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Supervisors’ Foreword

Gauge/gravity duality is one of the most powerful, ways to systematically tackle
problems regarding strongly correlated field theories. It was discovered in 1997 by
Juan Maldacena in the context of string theory, but physicists very quickly realised
that this (still conjectured) duality might have a wider range of possible applica-
tions. To date it has been applied to analyse problems related to quark/gluon plasma
as well as condensed matter systems.

The work of Andrea Amoretti deals with the application of gauge/gravity duality
to the physics of high-temperature superconductive materials. These peculiar sys-
tems were discovered a long time ago, in the early 1980s. At present, despite strong
efforts made by the physics community to understand the mechanisms which
govern the physics of these materials, a complete theoretical explanation of their
behaviour is still lacking. In particular, the most inexplicable features appear in the
non-superconductive phase, where the temperature dependence of the thermo-
electric transport coefficients differ significantly from the one predicted by Fermi
liquid theory. It is commonly believed that a comprehension of this exotic beha-
viour is fundamental in order to understand the pairing mechanism which controls
the superconductive transition. In this book, Andrea Amoretti tackles the problem
from a phenomenological point of view by analysing the thermo-electric transport
properties of a wide class of gauge/gravity models. Specifically, since in order to
compare theoretical predictions with experimental results one needs to analyse DC
transport properties, mechanisms of momentum dissipation need to be included in
the holographic analysis in order to make the DC transport coefficients of the model
finite. Andrea Amoretti has analysed carefully these mechanisms of momentum
dissipation in the context of gauge/gravity duality and has clarified, for the first
time, the advantages and limitations of these models if applied to the phe-
nomenology of the phenomenon of high-temperature superconductivity.

The work of Andrea Amoretti has initiated unusual collaborations between
experimentalists and string theorists. Moreover, the present book constitutes one
of the few examples in the literature in which this topic is carefully reviewed both
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from experimental and theoretical points of view, including not only holographic
results but also standard condensed matter achievements developed over the past
decades. This work might be extremely useful both scientifically and pedagogically.

Genoa, Italy Prof. Nicola Maggiore
April 2017 Prof. Nicodemo Magnoli



Abstract

In this book we analyse the properties of certain kinds of condensed matter systems
in which the electrons are strongly correlated. Among these systems, the most
well-known representatives are probably high-temperature superconductors, whose
properties are carefully analysed in Part I. The most exotic phase of these materials
is the non-superconducting one, where the behaviour of the thermo-electric trans-
port coefficients abruptly deviate from those predicted by Fermi liquid theory—the
standard paradigm according to which we understand the majority of the existing
condensed matter systems. It is commonly thought that this exotic behaviour can be
explained by the strong correlations between electrons, even though, after forty
years since the discovery of the first example of this class of material, a complete
theoretical explanation is still lacking. The main topic of this treatise is to analyse
the properties of these materials using AdS/CFT (or holographic) correspondence—
mathematical tools developed in the context of string theory—representing one
of the most powerful techniques known to help understand strongly correlated
systems. Part II carefully introduces the basics of AdS/CFT which is required to
analyse strongly correlated condensed matter systems. Part III analyses the DC
themo-electric transport properties of certain kinds of holographic systems which
exhibit mechanisms of momentum dissipation. The holographic results are com-
pared with the phenomenology of high-temperature superconductors in order to
understand if these materials fit in the class of strongly correlated systems described
by these holographic models.
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Introduction

In the past century there has been great deal of progress made in understanding the
world around us by means of quantum field theory, an extremely powerful tool
which allows us to understand many different physical phenomena, from elemen-
tary particle physics to condensed matter physics. Our ability to extract results from
quantum field theory mostly relies on perturbation theory. In this framework, the
physical observables are usually evaluated as an expansion in powers of the cou-
pling constant, i.e., a dimensionless parameter which measures the departure from
free-field theory.

