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Preface

The international conferences on Integral Methods in Science and Engineering
(IMSE), started in 1985, are attended by researchers in all types of theoretical
and applied fields, whose output is characterized by the use of a wide variety of
integration techniques. Such methods are very important to practitioners as they
boast, among other advantages, a high degree of efficiency, elegance, and generality.

The first 13 IMSE conferences took place in venues all over the world:

1985, 1990: University of Texas at Arlington, USA
1993: Tohoku University, Sendai, Japan
1996: University of Oulu, Finland
1998: Michigan Technological University, Houghton, MI, USA
2000: Banff, AB, Canada (organized by the University of Alberta, Edmonton)
2002: University of Saint-Étienne, France
2004: University of Central Florida, Orlando, FL, USA
2006: Niagara Falls, ON, Canada (organized by the University of Waterloo)
2008: University of Cantabria, Santander, Spain
2010: University of Brighton, UK
2012: Bento Gonçalves, Brazil (organized by the Federal University of Rio Grande

do Sul)
2014: Karlsruhe Institute of Technology, Germany

The 2016 event, the fourteenth in the series, was hosted by the University of
Padova, Italy, July 25–29, and gathered participants from 26 countries on five
continents, enhancing the recognition of the IMSE conferences as an established
international forum where scientists and engineers have the opportunity to interact
in a direct exchange of promising novel ideas and cutting-edge methodologies.

The Organizing Committee of the conference was comprised of

Massimo Lanza de Cristoforis (University of Padova), chairman,
Matteo Dalla Riva (The University of Tulsa),
Mirela Kohr (Babes-Bolyai University of Cluj-Napoca),
Pier Domenico Lamberti (University of Padova),

v
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Flavia Lanzara (La Sapienza University of Rome), and
Paolo Musolino (Aberystwyth University),

assisted by Davide Buoso, Gaspare Da Fies, Francesco Ferraresso, Paolo Luzzini,
Riccardo Molinarolo, Luigi Provenzano, and Roman Pukhtaievych.

IMSE 2016 maintained the tradition of high standards set at the previous
meetings in the series, which was made possible by the partial financial support
received from the following:

The International Union of Pure and Applied Physics (IUPAP)
GruppoNazionale per l’Analisi Matematica, la Probabilità e le loro Applicazioni

(GNAMPA), INDAM
The International Society for Analysis, Its Applications and Computation (ISAAC)
The Department of Mathematics, University of Padova

The participants and the Organizing Committee wish to thank all these agencies
for their contribution to the unqualified success of the conference.

IMSE 2016 included four minisymposia:

Asymptotic Analysis: Homogenization and Thin Structures; organizer: M.E. Pérez
(University of Cantabria)

Mathematical Modeling of Bridges; organizers: E. Berchio (Polytechnic University
of Torino) and A. Ferrero (University of Eastern Piedmont)

Wave Phenomena; organizer: W. Dörfler (Karlsruhe Institute of Technology)
Wiener-Hopf Techniques and Their Applications; organizers: G. Mishuris (Aberys-

twyth University), S. Rogosin (University of Belarus), and M. Dubatovskaya
(University of Belarus)

The next IMSE conference will be held at the University of Brighton, UK, in July
2018. Further details will be posted in due course on the conference web site blogs.
brighton.ac.uk/imse2018.

The peer-reviewed chapters of these two volumes, arranged alphabetically by
first author’s name, are based on 58 papers from among those presented in Padova.
The editors would like to thank the reviewers for their valuable help and the
staff at Birkhäuser-New York for their courteous and professional handling of the
publication process.

