tensor fields are invariant under parameter transformation and therefore an
appropriate tool to describe certain ‘geometric invariant situations’. We are
using Einstein’s summation convention for simplicity (if an index occurs more
than once in the same expression, the expression is implicitly summed over
all possible values for that index).

Definition 5 ((r, s)-tensor).

(a) V is an n-dimensional vector space and V ∗ is its dual space. A multilinear
map

T : V × · · · × V︸ ︷︷︷ ︸︸
r

× V ∗ × · · · × V ∗︸ ︷︷︷ ︸︸
s

→ IR

is called an (r, s)-tensor.
(b) E1, . . . , En is the basis of V , and E1, . . . , En is the dual basis of V ∗. Then

T (A1, . . . , Ar, B
1, . . . , Bs)

= T (ai1
1 Ei1 , . . . , a

ir
r Eir

, b1j1E
j1 , . . . , bs

js
Ejs)

= T (Ei1 , . . . , Eir
, Ej1 , . . . , Ejs) ai1

1 · · · air
r · b1j1 · · · b

s
js

= ti1...ir

j1...js · ai1
1 · · · air

r · b1j1 · · · b
s
js
.

The nr+s real numbers are called components of the (r, s)-tensor T .



1 An Introduction to Tensors 11

Under a change of basis

Ēi = αi
j EjE and Ēi = ᾱi

j E
j

an (r, s)-tensor transforms in this way:

ti1...ir

j1...js = tl1...lr
k1...ks · αi1

l1 · · ·αir

lr · ᾱk1
j1 · · · ᾱks

js .

Remarks. 1. The elements of IR are tensors of type (0, 0).
2. The elements of V ∗ are tensors of type (1, 0).
3. The elements of V can be identified with tensors of type (0, 1), since V ∗∗

and V are canonically isomorphic.
4. The determinant on V as a multilinear map from V n to IR is a prototypical

example of a (n, 0)-tensor.

Tensor operations:

1. Tensors of the same type can be added and scaled like vectors.

2. Tensor product:

Let T an (r, s)-tensor and T̃ a ( ,̃ s̃)-tensor. Then

T ◦ T̃ (A1, . . . , Ar+˜, B
1, . . . , Bs+˜) :=

T (A1, . . . , Ar, B
1, . . . , Bs) · T̃ (Ar+1, . . . , Ar+˜, B

s+1, . . . , Bs+˜)

is called the tensor product of T and T̃ . In components:

(tt̃)i1...ir+r̃

j1...js+˜ := ti1...ir

j1...js · tir+1...ir+r̃

js+1...js+˜ .

Clearly, T ◦ T̃ is a (r + r̃, s + )̃-tensor.

3. Contraction of a tensor:

(r, s)-tensor
∣∣∣∣∣∣∣∣∣∣ T → T̃

ti1...ir
j1...js 	→ ti i2...ir

i j2...js

∣∣∣∣∣∣∣∣∣∣ (r − 1, s− 1)-tensor

Example: {gij} and {hij} are the components of the first and second
fundamental forms of a surface and H is the mean curvature.

gij , hrs −→
tensor product

gijhrs −→
contraction

gijhis −→
contraction

gijhij = 2H

4. Inner multiplication with a metric tensor: {gij} are the components of a
non-degenerate metric tensor.

gij tj i2...ir

j1...js =: tii2...ir

j1...js

gik ti1...ir

k j2...js =: ti1...ir k
j2...js

Example: the Weingarten map hi
j = hirg

rs.
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The tensor concept is by no means restricted to differential geometry.

Examples. 1. In the context of physics, the fundamental characteristic that
affects the deformation of materials is called stress. Since the behavior of a
material does not depend on the coordinates used in its description, stress
can be described by the stress tensor T . The name ‘tensor’ originates in
this context since it was first used to describe tension (stress).
Considering an infinitesimal volume element of a certain material, the
stress tensor describes the force that is necessary to establish an equilib-
rium condition in the material. It depends linearly on the normal of the
surface on which the force acts. In turn, force is given as vector, hence the
stress tensor can be written in the form of a matrix, which is a tensor of
order 2.
In three dimensions of space, given an orthogonal coordinate system
ex, ey, ez, the stress tensor components are given with respect to the planes
normal to the coordinate axes. For each plane, three scalars describe the
required force. Therefore, the tension t with respect to a plane normal to
n is given as

t = T (n) =

⎛⎝⎛⎛σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

⎞⎠⎞⎞ · n
Here, for example, σxz denotes the stress on the plane normal to ex in
direction of ez.
In many applications, T is a symmetric tensor and therefore possesses an
orthogonal system of eigenvectors. They are called principal stress direc-
tions. In this coordinate system, the off-diagonal components of T vanish,
and the volume can be held in equilibrium by forces parallel to the prin-
cipal directions.