However, in the last decades it has been realised that nature cannot always be
investigated by means of perturbation theory. One of the most well-known
examples of this fact is quantum chromodynamics (QCD). The asymptotically free
nature of QCD makes perturbation theory reliable at high energies. On the other
hand, at low energies, QCD becomes strongly coupled to phenomena such as
confinement and chiral symmetry, which are non-perturbative in nature. In the
condensed matter framework, the prototypical example of a non-perturbative
phenomenon is that of high-7, superconductors, where strong coupling causes the
physical behaviour of these materials to abruptly deviate from the standard para-
digm according to which we understand normal metals in nature—the Fermi liquid
theory. Recently, one of the predominant ideas for explaining the strong coupling
nature of these materials has been that proposed by Sachdev [6], who suggested that
strong interactions between electrons at finite temperatures are governed by the
existence of critical points at zero temperature. Systems in the vicinity of a critical
point are actually described by scale invariant quantum field theory because of the
infinite correlation lengths which arise. Then, in this sense, the problem reduces to
that of finding a suitable strongly interacting scale invariant quantum field theory
which describes the physics of such strange metals. Unfortunately, at present we
know very few techniques to analyse strongly interacting quantum field theory. To
this end, most recently a mathematical tool has been developed in the context of
string theory, the so called Anti-de Sitter/conformal field theory (AdS/CFT) cor-
respondence (or gauge/gravity duality), which has acquired a prominent role in
helping to understand the general properties of strongly coupled systems. In brief,
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XViii Introduction

the tool is based on a conjectured duality, discovered by Juan Maldacena [4] in
1997, between certain strongly coupled regimes of ordinary quantum field theories
in d spacetime dimensions and classical (i.e., weakly coupled) theories of gravity in
at least d + 1 dimensions. As a result, the correspondence maps difficult quantum
problems in field theory to easier, classical ones on gravity. In its simplest form, the
correspondence relates a strongly coupled CFT to classical gravity on AdS
backgrounds.

To date, the gauge/gravity duality provides the closest connection between string
theory and the observable world. Simultaneously, it constitutes an extremely
promising environment for enlarging our theoretical understanding of strongly
interacting quantum systems and string theory itself. Despite the fact that this tool
was born out of string theory, in the last decade it acquired a prominent role to help
understand strongly interacting quantum systems by means of providing an effec-
tive description. Such an effective description does not take into account the string
theory origin of the duality. The main goal of this approach is to construct effective
toy models with features which are believed to be universal to many other strongly
interacting systems either with or without a stringy origin. Within this framework,
the duality has been used extensively to describe phenomena analogous to those
which occur in QCD and in high-temperature superconducting materials.

The holographic correspondence provides a relatively easy set-up for computing
properties of systems in and out of equilibrium, as well as phases with non-zero
fermionic densities and transport coefficients. The latter are all difficult to achieve
with other standard non-perturbative approaches. The main limitation of AdS/CFT
is that, at present, realistic field theories like QCD cannot be directly explored.
However, despite its limitation to toy models, the correspondence has provided
valuable insights at both the quantitative and qualitative level on properties of
strongly coupled systems realized in nature.

In the context of condensed matter, this duality has been applied to the study of
unconventional superconductivity. Assuming the existence of a quantum critical
point in the phase diagram of these materials, according to Sachdev’s proposal, the
theory governing these systems in the vicinity of this point has to be scale invariant,
allowing the gauge/gravity duality to be applied in its simplest form. Using holo-
graphic techniques, one can study the perturbations within the quantum critical
region in a controlled way using a holographic dictionary. As an example, studying
the system at finite temperature is equivalent to placing a black hole at the center of
AdS spacetime. Analogously, one can analyze the system at finite charge density or
include the effects of an external magnetic field by introducing a Maxwell field in
the gravitational model. At present this is a very active field of research with a
number of good reviews and books already available in the research literature (see,
e.g., [1-3, 5, 7-8])

The aim of this book is to consider how the AdS/CFT correspondence might
help in gaining some insight of strongly coupled condensed matter systems. In
particular, in the following Chapters 6, 7, 8 and 9, the holographic correspondence
is used to try to understand the peculiar properties of high-7, superconductors.
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Since this is a line of research where techniques from very different fields of
physics come together, in order for the discussion to be self-consistent and com-
prehensible to scientists from different branches of physics, a large introductory text
is necessary. Consequently, the book is organised into three parts. Parts I and II are
introductory while Part III contains the original result of the treatise.

In Part I the basic features of high-7, superconductors are described. Initially the
book analyses the experimental properties of these peculiar materials, focusing in
particular on in-plane thermo-electric transport properties. At each step, the dif-
ferences between the behaviour of the strange metals and the Fermi liquid pre-
diction is commented upon. In the last chapter of Part I we focus on some
theoretical attempts, introduced in the past, to explain the exotic behaviour of these
materials, concentrating on the idea of the existence of a quantum critical point in
their phase diagram.