Tulsa, OK, USA Christian Constanda
March 2017

blogs.brighton.ac.uk/imse2018
blogs.brighton.ac.uk/imse2018


Preface vii

The International Steering Committee of IMSE:

Christian Constanda (The University of Tulsa), chairman
Bardo E.J. Bodmann (Federal University of Rio Grande do Sul)
Haroldo F. de Campos Velho (INPE, Saõ José dos Campos)
Paul J. Harris (University of Brighton)
Andreas Kirsch (Karlsruhe Institute of Technology)
Mirela Kohr (Babes-Bolyai University of Cluj-Napoca)
Massimo Lanza de Cristoforis (University of Padova)
Sergey Mikhailov (Brunel University of West London)
Dorina Mitrea (University of Missouri-Columbia)
Marius Mitrea (University of Missouri-Columbia)
David Natroshvili (Georgian Technical University)
Maria Eugenia Pérez (University of Cantabria)
Ovadia Shoham (The University of Tulsa)
Iain W. Stewart (University of Dundee)

A novel feature at IMSE 2016 was an exhibition of digital art that consisted of
seven portraits of participants and a special conference poster, executed by artist
Walid Ben Medjedel using eight different techniques. The exhibition generated
considerable interest among the participants, as it illustrated the subtle connection
between digital art and mathematics. The portraits, in alphabetical order by subject,
and the poster have been reduced to scale and reproduced on the next two pages.
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Chapter 1
On a Continuous Energy Monte Carlo Simulator
for Neutron Transport: Optimisation with
Fission, Intermediate and Thermal Distributions

L.F.F. Chaves Barcellos, B.E.J. Bodmann, S.Q. Bogado Leite,
and M.T. Vilhena

1.1 Introduction

Neutron transport is relevant in a variety of applications as, for instance, in medicine,
industrial applications, radiation protection and nuclear energy production among
others. In this context, the present work reports on the development of a simulator
for neutron transport considering continuous energy dependence of cross sections
[CaEtAl11, CaEtAl13]. As a progress in comparison to other implementations, the
cross sections are parametrisations in the range between 0 MeV and 20 MeV ,
including resolved and unresolved resonances, and with a maximum deviation
smaller than � 1% from measured data. Other implementations may be found in
the literature such as Serpent [Le15], MCNP [Mo03], Tripoli [BoEtAl03], OpenMC
[RoFo13], Keno [PeCo75], GEANT [AgEtAl03], MCBend [CoEtAl13], where
cross sections are determined from interpolation of cross section from databases.

In the present contribution we report on an optimisation of a Monte Carlo
simulator based on the interaction and tracking philosophy also found in GEANT.
In the former neutrons are classified according to three overlapping energy distribu-
tions (fission, intermediate and thermal). Neutrons from fission and during slowing
down suffer predominantly down-scattering, whereas in the thermal region neutrons
may gain kinetic energy from collisions with nuclei and molecules due to their
thermal motion. To circumvent simulating thermal up- and down-scattering that do
not significantly change properties of the thermal neutron population, we introduce
a statistical treatment reducing the problem by considering reaction rates only.
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The fission and the thermal distributions preserve shape, but their respective
integrals may vary with time, whereas the intermediate distribution has unknown
shape and integral. It is noteworthy that all distributions are continuous over the
whole energy range and thus one faces the challenge to determine for a neutron
with given kinetic energy to which distribution it belongs.

1.2 Neutron Transport by a Monte Carlo Method

The underlying philosophy of the present simulator follows the paradigm of the
GEANT platform, which besides efficient geometry resource makes use of tracking
and interaction algorithms. The present simulator considers the same degrees of
freedom as the Boltzmann transport equation, namely position, time, propagation
direction and kinetic energy. Different than deterministic models found in the
literature such as diffusion theory, the PN and SN approximation for the transport
equation [Sj13] and the references therein, the method employed here to attain
physical information of the transport phenomenon is by sampling of a sufficiently
high number of neutron histories from a physical Monte Carlo procedure that allows
to determine quantities such as the spectral neutron population, the angular or scalar
flux depending on the specific tags that are being used either in the simulation or in
a posterior data evaluation. With the present contribution we simulate a simplified
reactor neutron problem and focus on the question of identifying the distribution
a neutron with a specific energy belongs to. The problem of identification arises
due to the fact that two adjacent distributions overlap significantly in certain energy
regions.

1.3 Program Description

The C++ Monte Carlo simulator in development features sectionally analytical
functions for the energy dependent microscopic cross sections in the range from
0 MeV to 20 MeV . In the present case 200 executions were performed, each starting
with 5000 neutrons, and ending up with 106 neutron histories. For tallying reasons
linked to computer hardware constraints each execution was limited to 5000 Monte
Carlo steps, and these were segmented in 50 intervals of 100 steps each, i.e. after
100 steps the simulation reached a checkpoint, where it was halted and the respective
dataset was saved. The subsequent run then used these data as the initial condition
for the following 100 steps.