2. In medical applications, Diffusion Tensor Imaging is playing an important
role. Using Magnetic Resonance Imaging (MRI), it is possible to record the
directional diffusion behavior of water in the brain. This allows to deduce
information about structures of interest. Again, the diffusion properties
are independent of the reference frame used to describe them.
Mathematically speaking, the diffusion tensor T is a second-order 3 × 3-
tensor that maps a direction d to the directional diffusion coefficient c
via

c(d) = dTTd with T =

⎛⎝⎛⎛txx txy txz

tyx tyy tyz

tzx tzy tzz

⎞⎠⎞⎞ .

The diffusion tensor is symmetric and positive semidefinite, which implies
that its eigenvalues are real and non-negative. Roughly speaking, the ho-
mogeneity of the eigenvalues is a measure of the isotropy of the material
with respect to diffusion. If one of the eigenvalues is essentially larger than
the others, the corresponding eigenvector indicates the preferred diffusion
direction. Looking for locations with anisotropic diffusion tensors, it is
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possible to identify the direction of certain structures (mostly fibers) in
the brain.

We refer the reader to the books by Borisenko and Tarpov [4] and Abra-
ham, Marsden and Ratiu [5] for more detailed introductions and examples to
the general topic of tensor calculus and analysis.
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1 Mathematical Image Analysis Group, Faculty of Mathematics and Computer
Science, Building 27, Saarland University, 66041 Saarbrücken, Germany¨
{brox,weickert,mrazek}@mia.uni-saarland.de

2 Intelligent Sensory Information Systems Group, Informatics Institute, University
of Amsterdam, Kruislaan 403, 1098 SJ Amsterdam, The Netherlands
rein@science.uva.nl

3 IT University of Copenhagen, Glentevej 67, DK-2400 Copenhagen, Denmark
francois@itu.dk

4 Odyssée Project, INRIA Sophia-Antipolis, 2004 Route des Lucioles, 06902´
Sophia Antipolis, France
Pierre.Kornprobst@sophia.inria.fr

Summary. The structure tensor, also known as second moment matrix or Förstner
interest operator, is a very popular tool in image processing. Its purpose is the
estimation of orientation and the local analysis of structure in general. It is based
on the integration of data from a local neighborhood. Normally, this neighborhood is
defined by a Gaussian window function and the structure tensor is computed by the
weighted sum within this window. Some recently proposed methods, however, adapt
the computation of the structure tensor to the image data. There are several ways
how to do that. This chapter wants to give an overview of the different approaches,
whereas the focus lies on the methods based on robust statistics and nonlinear
diffusion. Furthermore, the data-adaptive structure tensors are evaluated in some
applications. Here the main focus lies on optic flow estimation, but also texture
analysis and corner detection are considered.

2.1 Introduction

Orientation estimation and local structure analysis are tasks that can be found
in many image processing and early vision applications, e.g. in fingerprint
analysis, texture analysis, optic flow estimation, and in geo-physical analysis
of soil layers. The classical technique to estimate orientation is to look at the
set of luminance gradient vectors in a local neighborhood. This leads to a very
popular operator for orientation estimation, the matrix field of the so-called
structure tensor [4, 10, 16, 20, 38].
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The concept of the structure tensor is a consequence of the fact that one
can only describe the local structure at a point by considering also the data
of its neighborhood. For instance, from the gradient at a single position, it
is not possible to distinguish a corner from an edge, while the integration
of the gradient information in the neighborhood of the pixel gives evidence
about whether the pixel is occupied by an edge or a corner. Further on, the
consideration of a local neighborhood becomes even more important as soon
as the data is corrupted by noise or other disturbing artifacts, so that the
structure has to be estimated before the background of unreliable data.

The structure tensor therefore extends the structure information of each
pixel, which is described in a first order approximation by the gradient at
that pixel, by the structure information of its surroundings weighted with a
Gaussian window function. This comes down to the convolution of the struc-
ture data with a Gaussian kernel, i.e. Gaussian smoothing.