In Part II the AdS/CFT correspondence is introduced. This Part is constructed in
order to introduce the holographic duality as a series of computational rules, the so
called holographic dictionary, the knowledge and comprehension of which is a
necessary step in order to understand the discussion in Part III of the book.

Part I contains the original results of the manuscript. In particular, the
thermo-electric transport properties of a strongly coupled bi-dimensional plasma in
the presence of an extrinsic mechanism of momentum dissipation is deeply analysed
using holography. The holographic results are compared with the phenomenology of
strange metals. In the last chapter of Part III a conclusion to the book, and the
physical implications of these holographic toy models, are discussed in details.
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Chapter 1
Preamble: Transport Coefficients Definition

In this manuscript we will analyse the thermo-electric transport properties of
two-dimensional condensed matter systems. Then, in order to fix the notations in
this brief preamble we will define the transport coefficients for the case at hand.
We will consider a two-dimensional system living in the plane x — y and, in some
cases, we will analyse also the effects due to an external magnetic field B applied in
the direction perpendicular to the x — y plane, z (see Fig. 1.1).
_ We are interested in the response of the electrical current j and the heat current
Q to an applied electric field E and a temperature gradient V7. By definition, the
transport coefficients relate the previous quantities in the following way:

J & a\( E
(o) (7e8) (-5 o

In the presence of an external magnetic field B in the z-direction (see Fig. 1.1) the
transport coefficients 6, & and K are matrices, which, due to Onsager reciprocity,
assume the following form:

6 =0l +oy,é, (1.2)

where 1 is the identity, and ¢ is the antisymmetric tensor &;; = —¢;. 0y, and oy,
describe the longitudinal and Hall conductivity, respectively. The resistivity p is
defined as the inverse of the conductivity matrix, namely p = 6 ~'. Similarly, the
thermo-electric conductivity & has a form analogous to (1.2), and determines the
Seebeck coefficient S via the relation:

§ =2 (1.3)

GXX

Finally i, which governs thermal transport in the absence of electric fields, assumes
a similar structure to that described before for ¢ and &. In contrast to «, the thermal
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4 1 Preamble: Transport Coefficients Definition

Fig. 1.1 Schematic A
illustration of a typical B
experimental setup

xY

conductivity, &, is defined as the heat current response to _VT in the absence of
an electric current, namely, in the presence of electrically isolated boundaries. It is
given by

—Ta- 67" a. (1.4)

X

K=

Eventually, the Nernst coefficient is defined as the electric field induced by a thermal
gradient in the absence of an electric current. It is defined by the linear response
relation E = —HA%T, with

6=-6"4a. (1.5)

With these definitions at hand, we are now ready to start the analysis of the exotic
and exciting properties of the cuprates superconductors, starting by understand how
they differ from the Fermi Liquid theory.



Chapter 2
Standard Metals and the Fermi Liquid

One of the milestones and great results of the 20" century is Landau’s Fermi liquid
theory, which underlines our present understanding of the majority of the known
states of matter, like normal metals, semi-conductors, superconductors and super-
fluids. To better understand the differences between the predictions of this great
theory and the behaviour of the cuprate superconductors, strange states of matter
discovered since the early 80s, it is necessary to recall its basic properties in this
Introduction, referring the reader interested in the technical aspects to Appendix A
or to standard condensed matter textbook (e.g. [1, 2]).

Let us start by recalling the basic properties of a system of free fermions in a box,
where the Pauli exclusion principle controls everything. In the ground-state of this
system all the single-particle states inside a sphere in momentum space with radius
ky' are filled, while the state outside the sphere are empty. The external surface of
this sphere is called the Fermi surface. The system has two types of low energy
excitations. One can in fact fill a state slightly outside the Fermi surface, creating
a particle, or remove a fermion from a filled state slightly inside the Fermi surface,
creating what is typically called a hole. These excitations are gapless by definition,
and have linear dispersion (for k — kr < kF):

K2 kr
e(k) = o T H= ~—(k —kp)=vrk —kp), 2.1
m 2m

where m is the mass of the fermions, u = % is the chemical potential, the quantity

VE = ’;n—F is called the Fermi velocity and particles and holes are distinguished by
the sign of kK — kr. Rephrasing the previous statements in a more formal language,

Uk is fixed by the density of Fermions, as we will see below.
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