At the beginning of each Monte Carlo step, neutrons created by fission are given
two random angles (between Œ0; 2�� and Œ��=2; �=2�, respectively) that define their
direction and further a random energy that obeys the fission distribution and the
positions are given by coordinates of the fission reaction.

�.E/ D 0:453 e�1:036 MeV�1 E sinh
p
2:29 MeV�1 E (1.1)
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Note, the tracking and the interaction scheme was optimised in the sense
that each Monte Carlo step has an interaction, which increases computational
efficiency, but at the cost of loosing a unique relation between Monte Carlo step
and corresponding time interval. Thus, a Monte Carlo step may be related only to
an average of a time interval distribution that may be reconstructed from the tallies.
After the displacement of the neutron its position is checked in order to evaluate
whether it remains still in the reactor core volume or whether it escaped, where in
the latter case the history of the neutron ends and a new neutron is selected. Finally,
the type of neutron interaction is selected, which is based on both region and neutron
energy.

In the case of radiative capture the procedure is the same as for escape, the
neutron’s history ends and a new neutron is chosen. In case that fission occurs,
the history of the fission inducing neutron ends and a multiplicity of new neutrons
is generated. In case of scattering the energy and the direction angles are updated
for the next step. The main structure of the program is shown on the flowchart in
Figure 1.1.

As a simplified case study, we consider the geometry of the reactor by a cube with
edges of dimensions 400 cm�400 cm�400 cm. The inner part contains three regions,
where region 1 measures 250 cm � 250 cm � 400 cm and contains a homogeneous
mixture of water and uranium dioxide enriched to 0:73% and the latter occupies 25%
of the respective volume. Around the central box there is a hollow box, i.e. region
2, with extensions 350 cm � 350 cm � 400 cm and is composed of water. There is a
second hollow box, allocated in region 3 with a homogeneous mixture of water and
uranium dioxide, but with completely depleted uranium dioxide which occupies
45% of the respective volume. For convenience we adopted periodic boundary
conditions in the vertical direction (aligned with the z�axis). The program executes
the tracking and interaction of neutrons in the whole volume.

The position in which a reaction will occur at the end of a Monte Carlo step
depends on the kinetic energy of the neutron, its position at the beginning of the
step, the direction of movement and the total macroscopic cross sections of the
chemical composition of the reactor core material along the trajectory. The final
position of the track will then be determined by a stochastic selection for the length
of the travelled path. To this end a multiple S of the mean free path is generated by
a random number, following a standard procedure S D � ln.1 � a/ and a 2 Œ0; 1�.
Consequently the length of the path is L D S˙�1t where ˙t is the microscopic
total cross section characteristic for the path. In case a neutron crosses a boundary
between sub-domains the path length is calculated by a weighted sum of cross
section contributions characteristic for the respective regions L D P

i Pi S˙�1t ,
where Pi is the fraction of S that corresponds to the trajectory segment within the i-th
sub-domain. After updating the position, a verification checks whether the neutron
remains inside the boundaries of the reactor core volume, and thus whether the
neutron tally continues inside or terminates outside the domain.

After the position of the interaction is defined, the target involved in the reaction
is chosen. In Region 2 the target is a water molecule or one of its constituents
(H and O), whereas in regions 1 or 3 a random number is generated and compared
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Start of Monte
Carlo step.

Is the neutron
born from fission?

Define energy
and direction.

Define final posi-
tion and step time.

Neutron is inside
the reactor?

Define type
of interaction.

Define number
of new neutrons.

Define new en-
ergy and direction. End of history.

Is this the fi-
nal step?

Save data for
next iteration.