Note however, that the smoothing of gradients can lead to cancellation
effects. Consider, for example, a thin line. At one side of the line there appears
a positive gradient, while at the other side the gradient is negative. Smoothing
the gradients will cause them to mutually cancel out. This is the reason why
in the structure tensor, the gradient is considered in form of its outer product.
The outer product turns the gradient vector∇I of an image I into a symmetric
positive semi-definite matrix, which we will refer to as the initial matrix field

J0JJ := ∇I∇I� =
(

I2
xI IxII IyII

IxII IyII I2
yII

)
. (2.1)

Subscripts thereby denote partial derivatives. The structure tensor can be
easily generalized from scalar-valued data to vector-valued data. As with the
matrix representation it is possible to sum up gradient information, the struc-
ture information from all channels of a vector-valued image I = (I1, . . . , INI )
can be integrated by taking the sum of all matrices [8]:

J0JJ :=
N∑

i=1

∇IiII ∇I�iII . (2.2)

The structure tensor for a certain neighborhood of scale ρ is then computed
by convolution of the components of J0JJ with a Gaussian kernel KρK :

JρJ = KρK ∗ J0JJ . (2.3)

The smoothing, i.e. the integration of neighborhood information, has two pos-
itive effects on orientation estimation. Firstly, it makes the structure tensor
robust against noise or other artifacts, and therefore allows a more reliable
estimation of orientation in real-world data. Secondly, it distributes the in-
formation about the orientation into the areas between edges. This is a very
important effect, as it allows to estimate the dominant orientation also at
those points in the image where the gradient is close to zero. The dominant
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orientation can be obtained from the structure tensor as the eigenvector to
the largest eigenvalue. An operator which is closely related to the structure
tensor is the boundary tensor discussed in Chap. 4 by Köthe.¨

There are many applications for the structure tensor in the field of image
processing. One popular application is optic flow estimation based on the local
approach of Lucas and Kanade [21]. In optic flow estimation one searches for
the spatio-temporal direction with least change in the image, which is the
eigenvector to the smallest eigenvalue of the structure tensor [4, 15].

Another application for orientation estimation is texture analysis. Here
the dominant orientation extracted from the structure tensor can serve as
a feature to discriminate textures [4, 28]. The dominant local orientation is
also used in order to drive anisotropic diffusion processes, which enhance the
coherence of structures [39]. Often the structure tensor is also used as a feature
detector for edges or corners [10]. An application apart from image processing
is a structure analysis for grid optimization in the scope of fluid dynamics
[34].

Although the classic structure tensor has proven its value in all these ap-
plications, it also holds a drawback. This becomes apparent as soon as the
orientation in the local neighborhood is not homogeneous like near the bound-
ary of two different textures or two differently moving objects. In these areas,
the local neighborhood induced by the Gaussian kernel integrates ambiguous
structure information that actually does not belong together and therefore
leads to inaccurate estimations.

There are two alternatives to remedy this problem. One is to adapt the
neighborhood to the data. A classical way of doing so is the Kuwahara-Nagao
operator [2, 18, 25]. At a certain position in an image this operator searches
for a nearby neighborhood where the response (the orientation) is more ho-
mogeneous than it is at the border. That response is then used at the point
of interest. In this way the neighborhoods are not allowed to cross the bor-
ders of the differently oriented regions. In [36] it was shown that the classic
Kuwahara-Nagao operator can be interpreted as a ‘macroscopic’ version of a
PDE image evolution that combines linear diffusion (smoothing) with mor-
phological sharpening (a shock filter in PDE terms). A very similar approach
is to use adaptive Gaussian windows [23, 26] for choosing the local neighbor-
hood. Also by nonlinear diffusion one can perform data-adaptive smoothing
that avoids the integration of ambiguous data [7, 41].

A second possibility to enhance local orientation estimation is to keep the
non-adaptive window, but to clearly choose one of the ambiguous orientations
by means of robust statistics [37]. This chapter will describe both approaches
and will show their performance in the most common applications also in
comparison to the conventional structure tensor. Note that for a data-adaptive
structure tensor to reveal any advantages, discontinuities or mixed data must
play a role for the application. Some applications where this is the case are
optic flow estimation, texture discrimination, and corner detection.