End of Monte
Carlo step.

yes

no

yes

no

Scattering

Fission

Radiative
Capture

yes

no

Fig. 1.1 Program flowchart with its principal instances

to the volume proportions of water and uranium dioxide, more specifically to
its constituents. The subsequent step is then to select the type of interaction by
generating a random number which is compared to the stoichiometric ratio of the
cross section of all possible targets. As an example, the probability of a reaction in
uranium dioxide (UO2) is given by pi D �i

2 �t;OCe �t;U�235C.1�e/ �t;U�238
, in which e is

the enrichment, �t;O is the total cross section of oxygen-16, �t;U�235 the total cross
section of uranium-235, �t;U�238 the total cross section of uranium-238 and �i is the
cross section of a specific neutron reaction in one of the nuclei.

1.4 Nuclear Reactions

If the chosen reaction is fission two stochastic operations are in order. The first one
is to decide the number of neutrons born from fission, and the second is to define
their energies. In order to define the number of neutrons from fission a random
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number � is generated between 0 and 0:972. The upper limit was chosen such as to
guarantee that the average number of neutrons created in fission coincides with the
expected value of � D 2:48 for fission induced by thermal neutrons and nuclear fuel
U-235. It is noteworthy that the huge bulk of fission reactions releases either two
or three neutrons, so that to a good approximation only these two cases are taken
into account. These neutrons have energies roughly in the range between 100 MeV
up to 101 MeV as given by Equation (1.1). The position of the fission reaction is
also recorded for it is the initial position of the next Monte Carlo step of the newly
generated neutrons. At the present state of developments no contributions due to
delayed neutrons are considered, this pertinent issue will be included in the next
version of the simulator.

In case of scattering, a new energy and a new direction in agreement with energy
and momentum conservation must be given to the neutron. A simplification of the
program is that it considers the scattering as isotropic in the centre of mass system.
Strictly speaking, scattering is isotropic for low kinetic energies and small nuclei,
however, as the collision energies become higher and/or target nuclei become larger,
anisotropy increases. So far the described processes treat down-scattering only, i.e.
energy loss of neutrons in their interactions with their respective targets [GlSe94].

E0

E
D A2 C 2A cos.�/C 1

.A C 1/2

Here E is the energy of the neutron in the Laboratory system before the collision,
E0 is the energy of the neutron in the Laboratory system after the collision and
� is the angle of scattering measured in the Centre-of-Mass system and that is in
the plane that contains both vectors of incident direction and scattered direction
of the neutron. However, the closer neutrons approach thermal energies also
up-scattering is important, due to the thermal motion of the target nuclei which
is no longer negligible. As soon as neutrons may be classified as thermal they
are in equilibrium with the environment which allows to simplify the tracking and
interaction procedure. Equilibrium implies conservation of the respective energy
distribution, so that the only relevant stochastic quantity that shall be determined is
the reaction rate.

The procedure to determine whether a neutron belongs to the thermal distribution
is as follows. A random number between 0 and 1 is generated and compared to
the Maxwell-Boltzmann cumulative distribution with an equilibrium temperature of
568 K. Should the random number be larger than the cumulative distribution, then
the neutron is considered to be in thermal equilibrium with the moderator. Neutrons
that are part of the thermal population are assigned a new energy, sampled from the
Maxwell-Boltzmann probability distribution.

The procedure to find the new neutron direction after scattering is determined
in a complete three-dimensional fashion, although cylinder symmetry would allow
a reduction into a plane. Let the unit vector E̋ i be the direction of the incoming
neutron with ˛ 2 Œ0; 2�� and ˇ 2 Œ��=2; �=2� angles with respect to the laboratory
reference frame (see Equation (1.2)). For convenience one may construct one
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Fig. 1.2 Sketch of the
neutron scattering scheme

�Ωf

�Ωi
�Ω∗

f

Φ

�ΩP

�ΩQ

�ΩP +�ΩQ
�ΩP −�ΩQ

ψ

possible final direction E̋�
f (see Figure 1.2). All remaining possible final vectors in

agreement with cylinder symmetry may be generated with two auxiliary orthogonal
vectors E̋P and E̋Q that by construction are symmetrical on either side of the
scattering plane defined by E̋ i and E̋�

f (see Equation (1.3)). The vector E̋P C E̋Q

lies then in the scattering plane, whereas E̋P � E̋Q is perpendicular to the latter.
The plane by E̋P and E̋Q defines the rotation plane that contains the circle with
all possible outcomes for the final direction E̋ f of the neutron after scattering (see
Figure 1.2).

E̋ i D
0

@
cos.˛/ cos.ˇ/
sin.˛/ cos.ˇ/

sin.ˇ/

1

A ; E̋�
f D

0

@
cos.˛/ cos.ˇ C  /

sin.˛/ cos.ˇ C  /

sin.ˇ C  /

1

A (1.2)

sin. /p
2
. E̋P � E̋Q/ D E̋ i � E̋�

f

sin. /p
2
. E̋P C E̋Q/ D E̋�

f � cos. / E̋ i

(1.3)

E̋ f D cos. / E̋ i C sin. / .cos.˚/ E̋P C sin.˚/ E̋Q/

Here ˚ 2 Œ0; 2�� is a random angle. A necessary feature of scattering not
implemented yet is due to the fact that approximately below 1 eV instead of a single
free nuclide one has to consider whether the atom is a constituent of a molecule
or solid state, so that in the previous case molecular degrees of freedom such as
rotation and vibration shall be considered, whereas in a solid state phonon degrees
of freedom shall be taken into account.
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1.5 Coupled Distributions

Several features that characterise the simulator are new and different to the other
aforementioned neutron transport codes. Since none of them makes use of properties
such as shape preservation of distributions or the fact that in the thermal regime
consequences of thermal equilibrium may be explored, as a consistency test of the
present implementation we compare a linearised model for the coupled distributions
with direct findings from the simulation. To this end the following system of
differential equations is considered and solved.

@

@t

0

@
D1

D2

D3

1

A D
0

@
��f ;c;e;1 �t.2;1/ 0

0 ��f ;c;e;2 � �t.2;1/ �t.3;2/

��f ;1 ��f ;2 ��f ;3 � �f ;c;e;3 � �t.3;2/

1

A

0

@
D1

D2

D3

1

A

�f ;c;e;i D �f ;i C �c;i C �e;i for i 2 1; 2; 3

Here D is the total number of particles in each distribution, � is the mean rate of
each interaction per Monte Carlo step, � is the mean number of neutrons emitted by
fission, the subscripts 1, 2 and 3 represent, respectively, the thermal, intermediate
and fission distribution, and the subscripts f , c, e and t.i; j/ represent, respectively,
the fission reaction, radiative capture reaction, neutron leakage and the transition of
a neutron from distribution i to distribution j. The aforementioned interaction rates
are computed after the simulation is completed.

1.6 Results

Results were obtained for a starting population of 106 neutrons. The behaviour of
the total population along all 5000 Monte Carlo steps is shown in Figure 1.3.

By inspection of Figure 1.3 one identifies a sub-critical regime, this will also be
supported by the computation of the neutron multiplication factor. It is also possible
to note an increase of the number of neutrons during the first steps of the simulation.
This behaviour, apparently in contrast to the sub-critical tendency, is attributed to the
fact that the simulation is started with a fission distribution only. Criticality can be
evaluated by dividing the number of fissions caused by neutrons of one generation
by the number of fissions caused by neutrons of the previous generation, in such
a way that each time neutrons are created by fission they belong to a generation
that follows the generation of the neutron that induced the fission reaction. Along
the 5000 Monte Carlo step 252 neutron generations were identified. The resulting
neutron multiplication factor is presented in Figure 1.4.

Figure 1.4 shows that after generation 200 the neutron multiplication factor
deviates from the behaviour presented in previous steps. This can be explained
by the fact that neutrons of different generations are present in the same Monte
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Fig. 1.4 Multiplication factor from the neutron life cycle

Carlo step and, as the simulation is stopped at step 5000, the number of neutrons
in a generation that causes fission diminishes for the subsequent generations, and
thus the decay of the multiplication factor is an artefact of the way the simulation
terminates. The first generations are also less representative, for they are influenced
by the specific conditions that define initialisation. For the generations 20 to 200 the
geometric mean of the neutron multiplication factor was calculated with numerical
value keff D 0:998417.

In Figure 1.5 the ratios of the populations of each of the three distributions by the
total population for each step are shown.


